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Abstract

This paper studies competitive equilibria of a production economy with aggregate pro-
ductivity shocks and with a continuum of consumers subject to borrowing constraints and
individual labor endowment shocks. The dynamic economy is described in terms of sequences
of aggregate distributions. The existence of competitive equilibrium is proven and a recursive
characterization is established. In particular, it is shown that for any competitive equilib-
rium, there is a payoff equivalent competitive equilibrium that is generated by a recursive
equilibrium with the state space including expected discounted utilities.
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1. INTRODUCTION

It has been documented by a number of empirical studies that the standard representative agent
(or complete markets) model fails to explain many phenomena observed in the data. This leads
to interest in models with heterogeneity and incomplete markets.! One class of such models,
called the Bewley-style model, has drawn special attention. The typical environment of this
model features a continuum of consumers making consumption and savings decisions subject to
borrowing constraints and labor endowment shocks. There is only one asset (capital) serving as
a buffer against individual shocks. There may or may not be aggregate shocks.? Recently, Miao
[33] has provided a theoretical analysis of the Bewley-style model without aggregate shocks. This

paper focuses on the case with aggregate shocks.

This paper addresses two central open questions. The first is the existence of a sequential
competitive equilibrium. The second question is whether there is a recursive characterization
of sequential competitive equilibria. Krusell and Smith [30] and a number of later studies di-
rectly pose a recursive equilibrium formulation (henceforth, KS-recursive equilibrium) and then
proceed with numerical solutions without studying its existence and relation to the competitive

equilibrium.

Following [33], this paper reformulates the Bewley-style model along the lines of [20] and [18].
In particular, the dynamic economy is described by sequences of aggregate distributions over con-
sumers’ characteristics (individual asset holdings and the realization of endowment shocks) across
the population.? These sequences of aggregate distributions contain the relevant information for
equilibrium analysis and they are the principal object of study. In particular, given exogenous
shocks, aggregate distributions fully determine prices and aggregate quantities such as aggregate

capital. It turns out that this reformulation is the key to answering the above questions.

The study of the existence of a competitive equilibrium begins with a detailed analysis of a
typical individual’s decision problem. After aggregating individual optimal behavior and deriving
the law of motion for aggregate distributions, the existence of a competitive equilibrium is proven
by applying the Brouwer-Schauder-Tychonoff Fixed-Point Theorem [4, Corollary 16.52] to a
compact space of sequences of aggregate distributions (Theorem 3.3). This result is established
under standard assumptions on preferences and technology and for fairly general individual and
aggregate shock processes. For example, they are assumed to satisfy the Feller property, but they

need not be stationary or Markovian. However, for technical reasons, I assume that the state

'See the survey [19].
ZSee [9, 11, 2, 22, 3, 23] for Bewley-style models without aggregate shocks.
3Similar formulations are adopted in models of anonymous games [32, 24, 7, 26, 13].



space for aggregate shocks is countable.*

After imposing the additional assumption that individual and aggregate shocks are time-
homogenous Markov processes, I turn to recursive characterizations of competitive equilibria. I
define a notion of recursive equilibrium with the state variables consisting of individual asset
holdings, the realization of individual shocks, the realization of aggregate shocks, the aggregate
distribution, and payoffs (expected discounted utilities). Including the first three as state vari-
ables is standard. It is also natural to include the aggregate distribution as a state variable
because with incomplete markets and heterogeneous consumers, equilibrium prices generally de-

pend on the distribution of assets across consumers.

Including payoffs as a state variable to make certain decision problems recursive is a technique
widely adopted in the literature on sequential games [14, 6, 8] and on dynamic contracts [37, 40, 1].
Here this state variable serves as a device for selecting ‘continuation’ equilibria when the economy

unfolds over time.

Theorem 4.5 demonstrates that given an initial state, the so defined recursive equilibrium
generates a sequential competitive equilibrium. Theorem 4.6 demonstrates that a recursive equi-
librium exists. Moreover, for any sequential competitive equilibrium, there is a payoff equivalent
competitive equilibrium that is generated by a recursive equilibrium with the state space includ-

ing payoffs.

A natural question is whether there is a recursive equilibrium with a smaller state space, for
example, the KS-recursive equilibrium that excludes expected payoffs as a state variable. The
problem is that when there are multiple competitive equilibria, it is not known whether a KS-
recursive equilibrium exists. In the finitely many agents case, Kubler and Schmedders [31] give
counter-examples demonstrating that the wealth distribution or the portfolio of asset holdings
does not constitute a sufficient endogenous state. The intuition is that equilibrium decisions at
any date must be consistent with expectations at the previous date, and that these expectations
cannot always be summarized in the wealth distribution. Similar intuition seems relevant for
the economy with the continuum of agents studied here. In particular, the future sequences of
aggregate distributions must be consistent with expectations in the previous period. However,
these expectations may not be summarized in the aggregate distribution if there are multiple
competitive equilibria. Under the strong condition that the competitive equilibrium is globally
unique for all possible initial values of aggregate distributions and aggregate shocks, Theorem

4.8 establishes that a KS-recursive equilibrium exists.

The above analysis must surmount two difficulties. First, there is a difficulty associated with

*See [8] for an analysis of anonymous games with uncountable state space for aggregate shocks.



the presence of aggregate shocks. When they are present, aggregate distributions are generally
random measures that may be correlated with individual shocks. As pointed out by [7] and
illustrated by the example in section 3.2, this creates not only difficulties in model analysis but
also conceptual problems associated with perfect competition. Thus, I follow [7] and assume the
conditional no aggregate uncertainty condition. This requires that, conditional on the history of
aggregate shocks, the aggregate distribution at each date be a constant measure. Second, there
are subtle technical problems, pointed out by [25], associated with an environment that has a
continuum of agents, e.g., measurability and the law of large numbers. This paper deals with

these problems in a manner similar to [33].

I now review briefly the related literature. There is a growing literature on numerical analysis
of Bewley-style models with aggregate shocks [29, 30, 17, 39]. None of these considers the
theoretical issues studied here. As mentioned earlier, this paper is related to the early general
equilibrium literature on large economies and also to the literature on anonymous games studied
by Schmeidler [36], Mas-Colell [32], Jovanovic and Rosenthal [24], Bernhardt and Bergin [7,
8], and Karatzas et al [26]. The latter relation will be discussed in detail in the concluding
section. The paper is also related to Duffie et al [14], Becker and Zilcha [5], Chakrabarti [10],
Kubler and Schmedders [31], and Datta et al [12]. The first four papers consider a finite number
of heterogeneous consumers. The last paper takes the aggregate capital stock (instead of the
aggregate distribution) and the realization of aggregate shocks as the aggregate state variables.
It focuses only on a notion of recursive equilibrium (different from the notion used in [30] and
here) and does not study the sequence-economy competitive equilibrium and its relation to the

recursive equilibrium.

The remainder of the paper proceeds as follows. Section 2 sets up the model. Section 3
analyzes the existence of a competitive equilibrium. Section 4 studies recursive characterizations
of competitive equilibria. Section 5 is the conclusion. It also discusses some extensions of the

model. Finally, all proofs are relegated to an appendix.

2. THE MODEL

Consider an economy with a large number of infinitely-lived consumers subject to individual
endowment shocks and a single firm subject to aggregate productivity shocks. Time is discrete
and denoted by ¢t = 0,1,2,.... Uncertainty is represented by a probability space (2 x Z*°, F, P)
on which all stochastic processes are defined. The state space 2 captures individual shocks,
while the state space Z> captures aggregate shocks. Let Z° = Z, Z!*T1 = 70 x Z!, and denote by

2t = (20, 21, ..., 2t) € Z an aggregate shock history at time t. Finally, let 2° = (2o, 21, 22, ...) € Z*



be the complete history and 2° = 2y € Z° be a deterministic constant.

Notation. For any Euclidean subspace I, denote by C(D) the space of bounded and continuous
functions on D endowed with the sup-norm, by B(ID) the Borel o-algebra of I, and by P(D)
the space of probability measures on B(D) endowed with the weak convergence topology. For
any Euclidean sets D and E, B(D) ® B(E) denotes the product o-algebra. Finally, any product
topological space is endowed with the product topology.

2.1. Consumers

Consumers are distributed on the interval I = [0, 1] according to the Lebesgue measure ¢.

Consumers may differ in preferences and endowment shock processes.

Information structure and endowments. Consumer ¢ € I is endowed with one unit of labor
at each date t and a deterministic asset level a) € R, at the beginning of time 0. Labor
endowment is subject to random shocks represented by a stochastic process (sf;)tzo valued in
S C R4, where s} is a deterministic constant. Let S' =S, S = §% x St s% = {| and denote
by s = (s}, s%,...,st) € St an individual shock history. Let the initial (probability) distribution

of asset holdings and endowment shocks be given by
M(AxS)=¢(iel:(ah,sh) € AxS), AxSecBRy.)x B(S).
At the beginning of date ¢, consumer i observes his labor endowment shock si and the ag-
gregate productivity shock z. His information is represented by a o-algebra JF; generated by

past and current shocks {5272‘71}%:0'5 The following assumptions on the shock processes are

maintained.

