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Abstract

This paper studies dynamic rational expectations equilibria
with heterogeneously informed risk averse traders. It is well-
known that an infinite regress ‘forecasting the forecasts’ problem
arises unless one assumes that: (i) informed traders are infinite
in number, with no aggregate noise, or (i7) traders’ information
is only valuable for one period, or (iii) traders are hierarchically
informationally-ranked from the most to the least informed. All
such assumptions are somewhat undesirable.

This paper offers a tractable characterization of the steady-
state rational expectations equilibria for the general case of finitely
many generally informed trader classes with long-lived informa-
tion. Our approach involves only one probability distribution F'
that escapes the infinite regression of beliefs in the same way that
Harsanyi (1967-68) employed in his development of Bayes-Nash
equilibrium.
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1 Introduction

Understanding the forces for price formation and asset trade is the backbone
of modern financial economics. In the oldest of adages, people trade because
they are different — either informationally or from a risk sharing perspective.
The most obvious difference that can explain rapid large price changes is new
information. To understand information dynamics, one must have a suitable
technical understanding of how individuals trade when they are differentially
endowed with information. They must learn from past and current prices,
fully recognizing that those prices reflected both the information of other
traders and their attempts to learn from others (including themselves). They
must literally learn how to ‘forecast the forecasts of others’.! As the history
grows, the nature of this forecast problem becomes overwhelming, seemingly
requiring an infinite dimensional belief space. This problem has long proven
a major roadblock in solving intertemporal trading models with differential
information.

Existing models of intertemporal trading escape this ‘infinite regress’
problem either by assuming (a) a purely static world with one-shot trad-
ing; (b) homogeneously informed traders — i.e. privy solely to public in-
formation; (c¢) or cleverly chosen heterogeneously informed traders. Various
clever devices have been employed. First, one may posit that all informa-
tion is short-lived, e.g., Singleton (1987). As such, forecasts from past prices
are clearly payoff-irrelevant. Second, the informed classes of agents might
enjoy a hierarchial information structure, so that for any pair of agents A
and B, either A knows whatever B knows, or vice versa (e.g., Wang (1993)
and Wang (1994)). Third, the number of differentially investors may be as-
sumed infinite in such a way that the Law of Large Numbers eliminates all
associated aggregate randomness (see He and Wang (1995)). This obviously

2 Of these approaches, the

circumvents the infinite belief regress problem.
hierarchical information approach is most often employed, since it yields a
nontrivial stochastic price pattern that is deemed most realistic.

This paper offers a tractable way of characterizing the steady state dy-
namic rational expectations equilibria with heterogeneously informed traders.

We assume only finitely many classes of traders; most realistically, they need

1See, e.g., Singleton (1987), Wang (1994), Brunnermeier (2001). Townsend (1983)
gives rise to the expression, however, it has been recently shown by Pearlman and Sargent
(2002) that Townsend’s original model has “too few sources of randomness to put decision
makers into a situation where they should form ‘higher order beliefs’ ”.
2There is a final approach that leaves the world of risk averse traders. One may

introduce a risk-neutral market making sector of the economy, e.g., Vives (1995).



not be informationally ranked, and who possess long-lived information. Our
approach involves only one probability distribution F'. While an infinite re-
gression of beliefs does exist, it does not matter, as all are generated by the
same parent probability distribution F'. This general idea is new in finance.
However, Harsanyi (1967-68) adopted the same approach to analyze static
games of incomplete information with Bayes-Nash equilibrium. He assumed
that players are each told their informational ‘type’, and the joint distri-
bution over types. We introduce his ‘type-centered’ characterization of the
equilibrium, and endow each agent with her ‘type’ and the joint probability
distribution F' over all the types in the economy. A trader’s type is her pri-
vate information, F' is common knowledge. Agents’ types together with the
probability distribution F' fully characterize the equilibrium.

We present a model of dynamic asset pricing under asymmetric informa-
tion. We assume the economy is endowed with a given quantity of an equity
asset. The asset value evolves in a stochastic mean-reverting fashion. In-
vestors are partitioned into several classes. Every period, each investor class
observes a private signal of the asset value. They also commonly observe a
dividend, which is stochastically related to the asset value. Since the asset
value follows a mean-reverting process, current prices provide signals about
future asset values. As is typical, we assume an incomplete markets struc-
ture by way of either supply shocks or noise trader net demands, so that the
signals do no fully reveal the investors’ private signals.

