MONOPOLISTIC COMPETITION WITH HETEROGENOUS FIRMS
There 1s a continuum of firms that produce differentiated products.

Consumers have utility functions that exhibit love for variety and solve the
maximization problem

max (1-a)logc, +glog jom C(w)’dw
Yo,

s.t. P,C, + Iom p(o)c(@)dw =W/l +7

C(w)=0.
Here 7 are profits of the firms, which are owned by the consumers. The
solution to this problem is
W/ + 7
Po

(@) = 1oz(w%;z)_p _ a(w?j+7r_)p |

p(@)* [ p(@) P de’ p@) P

¢, =(l-a)
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where
~(1-p)

P= Uom P(O))ll’))dwj !

Good 0 1s produced with the constant returns production function y, = /¢, and
sold in a competitive market.

Firm i has the production function
Y(®) = max| (o) ({(w)- f),0].

Notice that firms have potentially different productivity levels x(i). The firm
solves the profit maximization problem

max p(@)e (a))_wc( ) i — o) a(w£+7z_) a(w/ +17z) o
) (@) 7P x(@)p(@) 7P

taking Pas given. The solution is

p(w) =

pX(w)



We set p, =W =1 as numeraire.

p(w) =

pX(w)



A model with a continuum of productivity levels

Suppose that there is a measure u of potential firms. Firm productivities are

distributed on the interval X >1 according to the Pareto distribution with
distribution function

F(x)=1-Xx"7,
which has the density function
dF (x)=yx7".
Notice that the mean of X i1s
00 00 X_(?/_l) * 7/
Ex) = [ xdFo0) = [ xpx"dx=-L __r
(0 =] xdF)=["xy 1| =70

and the variance i1s

E(x*)—(E(x)) = j (x—y—j dF (x) = j ( ——J yX 7 dx

/4
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~ 2__7X_(7_2)OO_L2
c00r-(E00y =225 {5

E(x®) = (E(X)) = 4 .

OB =556y

For the variance to be finite, we require that » > 2. We will also require that
y>p/(l-p).

We can think of restricting productivities to satisfy X >1 as a normalization of
units relating labor to consumption of differentiated goods by fixing the
minimum productivity. If we want to normalize units in some other way, we
could replace the distribution function with

F(X)=1-x"x",
for X > X, which has the density function
dF (x) = yx’'x7".



There are two possibilities, which depend on parameters:

1. There 1s a level of productivity X >1 for which firms earn 0 profits. The set of
firms with productivities X > X produce. This set has measure m = uX™".

2. All firms produce and earn nonnegative profits. In this case m = u.



Case 1:

We start by supposing that there 1s a cutoff productivity X where firms earn 0
profits and calculate

-p -p P

PY2 = P dF (x) = pf " (pX)" yx 7 dx
P p—r(1-p) |® P p—r(1-p)
oie __Hp " A=pyx 0 | _pp"(A-pyX "
y(I-p)—p y(I-p)—p

The demand for goods produced by a firm with productivity X 1s

1

a(l+ry  (yQ-p)-p)a(l+r)  p(rd-p)—p)a(l+x)X"*
¢ = 1 e Sl p-r(-p) p=r(1-p)
PO)' PP (pX)' P up' P (1= p)yX 1 p(—p)yx

if y(1- p) > p, which we can write as ¥ > p/(1— p).



We calculate the cutoff productivity X

p(X)e(X) — =

ﬁ_ _pr=-p)-pla(f+m)X"”
,07

p—y(-p)

u(l—p)yx
(y(-p)-p)a(f+m)X

1-p

My

py

f=0

X = |
((7(1—/7)—/))0!(“77))

Notice that this expression depends on profits 7z, which we can calculate as

" o0 1-p)-— Vi I-p
T ZﬂL (p(x)c(x)—L):()_ fde(x) :IUL (rd-p) 'Op)(f(fp:r )X
Hyx
ﬂ:ﬂ(ﬂl 2 ppyzlap()#r”)j x!” Pyx 7 dx — ﬂfj yx 7 dx

pyx

P

— f

X7 dx




r=1-p)a(l+x)—ux"f
l—-p)al—uxX’f
= lp—)(l—p/)ja |
__ (1-pyal  uf  (rd=p)-p)a(l+rx)
I-(I-pa 1-(1-p)a py f
__ (-pal (rA=p)—p)a(l+r)

A=(=-p)a  y(1-(1-p)

which implies that
pol

1-p)— ‘ -
(7/( ,0) p)“( +7/_paj (7(1_,0)_,0)05€

Y_y == —

py f (y —pa)uf



Case 2:

Notice that we are wrong to guess that there 1s a cutoff productivity X where
firms earn O profits if the value that we calculate for X is less than 1:
1