Assumption 1. Z C [z,Z] C Ry is a bounded and countable set endowed with the discrete
topology; S C R is compact.

Assumption 2. For ¢-a.e. i,
(a) given the history (s, 2') = (s', 2), (si, 1, 2t+1) is drawn from the distribution Q% 4 (-, s*, 2');
(b) Qi 1(S x Z,-) is measurable for all S x Z € B(S) x B(Z);

(c) Qi has the Feller property: [h(s',2")Q} (ds',dz’,-) is a continuous function on S* x Z!

for any real-valued, bounded, and continuous function h on S X Z.

% Alternatively, one can consider the case where each consumer observes the aggregate shocks after he makes
choices so that F} is generated by {s%, zn—1},—0, z—1 is null.



Remark 1. It merits emphasis that the state space of aggregate shocks is assumed to be count-
able, which avoids measurability problems that may arise in dynamic programming. See [8] for

the treatment when this space is uncountable.

Consumption Space. There is a single good. A consumption plan ¢* = (cﬁ)fio for consumer i
is a nonnegative real-valued process such that ¢! is Fj-measurable.® Denote by C’ the set of all

consumption plans for consumer 3.

Budget and borrowing constraints. An asset accumulation plan (ai 41)t>0 for consumer i is a

real-valued process such that af,  is Fj-measurable.

In each period ¢, consumer i consumes c; and accumulates assets a’ 41 subject to the familiar
budget constraint:

¢ +ajq = (1 +r)a; +wes;, afy given, (2.1)

where r; is the rental rate and w; is the wage rate. For simplicity, assume that all consumers

cannot borrow so that:”
at,; > 0foralliel. (2.2)

Finally, let A = [0, 00), and denote by A’ the set of all asset accumulation plans of consumer
i that satisfy the budget constraint (2.1) and the borrowing constraint (2.2). A consumption

plan ¢ € C? corresponding to an asset accumulation plan a € A’ is called (budget) feasible.

Preferences. Consumer i’s preferences are represented by an expected utility function defined on
Ct:

Uilc)=F , () €C,

S (8 (er)
t=0

where 8¢ € (0,1) is the discount factor and u’ : Ry — R is the felicity function satisfying:

Assumption 3. For ¢-a.e. i, u* is bounded, continuous, and strictly concave.

Decision problem. Consumer ¢’s problem is given by:

sup Ut(ch. (2.3)

(ci,a};Jrl)tzoECi x Al

Because of this measurability, I may write the value of ¢i at state (w, 2°°) for consumer i simply as ci(w, 2%).
Similar notation applies to other adapted processes.
"See [2, 33] for general borrowing constraints.



The plans (ct);>0 and (a +1)t>0 are optimal if the above supremum is achieved by (ct, al 11)t>0 €

Ct x A

Allocation. An allocation ((c},ai,q)i>0)icr is a collection of consumption and asset accumulation
plans (¢}, a,)¢>0, @ € I. An allocation ((c}, aj,)t>0)icr is admissible if both ¢ = ¢;(i,w, 2*) and
i,y = ap1(i,w, 2%) are B(I)® Fy-measurable where F; is the smallest o-algebra containing F7 for
all © € I, Fy = VierFt, t > 0. This measurability requirement ensures certain integrals are well
defined (see [13] for discussion of the difficulties that arise if it is violated). Since both ¢} and a,
are JFj-measurable for all fixed i € I, they are also F;-measurable. Thus, the essential content
of admissibility is that ¢} and af,; must be B(I)-measurable for each fixed (w, 2") € Q@ x Z!. To

ensure that admissible allocations exist, I assume:®

Assumption 4. For each t, sy : I x Q x Z*° — S is B(I) ® F;-measurable. Furthermore, as
functions of i, (a) B : I — (0,1) is B(I)-measurable; (b) u(-,¢) : I — R is B(I)-measurable
for each ¢ € Ry; (¢) Qui1(;S x Z,s',2Y) : I — [0,1] is B(I)-measurable for all t and each
(st,2%) € StxZ! and S x Z € B(S) x B(Z).

2.2. The Firm

There is a single firm renting capital at (net) rate 7, and hiring labor at wage w; at date ¢. It

produces output Y; with the constant-returns-to-scale technology F : Ry x Ry— Ry :
Yi = ZtF(Kt, Nt) + (]. — (S)Kt,

where aggregate capital K; is F;_i-measurable, aggregate labor N; is F;-measurable, and 6 €
(0,1) is the depreciation rate. Capital is transformed from consumers’ accumulated assets and

aggregate labor supply V; is given exogenously.

Assumption 5. (a) F is strictly increasing, strictly concave, and continuously differentiable, and
satisfies: F'(0,-) = F(-,0) =0, limg_,o F1(K,-) = limy_,o F1 (-, N) = o0, limg o, F1(K,-) < 6.

(b) Ny is uniformly bounded, 0 < N; < N.

Remark 2. This assumption implies that there is a maximal sustainable capital stock K which

is given by the unique solution to the equation ZF (K, N) =6K.

8The proof of the existence of admissible allocations follows from similar argument in the proof of [33, Lemma
4.1]. So I omit it in the sequel.



Finally, competitive profit maximization implies that for all ¢ > 0,

re = ZtFl(Kt,Nt)—(S, (24)
wy = zFH(Ky, Ny). (2.5)

Note that prices r; and w; are Fi-measurable.

2.3. Competitive Equilibrium
I first define (sequential) competitive equilibrium in the standard way.

Definition 2.1. A (sequential) competitive equilibrium (((a},q,¢})t>0)ict, (T, we)¢>0) consists
of an admissible allocation ((a},,ct)t>0)icr and price processes (14, ws)s>0 such that: (i) Given
prices (wy,T1)1>0, (ai, 1, ct)i>0 solves problem (2.3) for ¢-a.e. i. (ii) Given prices (wy,7¢)i>0, the
firm maximizes profits so that (2.4) and (2.5) are satisfied for all t > 0. (iii) Markets clear, i.e.,
for all t > 0,

/ sio(di) = Ny, (2.6)

I
Ci+ Kiy1 = 2 F (K, Ny) + (1 = 0) Ky, (2.7)

where Cy = [} ¢ip(di) and Ky = [; ajo(di).

To analyze the existence and properties of equilibria, it is important to introduce the notion
of aggregate distribution. Such a distribution is defined over the individual states across the
population. An individual state is a pair of individual asset holdings and the history of individual
shocks. More formally, if individual asset holdings and the shock history at date ¢ > 0 are a} and
s', respectively, i € I, then the aggregate distribution, \; € P(A x S), is defined by:

M(A x B) = ¢(i € I: (as(i),s'(i)) € Ax B), Ax B e B(A) x B(S)". (2.8)

Thus, \(A x B) is the measure of consumers whose asset holdings and shock histories at date ¢

lie in the set A x B. Note that )\; is a random measure since ai = a}(w,2!"!) and si = s¢(w, 2%)

are random variables.

Any aggregate variable can be written as an expectation with respect to the so defined

aggregate distribution; for example,

K, = / alp(di) = / ali(da,ds"),
I AxSt

Ny = / sip(di) = / s\(da, ds?),
I AxSt

Cy

/C7t’¢(d2) = (1 + Tt)Kt + tht — Kt+1.
I

8



The last equation follows from integration of equation (2.1). It implies the resource constraint
(2.7) by the homogeneity of F' and (2.4)-(2.5). Finally, equations (2.4)-(2.5) induce pricing
functions r;: P(A x S") x Z — R and wy : P(A x SY) x Z — R, as follows:

re(Me,2e) = 2P (/ a)\t(da,dst),/ S)\t(da,dst)> -0, (2.9)
AxSt AxSt

wi(Me,zt) = zFy (/ a/\t(da,dst),/ sAt(da,dst)> . (2.10)
AxSt AxSt

From the above discussion, conclude that aggregate distributions contain all the relevant

information for equilibrium analysis. Henceforth, they will be the focus of study.

3. EXISTENCE OF COMPETITIVE EQUILIBRIUM

In the sequel, I consider only the homogeneous case, where all consumers are ex ante identical,
but they differ in histories of endowment shocks. In particular, all consumers have the same
preferences and their endowment shocks are drawn from the same distribution. When Z contains
only one element, the model reduces to the case without aggregate shocks. Thus, all results to

follow are valid for this case.?

3.1. The One-Person Decision Problem

Consider a single consumer’s decision problem, given a sequence of aggregate distributions pu =

{A¢}t>0. So the consumer index is suppressed.

In general, the aggregate distribution at date ¢ is a measurable function of the individual-
relevant state w and the history of aggregate shocks 2! (see (2.8)). However, section 3.2 will
show that under some conditions, equilibrium aggregate distributions do not depend on the
individual-relevant state w. Therefore, this subsection assumes that the aggregate distribution
A is a function from the set of histories of aggregate shocks Z! to P(A x St). Let P(A x SH)Z'
denote the set of such functions endowed with the product (or pointwise convergence) topology.
Let Poo(A x S) = x2,P(A x SHZ'. Then p is an element in Puo (A x S).

