Computing Equilibria in a Very Simple Growth Model

Let’s start with the very simplest model.

max tu &
{Ctykt+1}t§:%ﬁ ( t)
subject to
ct + kt_|_1 + (1 — (S)kt = Atk?,

and ko given. For now, assume that 06 = 1, u(c) = In(c), and A; = A. Except in the
case of the ‘guess and verify’ method, generalizing to the case with general § and u(-) and

stochastic A; will hopefully be obvious.

Method 1. Dynamic programming. The Bellman equation in this case is
v(k) = max{In(c) + fv(K)} s.t.c+k' = Ak®.

By definition, v(ko) = Y ,0, Btu(c:) for optimal ¢;. Writing this as the sum of two terms,
the utility today plus the value of the stock tomorrow, gives Bellman’s equation.

We want to compute v(k). Given v(k) we know the optimal ¢(k) and k' (k). Given ko,
we can generate time series k1, k2, ... and cg, c1, Ca, - . .. Here is where Minnesota grads are
different from MIT grads: we compare the time series in our models with the time series

in our data directly.

We can compute v(k) many ways. For example, we can guess and verify. Guess a

form of the solution to be: v(k) = a + bln(k). If we substitute out ¢, we have
v(k) = Ir}cz}x{ln(Aka — k') + Bu(k')}.

Assuming I can differentiate, I have the following first-order condition for the right hand

side: .
— / /
o Bv' (k).

If we use our guess, we have

1 b
Aka—k'_ﬁﬁ
or ﬂb
= Ak,
k 1+ 8b K
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At this optimum:

Bb
1+ 8b

b
1+ b

a+blnk =In(Ak® — Ak*) + B(a + bln] Ak}
Note that we can equate the coefficient on In &k to solve for b and the constant terms to

solve for a.

How else can I solve for v(k)? I can iterate backwards in time. The idea comes from
finite time examples. At the last date, the value of any capital after death is zero. Start

with v(k) = 0. Iterate until convergence. Let’s do a few steps.

vi(k) = g}gf){{ln(Ako‘ -k}
= In(Ak®)

and given vy (k), we have

va(k) = ir}gi)c{ln(Aka — k") + BIn(A) + Baln(k')}.

Taking first order derivatives, we have

_ 1 _fe
Ake — k' K
which implies
Ba
I =
k 1+ ﬂak'

Fill this in and we have vy (k). Keep this going until vr (k) ~ vy (k).

Can we do this on a computer? We have to think about how we are representing the
solution. In the case of dynamic programming, we are looking for a solution to a functional
equation. We need to think about how we are going to represent that solution. In the
very crudest algorithms, we simply assume there is a vector of k, in other words a grid,
and a value v for each k. In this very simple case you could think of the value function as

a piecewise function.

The second thing that we need to think about is what it means to say that something

(e.g., D) is a solution. In the crudest case, we stop iterating when /> (o7 — 97_1)2/N is

small where 07 is a vector of values of length N.

Finally, what matters? Suppose we completely miss on our approximation of v at very

small or very large k. Suppose also that the question at hand is concerned with business
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cycle facts. Then the bad approximation for very low probability events won’t affect the

analysis.

Method 2. Solving the first order conditions

We can guess and verify in this case as well. Let’s jump ahead to do undetermined
coefficients. But, here, as in most business cycle models, we will first log-linearize the first

order conditions.

The equations we need to linearize are

ct + kip1 = AkY
1/er = BaAkf_‘__ll/ctH.
Here are the steps:
1. Get the steady state: ks = (BaA)™Y and ¢,y = AKS, — ks
2. Replace all variables z; by exp(Inz;) = exp 2

3. Take first-order Taylor expansions around steady state of z. Note that we can ignore

all of the constant terms until the end.

The first-order condition is the resource constraint which we can write
et + kit = gehe
The left hand side can be approximated as
et +ef(é — &) + ek 1 ei“(fftﬂ - ];2) =eé + ef“l;'tﬂ + constant.
where recall that f(z:) ~ f(x) + f'(x)(z; — ). The right hand side is
Ae®® + AqeF (ke — k) = Aae®* k¢ + constant
So this means we have (ignoring constants)
ey + eiél/%t_}_l = Aaeaicfct.

Using steady states this implies

Cssét + ksskt—i—l = CVysskt-
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Multiply by £ and divide by kg,:
(1/a—B)ér + ,Bfﬂt+1 = ky

since fcess/kss = B(yss — kss)/kss = B(1/(Ba) — 1).

The second first order condition is the dynamic Euler equation which we can write:
e—ét — ﬂaAe(a—l)’;t+1e—ét+1

The left hand side (ignoring constants) is —e~¢¢;. The right hand side (ignoring constants)
is
BaAe Ce DR,y + (o — 1) kpya].
Using steady states this implies
ét = ,BaAe(a_l)i“[ét_l_l + (1 — a)ZZt+1]
= ét_|_1 + (]. - a)]%t+1.

The log-linear solution is
Ct = Ye + YPckt

7A€t+1 =Y + ¢ki€t

Plug this into the log-linearized solution. Again, for now, ignore the constant terms. We

will figure out the constant terms at the end. Rewriting the first-order conditions, we have

(1/a — 5)¢ci€t + ,3¢kift = iﬁt
Weky = Yebrks + (1 — Q)Prk,

For this to be satisfied, 1. and v have to satisfy:

(l/a - ﬂ)wc + ﬂ% =1
wc = 1/)c1/)k: + (1 — a’)'lpk

We can substitute out 9. = (1 — B¢x)/(1/a — B) to get a quadratic in 9):

By — (1/a+ aB)yr +1=0.

There are two roots (which you should note are S-reciprocals): « and 1/(af). This is

what Vaughan’s theorem says you should find!

4



Take the root inside the unit circle for ¥, namely ¥, = a. Plugging that in to the

expression for 9. gives ¥, = a and

ét = Yc + OAIA{Jt
iﬂt+1 =Y + O!]Aﬂt-

To get the 7’s, use the steady state values.

Can we do this on a computer? Yes, but in this case we are computing the coefficients
(the «’s and #’s). In all cases (even the more general examples), solving the problem on
the computer means solving a quadratic equation. (Refer to computer codes in UM8185
and UM8186.)

Method 3. Transforming the problem to an LQ maximization
If we substitute the resource constraint into the utility function, then we have
o0

max Zﬁtu(Akf — kiy1)
{ker1} 40

given kg. A standard method for solving this involves a second-order approximation of

u(Aky — kiy1) so that the problem can be written in a general LQ way:
max > BHXIQX: + uiRuy + 2X, Wy}
"7 =0
subject to

Xt_|_1 = AXt + But.

For this, we can apply standard methods developed by engineers (e.g., dynamic program-
ming methods or methods like Vaughan’s based on computing eigenvalues of a particular

matrix).