_ J2
vo| _=—p)ut V" _
(r(-p)-p)at

l-p)—pla-
 rd=p)-p) 7
y—pa
that 1s, 1f the fixed costs of having all potential firms produce 1s sufficiently low
compared to aggregate labor /. In this case,

uf

P
oie _ Hp" (1= p)y
y(l=p)=p

1

C(X) = a(l+m) _(rA=p)=pla(l+7) _p(ri=p)=p)a(l+m)x"
p(-p)y

1 -p -1 P

PO 7P (pX) up™ (1= p)y

10



The calculation of total profits becomes

C(X)

T=p jf’[p(x)c(x)—T— fde(x) = uf;

(7(1—p)—p)a(?+7r)ijﬁ

2

P
-p

(y(1-p)—p)a(l+x)X'

My

yX 77X — puf LOO yX 7 7dx

r=(1-p)a(l+r)—uf
__(-pyal—uf

1-(1-p)
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Notice that the profits of a firm with productivity X =1 are
1-p)— 0+
pPMe@)-c) - T = A0 Pl ﬂ)( 1 1j B

H(l=p)y p
(7/(1—,0)—,0)0{?+ (1=-plal-pf ]
p(he()—c()-f = 1-(1-p)a f

Hy
(rA=p)=p)al  (y-pa)f
Ded)—c(l) - f = _

p(He() —c(1) o (—(=pya) 7= p)a)

o(e()—c(l)— f =—L—P% [(7(1_p)_p)a?—ﬂf]>0.
py(1-(1-pu)a y— pa
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A two-country model with a continuum of productivity levels

Suppose now that there are two countries, i =1,2. Let each country have a
population of /, and a measure of potential firms of 4. Firms’ productivities

are distributed according to the Pareto distribution, F(X)=1—-x"".

A firm in country i faces a fixed cost of exporting to country j, J#1, of f,
where f, > f, = f and an iceberg transportation cost of 7/ —1>0. The solution
to the firm’s profit maximization problem is to set

. w.z)
P’ (X) :I_Tl-
DX
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In each country there are three possibilities:

1. There are two cutoff levels of productivity X, > X, >1. Firms with X, earn O
profits exporting. Firms with X, earn O profits producing for the domestic
market. The set of firms with X = X, produce for the domestic market and for
export. The set of firms with X, > X > X; produce for the domestic market only.
The set of firms with X < X, cannot earn nonnegative profits and do not produce.

2. There 1s one cutoff level of productivity X, > 1. Firms with X, earn 0 profits
exporting. The set of firms with X > X, produce for the domestic market and for
export. The set of firms with X, > X >1 produce for the domestic market only
and earn nonnegative profits.

3. All firms produce for the domestic market and for export. They earn
nonnegative profits doing both.
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Suppose that we are in case 1. We calculate the price index in country 1:

(P )ﬁ = H jw P ()dF (X) + 44, j O° p, (X)dF (x)

X

o)
=P » £ o (1 \ip
(pl )1—/) = 4, j_ (,OX)I_’O Q/X_y_ldX + U, j_ (7_2] g 7X—7—1dx
Xid X2e p)(
P p=r(-p) [* -, P p-r(-p) [*

(P! )% _ Wup T A=p)yx | W (m) T p (A= p)yx

y(—p)—p yd—p)—p
. p=y(-p) —p P p=r(1-p)

( p! )% _ Wlll’llpl_p (1 B /0)7/Y1d 1_p + W, 4, (T;)l_p pl_p (1 - ,0)7/726 v

yd—-p)—p yd=-p)—p

P p=r(-p) —-p  p-r(-p)
1- - 1- INl-po  1-
p "d-p)y Wi 4 Xy P+ W, i, (Tz) P Xe P

P

y(l=p)—p
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The demand 1n country 1 for goods produced by a firm in country 1 with
productivity X = X, 1S

1

a(W 7l +7,) p(r(1-=p)—p)a(W b, + )X

1 _ _
¢ (X) = 1 1 N B p-r(1-p) -p  p-y(l-p)
- - i o L
PO (PY) (1= p)y| Wy ™ Wy (23) R,

We calculate an expression for the cutoff productivity X ,:

_ _ . wc(X
pll(xld)cll(xld)_ 117( 1d)_W1fo| =0

1d
p(r(=p)—p)a(W !, + )X,

p—r(1-p) -p p—r(d-p) ( pyld yld
- - INl-p o I-
(I=p)y| WXy 7 +Wu,(7,) X, 7
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P

(7/(1 —p)— ,O)CZ(WIZ1 + ﬂl)ylld—p

p=r(=p) -p  p-r-p) 1
X - INl-p = 1—
Y| WXy 7 AW (7,) X

Similarly, we calculate an expression for the cutoff productivity X, :

2.2 i
2w \n2 (v W,z ¢ (X.)
9 (Xle)cl (X1e)_ 11_1 le —Wlfe

le

(1= p) = p)aW T, + ) X"

e
p=y(-p) — py(—p) T,
v 1-p Nepo  Ip
7| WathXag + W (77) " X
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The expression for 7, 1s