It is convenient to analyze an individual’s consumption and savings decisions by dynamic
programming. Let Vi(ay, s', 2, ) denote the maximized expected utility to the consumer at
date ¢, when his asset holdings is a; and the sequence of aggregate distributions is u, given the

individual shock history s! and the aggregate shock history 2. Then, at date ¢ > 0, the consumer

"Miao [33] studies stationary equilibria for the case without aggregate shocks.



solves the following dynamic programming problem:

Vilag, s', 2" ) = sup w((1+re(Me(2"), 20))ae + wi(M(2"), 20) 50 — apt1)
at+1 € (at,st,2t,e(21))
+03 Vigr (ap1, s 2 10 Qi (dsiy, dzig, °, 21, (3.1)
SXZ
where

F(at, Sty 2t )\t(Zt)) = [0, (1 + Tt(At(Zt), zt))at + wt()\t(zt), Zt)St] 75 .

The associated policy correspondence is defined by gi11 : A x S x Z! x Poo (A x S) — A, with
grr1(ag, st 24 1) C Tay, st, 2t, M(2Y)). If giyq is single-valued, it is called a policy function. If
grr1(ag, st, 28, ) is the set of maximizers of problem (3.1), it is called an optimal policy corre-

spondence.

To understand problem (3.1), consider an n-period truncation. At date n, the consumer

solves the following problem:

Vot(an, Sn, 2™, An(2")) = max w((1+ rpn(Ma(2™), 20)an + wn (A (2™), 21) 80 — a).

a’€(an,Sn,2n,An(2"))

At date n — 1, by the principle of optimally, the consumer solves the following problem:

Vr?fl(anflv Sn717 Znil? )‘nfl(znil)v An) =

max u((l =+ 74n71(An71(Zn71)a anl)anfl + wnfl()\nfl(znil)v anl)snfl - a/)
a’el"(an,1 7Sn7172n717>\n71(zn71))

+0 Vi (a!, sp, 2" A (27))Qn(dzn, dsp, s z”_l).
SX7Z

In general, at any date 0 <t < n, the consumer solves the problem:

‘/in(alﬁ Sta Zta At(zt)a )\t-‘rh ceey )\n)
= max w((1 4 re(Ae(2Y), ze)ar + w( M (2Y), 2¢) 8 — @)

a’ €l (at,st,2t,At(21))

+/6 %11(0’/7 8t+17 Zt+17 )\t+1(2t+1)7 )\t+27 ceey An)Qt—&-l(dZt—i—l? d8t+17 St7 Zt)
SXZ

Finally, problem (3.1) corresponds to the limiting case as n — oo.

More formally, let V denote the set of uniformly bounded and continuous real-valued functions
on A x S" x Z! x Poo(A x S). Let V> denote the set of sequences v = (vg,v1, 2, ....) of such

functions. Note that V*° is a complete metric space if endowed with the norm
[v][ = sup ‘Ut(ata Staztaﬂ)} .
(t7at73tazt7/")

Then an application of the Contraction Mapping Theorem yields:

10



Lemma 3.1. Given Assumptions 1-5, then there is a unique sequence of functions {V; }+>o € V>

and a unique sequence of continuous policy functions {g¢+1}¢>0 solving (3.1).

3.2. Aggregation and the Law of Motion for Aggregate Distributions

This subsection studies the question of aggregation of individual behavior to form aggregate
behavior and derives the law of motion for the aggregate distributions induced by the sequences

of individual optimal policy functions {g;+1}+>0 and individual shocks (s¢)¢>o.

In perfectly competitive markets, each consumer has no influence over prices, and all con-
sumers together determine prices. The continuum formulation and a suitable ‘law of large num-
bers’ make this possible. To see this, recall that the aggregate distribution at date ¢, M\(w, 2t),
is defined in (2.8). It is a random measure that depends on the state (w, z*). In models without
aggregate shocks (e.g., [24], [2] and [33]), perfect competition implies that equilibrium aggregate
distributions must be deterministic. The latter can be achieved by assuming a no aggregate
uncertainty condition on the shock processes and the underlying probability spaces, introduced
in [7, Definition 1] for models of anonymous sequential games. Feldman and Gilles’ construction
[16, Proposition 2] shows that this condition is not vacuous and their construction is applied

directly by Miao [33] to a Bewley-style model without aggregate shocks.

Say that a process X = (X¢)i>0, Xt : I x @ — D, where D is a Euclidean space and X;
is jointly measurable, satisfies no aggregate uncertainty if there exists a nonrandom measure v
such that ¢(i € I : X(i,w) € D) = v(D), D € B(D), for P-a.e. w.!’ Note that whether or not
a process X has the no aggregate uncertainty property depends on the underlying probability
space. The implication of the no aggregate uncertainty condition is that ¢(i € I : X(i,w) €
D)= P(w € Q: X(i,w) € D) if each X* is drawn from the same distribution. In this case, the
measure v is in fact this common distribution. Thus, the empirical distribution of a sample of
random variables (X7 );es is the same as the theoretical distribution from which all these random

variables are drawn.

To accommodate the case where aggregate shocks are present, I follow [7] and introduce a
notion of conditional no aggregate uncertainty. A process X = (X¢)i>0, Xt : I X Q X Z*° — D,
satisfies the conditional no aggregate uncertainty condition if given the history of aggregate shocks

2% € 7, X satisfies the no aggregate uncertainty condition. I now assume:

Assumption 6. The individual shock process (st), s; : I x Qx Z> — S, satisfies the conditional

no aggregate uncertainty condition relative to the probability space (Q x Z*, F, P).!1

"Note that this definition is slightly different from [7, Definition 1].
"Krusell and Smith [30] make this assumption informally.

11



This assumption implies that given the history z*°,
(i €1:5(i,w,2>°) € B) = Py(w € Q: s'(w,2°) € B), B € B(S™),

where P, is the conditional measure on §2 given z*°. Thus, conditional on the history of aggregate

shocks 2!, aggregate labor endowments satisfies
/siqﬁ(d@') = / s\i(da,ds’) = / st (w, 2 P, (dw), ¥t > 0,Vi € I,
I AxSt Q

which is deterministic. This property, along with the labor market clearing condition (2.6), puts

a restriction on aggregate labor supply N, namely, N; must depend on z! only.

To illustrate the potential difficulties involved and the importance of Assumption 6, consider
the following example. One might anticipate that consumer ¢ is better off when drawing a good

t

labor endowment shock s conditional on a history of aggregate shocks z!. Due to the joint

measurability requirement, the family of random variables (s!);c; is correlated across i’s. If the

¢ were stochastic, then si would be

aggregate distribution of labor endowments conditional on z
correlated with it. Thus, given a high value of s¢, the aggregate distribution may be more likely
to be concentrated on those consumers with high labor endowment shocks. This would cause
aggregate supply to increase and would then lead to a lower wage. Consequently, consumer i

could be worse off, contradicting the initial intuition.

Note that this difficulty is not due to cross-sectional correlation of individual shocks, but to
the randomness of the aggregate distribution and its correlation with individual shocks. If the
sequence of aggregate distribution is deterministic as in models without aggregate shocks, the dif-
ficulty disappears. When aggregate shocks are present, it will not arise if aggregate distributions

are nonstochastic conditional on the history of aggregate shocks, as assumed before.

Finally, Assumption 6 permits derivation of the law of motion for aggregate distributions,
as I now show. Because consumers are ex ante identical, they will choose the same optimal
asset accumulation policy. Thus, given the individual state (af, s'), the history of aggregate
shocks z!, and the sequence of aggregate distribution p, let the asset holdings next period be

- o ‘
ayy1 = gev1(ag, s, 2% p) for p—ae. i

Fixing a history of shocks z!*! and using (2.8) and Bayes’ Rule, one can derive that for
A x B e B(A)xB(S)*?,
Ma1(w, 2T (A x B) = ¢(i € I : (ag41(i),s"7(i)) € A x B)
— [ gl € I (gualal, st 2t ), 8 € A x B (ad, 5) = (ar, 51))
AxSt

(i € 1: (al,s") € day x ds?).

12



= S eI : (gg1(ag, st 24 p), st (ZT)) € A x B | 88 = sY) M\ (day, dst
AxSt -
X

= / 1a(g(a,s', 25, u))p(i € T: s (i, w, 21 € B| ' = s')\(dag, ds?)
AxSt

Finally, applying the conditional no aggregate uncertainty condition, one obtains:

At (w, 25) (A4 x B)
= / 1a(gir1(as, st 25 w))Po(w € Q@ stV (w, 21T € B | st = st \(day, ds®)
AxSt

- / | Balgrr (st 2 ) Q1 (B8 (N, de'),
Ax
where the measure
Qi1 (B, sH)(Z"h) = Py(w e Q: s (w, 2 ) € B| st =5, 21)

is the common distribution from which s¢ 11,1t € I,is drawn conditional on the history of aggregate
shocks z*! and the history of individual shocks s‘. Note that this conditional distribution is a
nonrandom measure. Therefore, if A\ is a nonrandom measure, then the conditional no aggregate
uncertainty condition implies that conditional on the histories of aggregate shocks the aggregate
distribution at each date is deterministic. In other words, the date t aggregate distribution A;

can be identified as a mapping from Z! to P(A x S').

