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1. (@) With an Arrow-Debreu markets structure futures markets for goods are open in
period 0. Consumers trade futures contracts among themselves.
An Arrow-Debreu equilibrium is sequence of prices p,, p,, p,,... and consumption

levels &,¢,¢;,...;¢2,67,62, ... such that

e Given Py, P, P,,... Py, P,,..., cOnsumer i, i=1,2, chooses ¢&,¢,¢E,...to solve

max " flu(c)

0 ~ | 0 ~ |
s.t tho PGy < tho P:Wy
¢ >0.

e C+C=w+w,t=01....

(b) With sequential market markets structure, there are markets for goods and bonds open
every period. Consumers trade goods and bonds among themselves.
A sequential markets equilibrium is sequences of interest rates f,f,F,,...,

consumption levels &,¢, ¢, ...;¢2,¢2,¢, ..., and bond holdings b,b},b;,...;
bZ,b?,b?,... such that

e Given ,f,f,,..., the consumer i, i=1,2, chooses ¢,¢,¢},...;b),b/,b),... tosolve

max Y " A'u(c,)
s.t. ¢y +b) <w)
c +b <w +(1+7, )b, t=12,...
b >-B
¢ >0.

Here b, >—-B, where B >0 is chosen large enough, rules out Ponzi schemes but does not
otherwise bind in equilibrium.

e &+ =w+w,t=01...

e b'+b?=0,t=01,...



c) Proposition 1: Suppose that p., ., D,,...:C, ¢, ¢, ...: €2,E2,E2,... isan Arrow-
0 1 2 0¥l 2 0 1 2

Debreu equilibrium. Then &,f,1,,..., ¢,6,C,...; 62,67, ¢%,...; 05,00, b;,...; bZ,07,02,...
is a sequential markets equilibrium where

A

=2l
pt+l

i i Qi

bo =W, =Gy

bl =w +(1+7 )b, —¢, t=12,....

Proposition 2: Suppose that i, f,,..., &,¢,C,...; 6,626, ... bbb,
bZ,b?,bZ,... is a sequential markets equilibrium. Then f,, p,, p,....; 6,6, G, ...
¢:,¢2,¢2,... isan Arrow-Debreu equilibrium where

ﬁozl
f) =Htfl l t=12
t SZO(:H—I”;)' y Ly

(d) (There are a number of ways to do this.) The continuous differentiability and
concavity of u, implies that the necessary and sufficient conditions for a solution
¢,C!,C,, ... to the utility maximization problem of consumer i, i =12, in the Arrow-

A

Debreu equilibrium is that there exists a Lagrange multiplier A such that

U (E)=Ap, t=01,...
ZZO ﬁtcti - Z:O:o ﬁtwti '

Combining the two first order conditions in period t, t =0,1,..., with the feasibility
condition, we obtain

L@ owl® w@ A

U, I((Stz) - u, '(Wél""wtz _étl) - u, '(4_611) - j,z .

The assumptions that u. '(c) >0 and u. "(c) <0 for all ¢ >0 guarantee that
u,'(c)/u,'(4—c) is decreasing in c (in fact, the derivative of this function is

u,'(4-c)u, "(c) +u, '(c)u, "(4—c)
u,"(4-c)?

<0),



and Iing u. '(c) = implies that
c—

u'©) _
>0, '(4-c)

u'c) _
o uz I(4_C) -

Consequently, for any Zl/iz >0 these is a unique value of ¢ = ¢’ that solves this
equation. ¢’ =4-c.

u, '(c)
u,'(4—-c)

,\}J>|,_é>>

C

Since A'u,'(€') = A p,, if we normalize p, =1, p, = '. We use the budget constraint for
consumer 1 to calculate ¢':

ZZO ﬁtétl = Ztioﬂtél = Ztio ﬁtwtl = Z:ioﬁtwti = Zioﬂas—i_z:ioﬂzm
1 a_ 3 P
- 1-p° 1-p°
el = 3+p
1+

Consequently, ¢ = (1+38)/(1+ £). (Incidentally, il =u'(€),i=12)



(e) A sequential markets equilibrium is sequences of interest rates f,,f,f,...,

consumption levels ¢,¢,¢;,...; 2,62, ¢2, ..., bond holdings b;,b,b;,...; bZ,b?,
and storage levels X, X}, %;,...; X, %, %5,... such that

e Given f,Ff,f,,..., the consumer i, i =12, chooses ¢;,¢,C,,...;b},b/,b},...;
%, %,%,... tosolve

max Y " Bu(c,)
S.tch+h)+ X <w)
C +b +x <w +(1+F )b +6x,, t=12,...
b >-B
¢ >0.

o G+ +X+R =W +W +0%,+6%,,t=0,1,...
e bl+h2=0,t=01,...
(Alternatively, we could change to the notation that dates assets by the period in which

they are paid off, which is more appropriate for economies with production, making the
feasibility, for example,

~1 a2 ol o2 2 o1 o2
C+C+ K, + X =W +W +0% +0%.)

2. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 1. Consumers trade futures contracts among themselves.
An Arrow-Debreu equilibrium is a sequence of prices p,, p,,... and an

allocation 610,(6%,6; ) (622,632 ) ... such that
e Given p,, consumer 0 chooses C;'to solve

max logc;
st pe)<pw,+m
c) >0.

e Given p,,p,,,, consumert, t=12,..., chooses (6:,6:+1)to solve



max logc, +logc;,,
s.t. ptct + pt+1Ct+l < pth + pt+lW2

t At
C.,C,, =0.

o Cl'HC=w,+w,t=1 2, ....

(b) With sequential market markets structure, there are markets for goods and assets
open every period. The consumers in generations t—1 and t trade goods and assets

among themselves.

A sequential markets equilibrium is a sequence of interest rates ,,f,...,

allocation &2, (&}, ¢ ) (622,632 ) ..., and asset holdings §/,§?,...such that
e Consumer 0 chooses ¢ to solve

max logc,
stc)<w,+m
¢ >0.

t
t+1

e Given f, consumert, t=1,2,..., chooses (&!,&,) and & to solve

max logc; +logc,,,
stoci+s <w
Ctt+l < W2 + (1+ r’-;)Stt

t At
C.,C; =0.

e 4l =w,+w,t=12,....
® §i‘=m

s =|[Toa+r)|m t=23...

an

(c) Since there is no fiat money, there is only one good per period, there is only one

consumer type in each generation, and consumers live for only two periods, the

equilibrium allocation is autarky:

¢ =w,
(€, Ca) = (W, w,)

The first order conditions from the consumers’ problems in the Arrow-Debreu

equilibrium imply that



Normalizing p, =1, we obtain p, = (w,/w,)"™. Similarly, the first order conditions from
the consumers’ problems in the sequential markets equilibrium, imply that

or i, =(w,/w,)—1. Since the equilibrium allocation is autarky, § =0.
(d) An allocation &2, (¢}, &} ),(¢2,62), ... is feasible if
EH G <w,+w, t=1 2, ...

An allocation is Pareto efficient if it is feasible and thee exists no other allocation
¢’.(c1.6).(c.6F). ... thatis also feasible and satisfies

logT > log ¢}
log€T;' +log<,, >log ¢ +log¢;,,

with at least one inequality strict.
If w, >w,, the equilibrium allocation, which is autarky, is not Pareto efficient

because the alternative allocation

o W AW,
C, ==
© .5 )= W, +W, W, + W,
t v+l T 2 ! 2

is feasible and strictly dominates it. Let us verify:

W, + W,

logT = log >log ¢ = logw,

for generation 0, and



—t _t W, + W, W, + W,
logCT, +log<T,,, = IogT

+log 172 >log €; +log¢;,, = logw; +logw,

2
2 2
W, + W, +2W,W, > 4w, W,

2
W, + W,
21 >ww,

(W, —w,)* >0

For generationt, t=1,2,.... (This also follows from the strict concavity of the log
function.)

(e) A sequential markets equilibrium is a sequence of interest rates f,f,,..., an

allocation 61106120(61“6;1)(61216221)(6226;2)(62226322) ..., and asset holdings

s 8% 82 6% such

e Consumer i0 chooses ¢°, i=12, tosolve

i0
max (1-y,)logc;
st ¢’<w, +m
¢’>0.
e Given f,, consumer it, =12, t=12,..., chooses (&', ¢, )and §' to solve
max ylogc' +(1-y)logc,
it it i
st o+ <w
Co SW, +(L+1)s;

it Ait
¢ ¢, =0.

® 6lt—l + (’:‘2'[—1

At | A2t 2 2 .
: S G =W W AW W, t=1,2,

e §+8&=m+m?

8 <[ [TA ) Jot e, t=23..

3. (a) With Arrow-Debreu markets, there are futures markets of goods, capital, labor
services, capital services open in period 0. Consumers sell labor services to firms. They
buy goods from firms. Who makes the capital accumulation decision can be modeled
different ways. We could have consumers buy and sell future claims to capital and sell
claims to capital services to firms, or we could have consumers sell their initial capital to



firms and have firms buy and sell future claims to capital and sell claims to capital
services to other firms.

An Arrow-Debreu equilibrium is sequences of prices of goods p,, p,, P, ..., wages
W,,W,,..., rental rates f,f,f,,..., consumption levels ¢,,C,,..., and capital stocks
Ko, Ky, ... such that

e Given py, Py, Py,--., Wy, W,,..., and f;, the consumer chooses ¢,,¢,, ... to solve

max Y~ A'logc,

sty BC <D W+ ik,
¢, >0.

(Here we have the consumers sell their initial capital to firms and have firms make capital
accumulation decisions. If we have consumers make capital accumulation decisions,

then consumers choose 120 , 121,... and the budget constraint is

ZZO P, (c +Kuy) < Zio(\fvt +Fk,).)

o f=padk t=01,...
W, = pA-a)fk”, t=01,...

f,—P <0,=0ifk, >0, t=01,...

t+1
(A good answer would explain that these are the profit maximization conditions for
constant returns. Notice that, if we have consumers make capital accumulation decisions,
then the zero profit condition on accumulating capital is a first order condition for utility
maximization and does not need to be included as a separate equilibrium condition.)

o & +k,, =0k t=01,...