7= 4, j:d[pkx)cf(x)— WICIX(X) W, fd]dax)

"'/11_[ [pl (X)C (X)— il ;((X) fe]dF(X)

P
-p

o W (y(-p)-p)a(wl +m)x'

Jr, =
1 A J‘xd p=r(1-p) -p  pr(=p)
/4

—w, f, [yx7dx

v Il-p ll—p— I-p
Wi X 4 +W, 14, (7,) " X,

—r P

o] w, (7(1-p)—p)a(w,’, +7f2)(fl )X
H X ( p=r(1=p) 7(1 p)

. |y x7dx

v - )
| Wt Xoq 7 W (7)) pX
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p—y(1-p) -p p-y(-p)

—- -  1- ) 2\l-p7 1-
I = W (l—p)(W, 6, + 7 )Xy " W (l—p)(W, £, +7,) 1, (77) "X, "
L p—y(1-p) -p p-y-p) p—y(-p) -p p-y(d-p)
- 1 INl-p o 1- - I- 2\1-p o 1
WL X g 4 W, i, (72) g Xpe g W 1, Xy 7o+ W4 (71 ) g Xe g

W,ul( X4 Ty +x7f)

There are analogous expressions for X,,, X, and z,. In addition, there are labor
market clearing conditions in two countries and two wage rates W, and w,. This
provides us with a system of 8 equations in 8 unknowns to be solved for X,

Xies 7T Wiy Xy, Xy 7T,, and W,.

le>

As 1s usual in general equilibrium models, we can normalize one of the wages as
numeraire, setting W, =1. We can also use Walras’s law to ignore labor market

clearing in one of the countries. This leaves us with a system of 7 equations in 7
unknowns.
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To simplify the calculations, we consider the symmetric case where /, = /,

u, = i, = i, and 7, =7, =r. Notice that this implies that X, =X,, = X,,

Xe =%, =X, 7, =7, =7, W, =W, =1 and that we can i1gnore labor market

=7,

clearlng. We now have a system of 3 equations in 3 unknowns, X;, X, and :

P

(r(A=p)=p)a(l+m)%; "

p—r(1-p) -p p-r(d-p)
w| X, 7+, P

—f, =0

L
-p

-1
(y(1-p)-p)a(l+m)r" "X, -
_f =0
y(1-p) -p p-r(-p) €
W[Yd I A S }

7=0-pa(l+r)-u(%7 T, +%71,).
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Notice that

The equation for 7z can be rewritten as

7 =(-pla(l+7)~p

ﬂ=<1—p>a<?+7z>—u[fd

Avanyd
Xd fd

p—r(1-p)

P
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Lp
f \p _
+| 7| =% f
f d e
d
p—y(1-p) y(-p)
4 p P 7
+7771f, f, 7 X7,



The equation for X, can be rewritten as

P

(r(A=p)—p)a(l+m)%; " ~
—f, =0
_ p—y(1-p)
p—r(-p)  -p f _;g t=r
Huyl X, S T Al I o X4
fd
(r(1—=p)—p)a(l+m)X] i -0
p-r(1-p) d
f P
uy| l+77 [ej
fd
- e y(1-p)
(rd=p)=plat+m)% 77 _,

p—y(1-p) p—y(1-p) d
p ~7 p
,Ll]/ fd +7 fe
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—y(1=-p)

o _(1=p)-pla(f+m)f, *

d p-y(1-p) pr=p)\ °
p -y p
,Ll]/ fd T7 1:e

Notice the similarity between this expression and the analogous expression for
the closed economy model. Plugging this expression into the expression for 7,
we obtain

ﬁ:pa(€+7z)
/4
e pal ,
y—pa

which implies that
_ z7(=p)
(y(1-p)-p)atf, *
p=y(1-p) p=y(1-p) \'
u(V—pa)[fd SR 2N A )

Y7 —
Xy =
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Therefore

l—_p
_ (f J _
X, =7|=—=| X,
d
~r(1-p)
v =7 fe g
X, =t =+ X,
d
—7(1-p)
., (r(-p)-platlc’f, *
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A model with costly entry

Consider the closed economy case. The entry condition is

[ (p(x)c(x)—@— de<x>=¢,

X

where ¢ 1s the entry cost.

In this formulation,
7 =0,

but now the measure of potential firms y is a variable,

As before, we can obtain an expression for the cutoff productivity X:
1

x:( 4 jyx.
(r(-p)-p)al
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We now calculate an expression for u:

1

[ p(7(l—p)—p)ﬂx”’[ 1 lj_f =

. p-y(1-p) Y

X X
p(l=p)yx * P

p—r(1-p)
(1-p)atlx **
p—r(-p)
px
oo _(U=plal-up_(r(1-p)-p)al
pf py f
_pal
P

X7 =¢

7

This implies that

1

[(7(1 —pp;—p)¢y

>
Il
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