The above discussion is summarized in the following Lemma:

Lemma 3.2. Under the conditional no aggregate uncertainty condition Assumption 6, along
a history of aggregate shocks z*° = (zp, 21, ...), the sequence of aggregate distributions evolves

according to

)‘t+1(zt+1)(‘4 X B) = / 1A(gt+1 (at7 Sta Ztnu’))Qerl(B7 St)(ZtJrl))‘t(datvdst)(zt)v t> Oa
AxSt

where Ao is given and A x B € B(A)xB(S)"2.

3.3. The Existence Theorem

I now state one main result of the paper.

Theorem 3.3. Given Assumptions 1-6, there exists a sequential competitive equilibrium. More-

over, the set of equilibrium sequences of aggregate distributions are compact.
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The idea of the proof can be described as follows. Consider a sequence of aggregate distribu-
tions p = {\(2%)}i>0 € Poo(A x S) along a history of aggregate shocks 2°°. Denote by P2 (A x S)

the set of all such sequences satisfying the labor market clearing condition
/ s\i(da,ds') = Ny, t > 0.
AxSt

A sequence of optimal asset accumulation policies {g¢+1}+>0 can be derived from Theorem 3.1.
Define a new sequence of aggregate distributions = {Xt(zt)}tzo by: Ao(2°) = Ao(20),

Xt+1(zt+l)(f4 x B) = / . 14(gt+1(as, St, Zt,M))QfH(B» St)(ZHl))\t(dat?dSt)a (3.2)
AxS

where A x B € B(A)xB(S)"*?, t > 0. Furthermore, define a map 1 : P2 (A x S) — P2 (A x S)
by ¥ (u) = . Then the fixed point of ¢, pu* = (A§, A\], A3, ...), induces a sequential competitive

equilibrium (((al,y, ¢})e>0)ier, (rt, we)e=0). Specifically, for any histories of shocks (s, z;), let

ai+1 = gt+1(af;, Si; 2ty (A7) r>t)s Ci =1+ Tt)ai + wsi - af,;+1,

re = z2F1(Ky, Ni) — 0, we = 2. Fo(Ky, Ny),

Ky = / a)\f(da,dst),/ s} (da, ds') = Ny,
AxSt AxSt

where a}, 58, 20, \§ = Ao are given.

However, P2 (A x S) is not a compact set since A is not compact. To apply the Brouwer-
Schauder-Tychonoff Fixed-Point Theorem, one needs the domain of ¥ to be compact. Thus, I

construct another compact set so that v is a self-map in this domain.

The set is constructed as follows. Because of Assumption 5 and the resource constraint,
one can restrict attention to the set of sequences of aggregate distributions {\;}+>0’s such that
Ky = [, aXi(da,ds’) < K. Then let

P(a x SH(2) = {A(zt) e P(h xS : /A (2" (da, ds) < K, /

sA(2')(da,ds") = Nt(Zt)} )
AxS?t

xSt

Poo(A X S) = x2 X ezt P(A x SH)(2H).

Lemma 3.4. 7300(A X S) is a compact and convex subsets of a locally convex Hausdorff space.

Finally, apply the Brouwer-Schauder-Tychonoff Fixed-Point Theorem to the map 1 : Poo (AxS)—

~

Poo(A x S). Any fixed point induces a competitive equilibrium.
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4. RECURSIVE CHARACTERIZATIONS

To permit a recursive characterization of sequential competitive equilibria, I make two stationarity

assumptions:
Assumption 7. Q;+1(S x Z,s',2!) = Q(S x Z,s4,2) for allt > 0 and S x Z € B(S)xB(Z).

Assumption 8. Aggregate labor endowments at any date t > 0 is given by a measurable func-
tion N : Zt — (0, N].

Then past histories of individual shocks do not affect current decisions. Thus, the aggregate

distribution of asset holdings and individual shocks at date t, A\¢, can be defined by
MAXB)=¢(i € 1: (ar(i),s¢(1)) € Ax B), Ax B € B(A) x B(S). (4.1)

The set of all aggregate distributions is denoted by Poo(A X S) = x2 P (A x S)Z".

Under Assumptions 1-8, the pricing functions (2.4)-(2.5) become r : P(A X S)XZ — R, w :
P(AXS)xZ — R,

r(\,z) = zF </A><S aX(da, ds),/AXS sA\(da, ds)) -0, (4.2)
w(\,z) = zFy </Ax§ aX(da, ds),/AXS sA\(da, ds)). (4.3)

Moreover, a typical consumer’s decision problem at date ¢ can be formulated by the following
dynamic programming;:

V(at, st, 2, (Ar)r>t) = sup w((L+r(M, 2e))ar + w(Ae, 2) s — a’) (4.4)
a’EF(at,st,zt,/\t)

+ﬂ S Zv(alaslazla (AT)TZtJrl)Q((dsladzl)v (Stvzt))'

To derive a recursive characterization, it is important to select state variables. A current state
must be a sufficient statistic for the future evolution of the system. With incomplete markets
and heterogeneous consumers, equilibrium prices generally depend on the distribution of assets
across the consumers. Thus, it is natural to include the aggregate distribution as a state variable.
The question is whether it constitutes a sufficient endogenous aggregate state. To answer this

question, I define a notion of equilibrium correspondence in the next subsection.
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4.1. Equilibrium Correspondence
I first provide a lemma characterizing an equilibrium sequence of aggregate distributions.

Lemma 4.1. Assume Assumptions 1-8.

(i) There is a unique continuous and bounded function V : A X S X Z X Poo(A X S) — R and
a unique continuous policy function g : A X S X Z X Poo(A X S) — A solving problem (4.4).

(ii) Any equilibrium sequence of aggregate distributions (\)¢>0 is characterized by the fol-
lowing equations: fort >0, A x B € B(A) x B(S),

/ s\i(2)(da, ds) = N (), (4.5)
AxS
A1 (2 (A x B) = / La(g(as, st, zt, (Ar)r>1))Q7(B, s¢)(ze41) Ae(dar, dsy),  (4.6)
AXS
where \g is given and Q*(B, s;) is the distribution of ;11 given the history of individual shocks

st and the history of aggregate shocks z*1.12
Equation (4.5) is the labor market clearing condition. Equation (4.6) says that the evolution of

(At)¢>0 must be consistent with consumers’ optimal behavior. It embodies rational expectations.

I now define an equilibrium correspondence € : 7 X P(A X S) — Poo(A X S), where £(z, ) is
the set of equilibrium sequences of aggregate distributions associated with an initial aggregate

state (z, A). Theorem 3.3 shows that £(z, A) is nonempty and compact so that the correspondence
£ is well defined.

Lemma 4.2. Under Assumptions 1-8, the equilibrium correspondence £ is upper hemicontinu-

ous.

Because the equilibrium correspondence is generally not single-valued, there may be multiple
equilibrium trajectories that are consistent with a given initial aggregate distribution. That is,
the current aggregate distribution is typically not a sufficient (endogenous) statistic for the future
evolution of the aggregate distributions (or prices). This motives the need for additional state

variables.

Before I turn to recursive characterizations in the next subsection, I define another corre-

spondence. Let

X ={(z,\,v) € ZXP(AxS) x C(AxS):3uec&(z,\), v(-) =V(,z,un)}

12Note that since (st, 2¢) is a joint Markov process, @* depends on si, z¢, and z¢41 only. I will not make the
dependence on z; explicit in the sequel.
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Define a correspondence ¢ : X — Poo (A X S) by

p(z, A 0) = {pe&(zA)v() =V(,zn)}

Thus, the correspondence ¢ associates to any point (z,A,v) € X an equilibrium sequence of
aggregate distributions p with the property that the expected payoff to consumer ¢ is v(a, s)

when the initial data (a}, sb, 20, Ao) = (a, 8, 2, \).
Lemma 4.3. Under Assumptions 1-8, the correspondence ¢ is upper hemicontinuous.

4.2. Recursive Equilibria

Inspired by the literature on sequential games [14, 6, 8], I include the expected payoffs as an

additional endogenous state variable and define a recursive equilibrium as follows.

Definition 4.4. A recursive (competitive) equilibrium ((f,T",G), (r,w)) consists of a measur-
able policy function f : A X SXZXxP(A xS)x C(AxS) — A, a measurable mapping T" :
ZxP(A xS) x C(AxS)xZ— C(A xS), ameasurable mapping G : ZxXP(A x S)xC(A x S) x Z —
P(A x S), and measurable pricing functions r : P(A x S)xZ — R and w : P(A X S)xZ — R
such that:

(i) Given the pricing functions r and w, the policy function f solves the following problem

v(a,8) = sup  u((1+r(\2)a+w(\z2)s—ad)+ B V'(d,s)Q(ds',d7 s, 2),
a’€l(a,s,z,\) SXZ

for any function v € C(A x S),

V() =Tz, \,v,2)(-) € C(A xS), and N = G(2,\,v,7).