(b) With sequential market markets structure, there are markets for goods, labor services,
capital services, and bonds open every period. Consumers sell labor services and rent
capital to the firm. They buy goods from the firm, some of which they consume and some
of which they save as capital. They trade bonds among themselves.

A sequential markets equilibrium is sequences of rental rates i, £,..., interest
rates i, f,..., wages W,,W,,..., consumption levels ¢,,C,,..., capital stocks k,,k,...,
and bond holdings b,,b,,..., such that

e Given if,i*,..., £7,8,...,and W,,W,,..., the consumer chooses C,,C,,..., Ko, Ky, ...,

and 60,61,... to solve



max Y~ A'logc,
st ¢ +K., +b,, <W +FK, +(1+r“'tb)bt, t=0,1...
ko:EOv bo:0

b.>-B, ¢,k >0.

t

o *=aOkt, t=0,1,...
W, =(1-a)ok?, t=0,1,....
o & +k, =0k* t=01,...

e b=0,t=01...

veeiCorCryenn i kg Ky

o

(c) Proposition 1: Suppose that Py, B, P,,---; Wy, Wy, ...y,
is an Arrow-Debreu equilibrium. Then £,7,...; &, £,...; Wy, W,,...; 65, C,rnn 1 Kp o Kyyes

~ A

by,b,,... is asequential markets equilibrium where

FOR
rtk=Tt
Py
=i 1
W
W, =—
Py
b =0,1t=01,

Proposition 2: Suppose that £, £*,...; £, E°,...;W,, W,,...; Gy, 6\ ... 1 Ko, Kyyeos
,by,... is a sequential markets equilibrium. Then P, P, P,,---; Wy, Wy,...; Fy, B, By
,Cii.

~ A

by
Co .1 KoKy, ... isan Arrow-Debreu equilibrium where

po:l

" 1
P; :Hs=1f-‘_k’ t:1,2,...

-
o
—
~%
=

l
>

00

t t

(Notice that, according to the way in which we have done things, we need to use separate
symbols for the Arrow-Debreu wage, the price of labor services in period t in terms of
period 0 goods, and the sequential markets wage, of labor services in period t in terms of
period t goods.)



A ~

(d) A Pareto efficient allocation/production plan is sequences ¢,,¢,,...,K,,k;,... that are
feasible,

A

6 +k,, =0k, t=0,1, ...

t
k, <k,
and such that there exists no alternative allocation ¢, k, that is also feasible and such that
D Bloge >> " Blogé, .
In other words, the allocation et,l; solves

max > " B'logc,
s.t. ¢, +k,, <6k, t=0,1,...

k, <k,
C.k >0.

Proposition: The allocation/production plan in a sequential markets equilibrium is
Pareto efficient.

Proof: Suppose that £, >, W, ¢,k ,b, is an equilibrium. Then

6 +k,, =6k t=0,1,...

k, <k,
and there exist Lagrange multipliers p, >0, t=0,1,..., such that

t
s p,=0,t=01...

A

G

—p, + PPk =0, t=0,1,...
Iimtaoo ptkt+l :O'

The necessary and sufficient conditions for ¢k, to be a Pareto efficient
allocation/production plan are



and that there exist some Lagrange multipliers 7, >0, t=0, 1,..., such that

t
"%—ﬂ't =0,t=01...
CI

—7, + 7,00k =0, t=0,1,...

lim,,, ﬂtlzwl =0

Given that £, 7° W, ¢, k., b, is an equilibrium, we can set & =¢,, k =k, and =, = p,
and thus construct an allocation that satisfies the necessary and sufficient conditions for
Pareto efficiency.

(e) Bellman’s equation is

V (k) =max logc+ gV (k")
s.t. c+k'<Ok”
c,k'>0.
Guessing that V (k) has the form a, +a, logk, we can solve for c and k *:

Lok, k=LA gye

“= 1+ pa, 1+ fa,

We can plug these solutions back into Bellman’s equation to obtain

- N P e
a0+ailogk_log(1+ﬂa19k }+ﬁ{a0+ailog(l+ﬂa19k H

Collecting all the terms on the right-hand side that involve logk , we can solve for a,:

a =a+afy
__a
% 1-af’

which implies that
c=1-apf)ok”, k'=apok”.

[We can also solve for a,:

11



1 1) pal
©T1p {mg[lwaijwai Iog(“ﬂaiﬂ

a, zli[uog((l_aﬂ)eﬁ : “ﬁﬂ Iog(aﬁ@)]

but this is tedious, and, besides, the question does not ask us to do it.]

(f) To calculate the sequential markets equilibrium, we just run the first order difference
equation

Ko = Ok
forward, starting at k, =k,. We set

¢, =(1-ap)ok’
b =0
‘= alk™
> =abki™ -1
w, = (1-a)ok .

Notice that this problem actually has an analytical solution:

1-a'

k, = aok, = B (apoks,) = (aBo) ="k =(apd)re k&

12