(ii) The firm maximizes profits so that r and w satisfy (4.2)-(4.3).

(iii) The sequence of aggregate distributions induced by G is such that labor markets clear:
foS s\i(da,ds) = N(2'), V2t € Zt, where \iv1 = G(zt, \i, Vg, 2e1) and Ao is given.

(iv) The law of motion for aggregate distributions G is generated by the individual optimal
policy f, i.e., for all A x B € B(A) x B(S),

G(z,\v,2")(A x B) = /AXS 14(f(a,s,z,\,0))Q*(B,s)(z')\(da,ds).
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Remark 3. If individual shocks and aggregate shocks are independent, then Q*(B, s) does not
depend on 2’ so that G does not depend on 2'. In this case, N = G(z, \,v). Note that requirement
(iv) embodies rational expectations. It is justified by the analysis in section 3.2 and Lemmas 3.2
and 4.1.

The following theorem shows that given an initial state, a recursive equilibrium generates a

sequential competitive equilibrium.

Theorem 4.5. Given the initial state ((a, s})icr, 20, \o, Vo), a recursive equilibrium ((f, %, G), r, w)
generates a sequential competitive equilibrium (((a} 4, ¢})¢>0)icr, (rt, w¢)i>0) in which consumer

i’s expected discounted utilities are given by vo(ab, s).

The dynamics of the sequential competitive equilibrium (((a},q,c})i>0)icr, (e, wi)i>0) is de-
scribed as follows. Given the initial state ((af, sb)icr, 20, Ao, Vo), the interest rate and the wage
rate are given by 7o = r(\g, 29) and wg = w(Ao, 20), respectively. Consumer i accumulates assets
ai = f(ad, sk, 20, Mo, v0) and consumes the remaining wealth ¢ = (1 + 70)al + wesh — al. At
date 1, when the realizations of individual shocks and aggregate shocks are (s!);er and z1, the
date 1 state ((a},s!)ier, 21, A1,v1) is determined by the mappings (f, G, T"). In particular, \; =
G (20, Mo, v0,21), v1 = T (20, Ao, V0, 21). Then the date 1 prices are given by r1 = r(A1,21) and
w1 = w(A1, 21). Under these prices, consumer ¢ accumulates assets aé = f(aﬁ, s’i, 21, A1, v1) and
consumes the remaining wealth ¢} = (1+r1)a} +w; s} — ab. The state then moves to date 2, and
so on. Finally, the expected payoff to consumer i in the equilibrium (((ai 1 c)e>0)iels (T4, We)i>0)

is given by wvo(ad, sb).

Does a recursive equilibrium exist? Can any sequential competitive equilibrium be generated

by a recursive equilibrium? The following theorem answers these questions.

Theorem 4.6. Under Assumptions 1-8, for any competitive equilibrium (((af 1, ¢)¢>0)icr, (Tt, We)>0)
with the sequence of aggregate distributions pu*, there exists a payoff equivalent competitive equi-

librium that is generated by a recursive equilibrium.

This theorem implies that a recursive equilibrium exists. Moreover, any payoff implied by a

sequential competitive equilibrium can be generated by a recursive equilibrium.

The key to the proof of the theorem is to construct an equilibrium sequence of aggregate dis-
tributions i = (A¢)s>0 such that its law of motion satisfies (iv) in Definition 4.4. This is achieved
by taking a measurable selection ¢ from the correspondence . Then Ay41 is obtained as the sec-

ond component of (2, A¢, v). The payoff vii1(at1, Si+1) is obtained as the continuation utility
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at date t + 1, V(ait1, St+1, 2t+1,£(2¢, Aty v¢)), implied by the equilibrium sequence of aggregate
distributions £(z¢, A, v;) when the economy starts at date t. This reflects rational expectations
formed at the previous date. Moreover, v;11 serves as a device to select the ‘continuation’ equi-
librium &(z¢41, At+1, Ve+1) when the economy starts at date ¢ + 1. Finally, since the dynamics of
the constructed equilibrium is stationary, the mappings (f,7",G) can be constructed so that a

recursive equilibrium is obtained.

Turn to another recursive characterization proposed by [30], which assumes that the aggregate

distribution does constitute a sufficient endogenous (aggregate) state.

Definition 4.7. A KS-recursive (competitive) equilibrium ((v, h, H), (r,w)) consists of a value
functionv : AxS x Z x P(A x S) — R, a measurable policy function h : AxS X Z x P(A x S) — A,
a measurable mapping H : P(A x S) x Z* — P(A x S), and measurable pricing functions r :
P(A X S)xZ — R and w : P(A x S)xZ — R__ such that:

(i) Given the function H and the pricing functions r and w, v and h solve the problem:

v(a,s,2,A) = sup (147} 2))atw(A 2)s—a’)+p v(d, s, 2, N)Q((ds', d2'), (s, 2)),
a’e€l(a,s,z,\) SXZ
(4.7)

subject to N = H(\, z,2).
(ii) The firm maximizes profits so that r and w satisfy (4.2)-(4.3).

(iii) The sequence of aggregate distributions induced by H is such that labor markets clear:
fog shi(da,ds) = N(2'), V2t € Z, where A1 = H()\, 2t, 2¢41) and \g is given.

(iv) The law of motion for aggregate distributions H is generated by the individual optimal
policy h, i.e., for all A x B € B(A) x B(S),

H(\ 2,2")(Ax B) = /AXS 14(h(a,s,2,\)Q%(B,s)(Z')\(da, ds). (4.8)

It is straightforward to show that a KS-recursive equilibrium generates a sequential com-
petitive equilibrium. Does a KS-recursive equilibrium exist? One possible approach to prov-
ing the existence of a KS-recursive equilibrium is the following. Given an arbitrary mapping
H:P(AxS)xZ2— P(A xS), let the optimal policy for (4.7) be given by a’ = h(a, s, z, \; H).
Then following similar arguments in section 3.2, one can derive a new law of motion for aggregate

distributions

H(\ 2 2)(Ax B) = /A Ll 5,2 H)Q(Bs) () da. d)
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where A x B € B(A) x B(S). This induces a map ¥ on the space of all H functions defined by
U(H) = H. Finally, a fixed point of ¥ induces a recursive equilibrium. The problem with this
procedure is that there is not much structure on the space of functions H such that a suitable

fixed point theorem can be applied.

However, if the competitive equilibrium is unique for any aggregate distribution and for any

realization of aggregate shocks, then a KS-recursive equilibrium exists.

Theorem 4.8. Under Assumptions 1-8, if the equilibrium correspondence is single-valued, then

there exists a KS-recursive equilibrium.

The condition that the competitive equilibrium is globally unique is very strong because it is
typically the case that there are multiple equilibria for an incomplete markets economy. It is an

open question whether a KS-recursive equilibrium exists without this condition.

5. CONCLUDING REMARKS

This paper has described the Bewley-style model with aggregate shocks in terms of sequence
of aggregate distributions. The existence of competitive equilibrium is proven and a recursive

characterization is established.

To conclude, I first discuss the implications of the no aggregate uncertainty condition. After
that, I analyze the relation with anonymous games, as promised in the introduction. Then, I
discuss briefly the difficulty involved in comparative statics analysis. Finally, I outline some

extensions of the model.

5.1. Implications for Calibration

The no aggregate uncertainty condition imposes a restriction on the shock processes. To illustrate,

consider an environment studied in [30].

Let the aggregate shock z; take two values z, and z, representing good technology and bad
technology respectively. Let the individual shock s take two values 0 and 1 representing un-
employed status and employed status respectively. Thus, Z = {z,4, 2} and S = {0,1}. Assume
that individual shocks (s¢) and aggregate shocks (z;) are correlated and that for ¢-a.e. i, (s¢)
and (z;) follow jointly a Markov process with a transition matrix (7,s,¢), where z,2" € Z and
s,8' € S. The interpretation is that given the aggregate and individual shocks (z, ), T,s.rs 18

the probability that the aggregate and individual shocks tomorrow take the value (2/,s).
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The aggregate distribution of employment shocks at date ¢, v, € P(S), is defined by
vi(s)=¢i€l:si=5), s=0,1.

Thus, v4(s) is the measure of consumers whose employment status is s = 0, 1. Furthermore, by
the labor market clearing condition one can derive that
N () = / sig(di) = / svi(ds) = ve(1).
I S
Note that v, is the marginal distribution of the aggregate distribution A\; defined in (4.1).
Thus, under the conditional no aggregate uncertainty condition Assumption 6, it follows from

t+1

Lemma 3.2 that given the history of aggregate shocks 27", (v4);>0 must satisfy:

ver1(8) (27 = 2020502 (0)(21) + Ty 1200570 (1) (2). (5.1)

This equation can also be rewritten in a recursive form:
/
V'(8) = To00sv(0) + mo1s0(1).

Equation (5.1) constitutes all the relevant restrictions under the conditional no aggregate uncer-
tainty condition Assumption 6. In particular, equation (5.1), together with the exogenously given
employment data, imposes a restriction on the transition matrix (7,5, ). Thus when parame-

terizing the model in order to solve it numerically, one must take this restriction into account.

Finally, if one defines the unemployment rate U by
U(2") =1— N(2") = 14(0).

Then (5.1) reads:
- U(ZtJrl) = 7TZtOZt+11U(Zt) + ﬂ-ztlzt+11(1 - U(Zt))'

5.2. Relation with Anonymous Games

The Bewley-style model can be formulated as an anonymous sequential game. The set of players
is I = [0,1]. A player’s characteristics is described by the individual states (a}, s). His action
at date t is consumption choice ¢i € R,. Assume Assumptions 1-8. A distributional strategy
at date t, T4, is a measurable mapping from Z! to P(A x S x Ry ). The interpretation is that
given the history of aggregate shocks z!, the marginal distribution of 7, on A x S gives the
aggregate distribution ), and the conditional distribution of 74, on R gives a mixed strategy for
individuals in state (a, s). Following [32, 24, 7, 8], the equilibrium notion is defined in terms of

distributional strategies. An equilibrium for the anonymous sequential game is a distributional
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strategy 7 = {7+}+>0 such that (i) almost all players optimizes under the measure 7; for all
2t € 7! at each date t,

Ti((a,s,¢) € AXSxRy:cel(ay, s, 2,7t), and for all ¢ € I'(ay, s¢, 2¢, T¢),
u(e) + BE V(1 +7(1e, 2))ar + w(Te, 2¢)S¢ — ), T)|St, 2]
u(c) + BE [V ((1+ (¢, 2t))ar + w(Te, 2)8t — €), T)|8t, 2t])

v

(ii) the aggregate distribution at date ¢ (the marginal distribution of 74) must be consistent with

the date t — 1 distributional strategy 7:—1 and the transition of individual state,

Ter1() (A x B x Ry)

= / 1A((1+7(74(2Y), 2))a + w(Te(2Y), 21) 8 — ¢))Q* (B, 5)(2141)7¢(da, ds, de) (2Y),
AXSxR4

where A x B € B(A) x B(S); (iii) the aggregate distribution at each date ¢ must satisfy the labor

market clearing condition:

/ st¢(da,ds,dc)(2") = N(2'), V' € Z".
AXSxR4

This equilibrium notion extends [24] to allow for aggregate shocks. Note that it does not
fit into the framework studied in [7, 8] where intertemporal savings behavior is not considered.
Thus, the existence and characterization results in [7, 8] cannot be directly applied. However, I

conjecture that similar results can be obtained by modifying their analysis.

It is important to emphasize that this equilibrium notion is different from the competitive
equilibrium studied here so that it admits different interpretations. In particular, in anonymous
games individual policies do not play any role. It is the fraction of consumers who take actions
that matters. Moreover, prices do not play any role in anonymous games but they are important
objects of study in general equilibrium.'® It is far from trivial to deduce the logical relation
between the competitive equilibrium and the equilibrium for the anonymous game based on

distributional strategies.'*

Because the notion of distributional strategy first introduced by Mas-Colell [32] is inspired
from general equilibrium analysis, I extend the analysis of [20] and [18] naturally to dynamic
economies and describe competitive equilibria in terms of sequences of aggregate distributions,

in stead of distributional strategies.

3See [26] for a strategic market game model of competitive price formation.
" There is a parallel relation between Schmeidler’s [36] formulation and Mas-Collel’s [32] formulation. See [28]
for further discussions.
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5.3. Comparative Statics

This paper has not dealt with comparative statics analysis. Because the existence of equilibrium
is based on topological fixed point theorems, it makes comparative statics analysis difficult.
Furthermore, because the object of study, the set of sequences of aggregate distributions, does
not have a lattice structure under the partial (product) order of first-order stochastic dominance,
the order theoretical fixed point theorems such as the Tarski Fixed Point Theorem seems to
be not applicable. Thus, the comparative analysis studied in [34] and [12] cannot be similarly
conducted. However, a recent development by Villas-Boas [42, Theorems 6 and 7] seems to be

promising.

To illustrate this point and the potential difficulties involved, consider the effect when the
discount factor increases from 3! to 3%. In the case without aggregate shocks, Miao [33, Theorem
4.8] shows that aggregate savings increase in . To see whether this result still holds for the
model here, let the mapping defined in section 3.3 associated with 37 be 1. Define a product
order > on the set of sequences aggregate distributions such that the component order is in the
sense of first-order stochastic dominance. The goal is to show that for every fixed point of 9!, u!,
there is a fixed point of 12, p2, such that 2 > p!. First, it can be shown that the optimal policy
function gy is increasing in 3 for all t > 0 (see, e.g., [33, Theorem 3.9]) so that ¥2(u) = '(u)
for any sequence of aggregate distribution u. To apply [42, Theorem 6], it then suffices to show
that 92 is increasing. By the definition of , it suffices to show that g;;; is increasing in p. The
difficulty is that it seems to be impossible to establish this property using either the cardinal
comparative statics theory of [41] and [21] or the ordinal comparative statics theory of [35]. Thus,

[42, Theorem 6] is not applicable. I leave the comparative statics analysis for future research.

5.4. Extensions

I have assumed throughout that all consumers are ex ante identical. The case of countably many

types of consumers can be analyzed in a similar manner described in [26] and [33].

It is not trivial to relax the strict concavity assumption on the utility function. In this case,
the optimal asset accumulation policy is a correspondence. The difficulty is that the aggregate
distribution (2.8) must now be defined for a correspondence. The reader is referred to [27] for

the theory of the distribution of correspondence and the difficulty involved.

Finally, I have assumed that labor endowments are exogenous. I now consider the case of
valued leisure. Let the felicity function be u : R4 x [0, N ] — R which is decreasing and strictly

convex in the second argument.
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Assume Assumptions 1-8. Then the pricing functions become 7 : P(A x S) x [0, N]XZ — R,

~

w: P(A x S)x[0, N|XZ — R,
r(\,N,z) = zF </ aA(da,ds),N) -0,
AXS
w(A\,N,z) = zF» </ aX(da, ds),N> .
AxS

Moreover, aggregate labor at date ¢, N;, is a function from Z! to [O,]v |. Denote by Ny =

x22,10, N ]Zt the space of all sequences of aggregate labor.

A typical consumer’s decision problem becomes

V((It,St,Zt, ()\T)tha (NT)TZt) (52)
= sup w((1 4+ 7N, Ny, 2¢))ag +w( g, Ny, z¢) 8¢l — a', 1)
(l,a/)EF(at,st,zt,)\t,Nt)><[O,ﬁ]

+ﬁ V(ala 8/7 Zl; ()\T)th+17 (NT)TZt+1)Q((dS,7 dZ/), (Sta Zt))7
Sx7Z

where

I'(a,s,2,\,N)=1[0,(1+7(\,N,2))a+w(\,N,z)s].
Using an argument similar to Lemma 4.1, one can show that there is a unique continuous and
bounded value function V' : A XS X Z X Ps(A X S)xN5 — R, a unique continuous policy

function g : A XS X Z X Peo(A x S)xNo — A, and a unique continuous policy function [ :
A X S X Z X Poo(A x S)xNa — [0, N] solving problem (5.2).

Given a sequence of aggregate distributions 1 = (A\¢)¢>0 and a sequence of aggregate labor
L = (NV)t>0, a new sequence of aggregate distributions g = (Xt)tzo and a new sequence of

aggregate labor L= (Nt)tzo are induced by individual optimal behavior:

A () (A x B)

= AS]-A(g(atastazta(AT)T>t7(NT)T>t))QZ(BySt)(ZtJrl)At(dat’dst)a

Nt = /l(atu Sty 2t ()\T)Tzh <N7')7'2t))\t(dat’ dSt).

Define a mapping @ : Poo(A X S)XNoo — Poo(A X S)xNy by

®(p, L) = (1, L).

Then a fixed point of ® induces a sequential competitive equilibrium for the economy with valued
leisure. The analysis of existence and recursive characterization can be conducted along similar

lines in sections 3-4.
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A. Appendix:

Proof of Lemma 3.1:

Define an operator 1" on V> as follows. For v € V*°, let t** component of Tw(ay, st, ¢, 1) be the

expression
(Tw)ilas, ' 25 m) = L (G re(Ae(2"), ze))ar + we(M(2"), 2t) st — age1)
t+1 ty5ty,2t N\t
+06 vt (agr, s 2 1) Qui (dsig, dzya, s, 20), (A1)

SXZ

I first show that Tv € V. It is immediate that each (Tw); is bounded. To show conti-
nuity of (Tw)s, I apply the Maximum Theorem. Consider a sequence (ait1,as, s', 2%, u)™

(ags1, a4, 8, 24, p). Since Z is countable, (2%)" = 2! for all n large enough. By (2.9)-(2.10) and
the definition of weak convergence, r¢(A}((29)"), (20)") — re(Ae(2), 2¢), weAF((2H)™), (2)) —
wi(Ae(2Y), 2t). Thus, T is a continuous correspondence. Moreover, the first term on the right-

hand side of (A.1) is continuous in (a;41, as, st, 2%, ) since u is continuous.

Turn to continuity of the second term. For n sufficiently large,
/ ver1((ae+1)™, (St)n» St+1; (Zt)na 241, W) Qi1 (dse+1, dzesa, (St)na (Zt)n)
SXZ

= / Ut+1((at+1)na (St)n, St+1, Zt+1; Mn)Qt+1(d3t+1a dziq1, (St)na Zt)-
SXZ

Thus, it is sufficient to show that the following expression converges to zero:

/s U1 (1) (81", s1, 2 W) Quy1 (dseqr, degr, (1), 24) —
X7

1 1
/ Ut+1 (at+1, st , P s ,U)Qt+1(d3t+l7 dzi41, St, Zt)‘
SXZ

IN

/ Vp1 (1) (89", se1, 2 W) Qus (dsegr, deg, (1), 24— (A.2)

+

/ Vet (e, s 2 ) Qi (dsir, dzeg, (89", 2Y)
Sx7Z

/ Ve (@, s 2 1) Qe (dseya, dzga, (8™, 21—
SXZ

t+1 _t+1 t ot
/ Vip1(agr, 87, 2, 1) Qe (dSey1, dzigr, 87, 27)|
SX7Z

Since ((ag41)™, (89", sep1, 275 w) — (agy1, s71, 2871, 1), there is a compact set D C A x S x
ZH x Poo(A x S) such that ((az11)™, (89", spr1, 2871, u™) € D for all n large enough, and
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(agr1,s'T1, 2171 1) € D. Since vyy1 is continuous, it is uniformly continuous on D. Thus, for

every € > 0, there exists N > 1 such that for all n > N, s;41 € S, and 2!+ € Z!*1,

t+1 41

t—i—l’lun) _vt+1(at+175 ) 2 7”)‘ <Eé.

‘Ut+1((at+1)n; (St)n, St+1, 2

This implies that the first absolute value in (A.2) vanishes as n — co. The second absolute value

also vanishes by the Feller property.

Next, T is a contraction by a straightforward application of the Blackwell Theorem adapted
to the space V*° (see [15, Lamma A.1]). Finally, applying the Contraction Mapping Theorem

and the Maximum Theorem yields the desired results. B

Proof of Lemma 3.4:

I first show P(A x S?) is compact. Then Puo(A x S) is also compact under the product topology.
For any A € P(A x S') and a° > 0,

K> / aX(da, ds) > / aX(da,dst) > a®A([a®, c0) x SY).
AxSt [a0,00] xSt

This implies that for any e > 0, there exists an a” large enough such that A([a®,00) x S!) < e.
Thus, P(A x S*) is tight and hence relatively compact (see [4, Theorem 14.22]). Furthermore,
73(A x S') is closed with respect to the weak convergence topology. It follows that 73(A x S) is

compact. |

Proof of Theorem 3.3:

I verify that the map ¢ : Pag (A X S) = Py(A x S) defined in section 3.3 satisfies the conditions

of the Brouwer-Schauder-Tychonoff Fixed Theorem ([4, Corollary 16.52]). I first show that v
maps from Pao(A x S) into itself. Let g = (Mg, A1, ...) € Poo(A x S). Then 9(u) = i = (Ao, AL, -..)
is defined as in (3.2). It follows from (3.2) and Assumption 5 that

/ CL}V\t+1 (da, d8t+1) = / gt+1(at, St7 Zt, M))\t (dat, dSt)
AxSt AxSt

S / o [(1 —i—rt(/\t,zt))at +wt()\t,zt)st] )\t(dat,dst)
Ax

= (L4 7re(Me, 20)) Kt + wie( e, 2¢) Nt

1-— (S)Kt + ZtF(Kt, Nt)

1-8§K +zZF(K,N) =K.

= (
<
Thus, ¥(11) € Pao(A X S).
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Finally, I show that ¢ is continuous. Fix a history of aggregate shocks z°°. Let the sequence

~ ~k ~
of aggregate shocks u¥ — p (k — 00), ¥, 11 € Poo(A x S). Obviously, \g = )\’8 — Ao = Ag. For
any t > 0, it follows from (3.2) that for any bounded and continuous function % : A x S — R,

~k
/A - h(ag, s Ay (dag, ds™)
X

/ / h(gt+1(ata St7 Ztv ,uk)v St+1)Qt+1(dSt+1 X {Zt+1}7 (St7 Zt))Af(datv dst)
AxSt Jst+1

converges to
[ L hara(an sty 2t s @uia (@5 x (vl (s ) (o )
AxSt Jst+1

_ / h(ag, 8 X1 (day, dst),
AXStJrl

where I have used the facts that /\ftC converges to \; weakly and that g;;1 is continuous in as, s,

and p* by Theorem 3.1. m

Proof of Lemma 4.1:

(i) Let W denote the set of uniformly bounded and continuous real-valued functions on A x S X
Z X Poo(A X S), where Pog(A X S) = x2 P(A x S)Z°. Let W denote the set of sequences
W = (W, W, W,....) of such functions. Note that W is a complete metric space if endowed with
the norm

W] = sup [W(a,s,zun).

(a,s,z,u)
Let the pricing functions 7 : P(A x S)xZ — R and w : P(A x S)xZ — R be defined as in
(4.2)-(4.3).
Next, let W = (W, W,...) € W*. Given any sequence of aggregate distributions (\;);>0,

rewrite problem (A.1) as

(TW)e(as, se, 26, (Ar)rst) = sup u((L+ 7\, 2e))ae +w( g, 2¢) 8¢ — agy1)
at1+1€0(at,5t,2t,\t)
+3 Wat+1, st41, 241, (Ar) r>141) Q(dse41, 241, St 2t),
SXZ

where I have applied Assumptions 7-8. Since the expression on the right side of the above equation
is a time invariant function of (as, s¢, 2¢, (Ar)r>¢), the operator 7' maps a sequence of time invariant
function to another sequence of time invariant function. Thus, the fixed point of T" is a sequence
of time invariant function, denoted by (V,V,....) where V : A XS X Z X Pso(A xS) — R is

continuous. The corresponding sequence of optimal policies is also time invariant, denoted by
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(9,9,...) where g : A XS X Z X Pso(A x S) — R. Moreover, ¢ is continuous by the Maximum

Theorem.

Part (ii) follows from Theorem 3.3 and the surrounding discussions. B

Proof of Lemma 4.2:

Using similar argument surrounding Lemma 3.4, one can restrict the range of the correspondences

£ to be a compact space. By Theorem 3.3, £ is closed-valued. Thus, to show that £ is upper
hemicontinuous, it suffices to show that £ has a closed graph by the Closed Graph Theorem [4,
Theorem 16.12].

Let (2, A\)™ be a sequence converging to (z,A). Let ((A¢)i>0)™ € E(2™,A") (Ao = A) be a
sequence of equilibrium sequence of aggregate distributions that converges to (A\¢)¢>0. Then for

any bounded and continuous function f on A x S,

f(a, $)XE(") (da, ds) = /A . /S £(9(a0, 50, 27 (AM)r50), 8)Q7(d', 50) (21) N2 (dao, dso)

AXxS

converges to [, f(a,s)A1(z")(da, ds). Since g is continuous, the expression on the RHS of the

above equation converges to

/ / F(9(a0, 50, 2 (M )rs0), 8/ )Q(ds', 50) (21) Ao (dao, dso).
AxS JS

Thus it equals [, ¢ f(a,s)A1(z")(da, ds). This implies that

M)A x B) = /A La(g(a 50,2 (0r)20)Q° (B, 0) () o(dag, dso)

Similarly, one can derive that for any ¢ > 1, \; satisfies (4.6).

Finally, because V' is continuous, (A¢)¢>0 satisfies the dynamic programming equation (4.4).
Further, (At)i>o clearly satisfies (4.5). Thus, by Lemma 4.1, (A)s>0 is an equilibrium sequence

of aggregate distributions, i.e., (At)i>0 € £(z,\). W

Proof of Lemma 4.3:

By similar argument to that in Lemma 4.2, it suffices to show that ¢ has a closed graph.
This follows immediately from its definition and the fact that V is continuous and £ is upper
hemicontinuous established in Lemma 4.2. m

Proof of Theorem 4.5:

28



I show that the tuple (((al, 1, c})i=0)icr, (71, wt)¢>0) described right after Theorem 4.5 constitutes
a competitive equilibrium. First, it is clear that given prices (r;) and (w;), the firm maximizes
profits. Second, I verify the market clearing condition. Integrating with respect to the measure
¢ yields:
CotKen = [ dotd+ [ aiiela
icl icl
= W) [ aloti) +w [ siotan
iel el
= (1+7r) Ky + welNy
= ZtF(Kt, Nt) —l— (1 — 6)Kt,

where the last equality follows from the construction of r; and w; and the homogeneity of F.
Finally, given the constructed sequence of aggregate distributions (\¢)¢>0, by part (i) in Definition
4.4 and the principle of optimality, one can show that for any consumer 4, (a 11 ct)y>0 is optimal.

Moreover, the implied expected discounted utilities are given by vg (af), 36). [ ]

Proof of Theorem 4.6:

By Lemma 4.1, there exists continuous functions V and g solving the dynamic programming
problem (4.4). Moreover, the first period expected payoffs to consumer i implied by the equilib-

rium (((alz;+1, Cé)tZO)iGD (Tt, wt)tZO) are given by V(al'Ov 867 20, ,LL*)

Step 1. Since the correspondence ¢ is upper hemicontinuous by Lemma 4.3, by [20] there
exists a measurable selection ¢ from ¢. I use £ to construct a recursive equilibrium with the

expanded state space. Let vg(ag, so) = V(ag, S0, 20, *), (ag, o) € A x S.

Step 2. Let u' = (N, &(21,A1,v1)) where A1 = &5(20, Ao, v0), the second component of se-
quence of distributions &(zg, Ao, vo), and v1 (a1, s1) = V(a1, s1, 21, £(20, Ao, v0)), V(a1,s1) € A x S.
Claim that p' is a sequence of aggregate distributions arising from an equilibrium with the

expected payoffs given by V' (ao, so, 20, 1*).

By construction, (21, A\1,v1) is an equilibrium sequence of aggregate distributions for an econ-

omy starting from date 1 with the initial data ((at, s!)cr, 21, \1). Moreover, the expected payoff

satisfies V(a17 S1, %1, ,ul) = V(a17 S1, 21, 6(217 )\17 /Ul))' By the definition Ofga V(ala S1, %1, 5(21, >‘1a Ul)) =

vi(a1,s1). Thus, V(a1, s1, 21, 1) = V(a1 51, 21,€(20, Mo, v0)).

At date 0, given the sequence of aggregate distributions ' the consumer solves the dynamic

programming problem

V(ag, 80, 20, ') = sup u((1+ 7(Xo, 20))ao + w(Ao, 20)s0 — a1) (A.3)

a1€TI'(a0,50,20,0)
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+03 - Va1, s1, 21, 1H)Q((ds1,dz1), (s0, 20))-

The optimal policy g induces an aggregate distribution at date 1,

M (2Y)(A x B) = /AXS 1a(g(a0, 50, 20, 1)) Q7 (B, 50) (21) Mo (daag, dso).

On the other hand, since V (a1, s1, 21, u') = V (a1, s1, 21, £(20, Mo, v0)), the date 0 dynamic pro-
gramming problem (A.3) is the same as that when the sequence of aggregate distributions is
given by &(z0, Ao, v0). In particular, V (ag, s, 20, ') = V (a0, 50, 20, £(20, Ao, v0)) = vo(ag, so) =
V(ag, so, 20, t*). Since u is strictly concave, it follows from a standard argument that V' is strictly
concave in a. Thus, the optimum in (A.3) is unique so that g(ao, so, 20, ') = g(ao, S0, 20, £(20, Ao, v0))-
Finally, since £(z0, Ao, v0) is an equilibrium sequence of aggregate distributions, {5 (20, Ao, vo) must
be consistent with individual optimal behavior so that Xl = &5(20, Ao, v9) = A1. Thus, ul is an

equilibrium sequence of aggregate distributions.

Step 3. Let u* = (Mo, &2(20, Mo, v0), & (22, A2, v2)) where Ay = &5(21, A1, v1) and va(ag, s2) =
V(ag, s2, 22,&(21, M1, v1)), ¥(ag, s2) € A x S. Claim that 2 is a sequence of aggregate distributions

arising from an equilibrium with expected payoffs given by V' (ag, so, 20, *).

By construction, &(z2, A2, v2) is an equilibrium sequence of aggregate distributions for an econ-
omy starting from date 2 with the initial data ((ab, sb)icr, 22, A2). Moreover, the expected payoff
satisfies V (ag, s2, 22, u?) = V (ag, 52, 22, £(22, A2, v2)). By the definition of €, V (as, 52, 22, (22, A, v2)) =
va(ag, s2). Thus, V(ag, s2, 20, u?) = V(ag, s2, 22, £(21, A1, v1)).

At date 1, given the sequence of aggregate distributions 2 the consumer solves the dynamic

programming problem

V(ay, s1, 21, ,u2) = sup u((1+7(A1,21))a1 + w(Ag, 21)s1 — ag) (A.4)

(1261-‘((11,31,251,)\1)

+6 - V(as, s2, 22, 11*)Q((ds2, d22), (81, 21)).

The optimal policy induces an aggregate distribution:

3a(22)(A x B) = /M 1alg(ar, s1, 21, 12)) Q% (B, 51)(22) M (day, dsy ).

Because V (as, 52, 22, u2) = V(ag, s2, 29, £(21, A1,v1)), the dynamic programming problem (A.4) is
the same as that when the sequence of aggregate distributions is &(z1, A1, v1). Thus, V(ay, 51, 21, u?) =
V(ay,s1,21,&(21, \1,v1)). Moreover, following similar reasoning in step 2, g(ay,s1, 21, 4%) =

glai, 51, 21,&(21, A1, v1)) and Ap = Ay = E5(21, A1, v1).
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At date 0, the consumer solves the dynamic programming

V(ao,SO,ZQ,,u2) = sup u((l +7’()\0,ZQ))CLQ +w()\0,20)50 — al) (A5)

a1€T(a0,50,20,M0)

+03 - Va1, s1, 21, 1*)Q((ds1,dz1), (s0, 20))-

The optimal policy induces an aggregate distribution

Xl(zl)(A X B) = /AXS 1A(g(a0,SQ,ZQ,M2))Q2(B,SQ)(Zl)Ao(da(),dS()).

Because V (a1, 51,21, 1%) = V(a1,s1,21,(21,A1,v1)) = vi(ar,s1) = Vilag,s1, 21, €(20, Ao, v0)),
the dynamic programming problem (A.5) is the same as that when the sequence of aggre-
gate distribution is &(z0, Ao, v0). In particular, V(ag, so, 20, u%) = V (a0, S0, 20, (20, Ao, v0)) =
vo(ag, s0) = V(ag, S0, 20, 1#*). Thus, following similar reasoning in Step 2, g(ao, so, 20, 42) =

g9(ao, s0, 20, (20, Ao, v0)) and Ay = Ay = &5(20, Ao, Vo).

Step 4. Proceeding in this way, one can construct a sequence of sequences of aggregate
distributions (u"),>1, each of which arises from an equilibrium with expected payoffs given by

V(ao, so, 20, ™). This sequence (u™),>1 converges to a limit

7t = (X0, &2(20, Aos v0), E2(21, A1, 1), &a(22, A2, v2), ...)

in £(z, A) in the product topology. Thus, & is an equilibrium sequence of aggregate distributions.

Moreover, it arises from an equilibrium with expected payoffs given by V' (ao, so, 20, ).
Define the mappings,
f(a,s,z,)\,v) = g(a78727§<Z7A7v))7 TU(Z7)‘7U7Z/) :V<'7ZI7§(Z7)‘7U))7

G(z,\v,2)(Ax B) = /AXS 14(g(a, s, 2z,&(2,\,0))Q%(B, s)(2')\(da, ds).

Then ((f,T%,G), (r,w)) is a recursive equilibrium. Finally, in the competitive equilibrium gener-
ated by this recursive equilibrium, consumer ¢ has the expected discounted utilities V(af), 36, 20, ).

Proof of Theorem 4.8:

By Theorem 3.3, given the initial state (a, s, z, \), there is an equilibrium sequence of aggregate
distributions p* = (A, A7, A3, ...). Since the equilibrium is unique, the equilibrium correspondence

£ is a single-valued mapping. I now use £ to construct a KS-recursive equilibrium. Define
h(a’ S’ Z? )\) = g(a7 87 Z’ g(z’ A))7 U(a'7 87 Z? A) = V(a’ S’ Z? E(Z’ A))’
H(\ 2 2)(Ax B) = / 1a(h(a, 5, 2, \)Q*(B, 5)()\(da, ds),
AXxS
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To show such a construction ((v, h, H), (r,w)) constitutes a KS-recursive equilibrium, it suf-
fices to show that the evolution of aggregate distributions possesses stationarity so that (4.7)
holds. To this end, consider the economy that starts at date ¢ = 1, given the initial aggre-
gate state (z1,A]). Because of Assumptions 7-8, this economy is the same as that starting at
date 0 with the initial state (z1,\]) replacing (zo, Ag). Thus, since the equilibrium is unique,
E(z1,\]) = (A, A5, ...) constitutes an equilibrium sequence of aggregate distributions for the

economy starting at date 1. Moreover, A\] and A\j = A are linked by the relation:
AL = H(A, 20, 21).

Finally, by the construction of ((v, h, H), (r,w)) and (4.4), one obtains (4.7) as desired. m
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