To solve this model, we summarize each trader’s private history by a re-
cursively defined weighted sum of her private signals (the ‘trader’s private
type’). We also summarize the common history of publicly observable prices
and dividends by a recursively defined statistic ¥. We show how the statistic
U and the investors’ private types can be chosen so that the steady state of
the economy at date t depends only on the fundamentals at time ¢ — namely,
the investors’ private types, the public statistic ¥;, and noise traders’ demand
at time t. Moreover, we show that there exists a time-stationary joint proba-
bility measure F' over the state variables, such that each trader’s conditional
expectations of the underlying uncertainty of the economy are fully deter-
mined by the respective conditionals of F'. In this setup, a trader’s type at
time ¢ reflects her informational advantage over an agent, who possesses only
the public information up to and including time t.

The remainder of the paper is organized as follows. We specify the model
in Section 2 and solve the equilibrium in section 3. Most of the proofs are

appendicized.



2 The Model

We consider a simple economy with a single physical good that can be either
consumed or invested, and two publicly traded assets: a riskless bond and a

risky asset (‘stock’). The economy is further defined as follows.

Investment opportunities. The riskless bond is assumed to have per-
fectly elastic supply with a positive constant rate of return r.
Each share of the stock pays a dividend d; at time ¢ (t =0, 1, 2,...). The

dividend d; is governed by the process
di = v+ €1, a.t ~ N(0,07) (1)
where v; follows an AR(1) process:
Vi = AU+ €0, 0< ay <1, 640 ~ N(0,02) (2)

Here, €4+ and ¢, ; are independent shocks to d; and v, respectively; v; is the
persistent component in dividends and €4 ; is the idiosyncratic component;
vy (the ‘fundamental’ of the stock) fully determines the expectation of the
future dividends.

Restricting the securities traded in the market makes the market incom-
plete. This is necessary to prevent the equilibrium prices from being sufficient
for all private information. That market incompleteness is not sufficient to
prevent fully revealing prices, is well known (see, e.g. Grossman (1976)). As
standard in the literature, we assume that u;, the number of shares available

in the market at date ¢, is random. In particular, u; follows an AR(1) process:
Ul = Gty + Egp, —1 < ay <1, g4 ~ N(0,07) (3)

The assumption of random supply of the stock is equivalent to the usual noise
trading story, that is, liquidity traders have inelastic demands of 4 —u; shares
of stock at ¢, leaving the remaining u; shares to the market (assuming that
the total number of shares is @). Changes in liquidity traders’ demands will
then generate noise trading and changes in shares supplied to the market.
When a, = 0, the amount of noise trading is i.i.d. over time, which is likely
to happen when the time between the two consecutive dates is very large.
When a, — 1, the incremental changes of noise trading become i.i.d. over

time. This is likely to happen when the elapsed time between two consecutive



trading dates is very small.

Information Structure. There are N+1 (N € N) differentially informed
classes of investors in the economy, with a continuum of agents in each class.
Assuming a continuum of agents within a class justifies investors’ price-taking
behaviour in a rational expectations equilibrium, and is common in the lit-
erature. All investors observe realized dividends d; and market prices p; of
the stock. In addition, at each date ¢, investor i (i = 1,2,...,N+1) receives

a private signal about wv;:
sizvt—'—gi,t’ gi,t ~ N(0,0‘?) (4>

We assume noise €/, , in private signals to be 4.i.d. across investors.

We assume that all investors have the same prior information about vy,
g, and that the prior distributions are normal. Let F} = {d,, p,, s* : 7 < t}
be the information set of investor i at date t. That p, € F; reflects the
perfect foresight nature of a rational expectations equilibrium. We assume
all investors to be informed. Introducing a class of uninformed investors is a
straightforward extension of the model.

For simplicity, we assume that all the shocks to the economy, (¢, 1, €4,
5u,t,5§7t : 1 =1,2,...,N+1) are jointly normal, independent of each other,
independent over time, and independent of vy and wug. The structure of the

economy is common knowledge.

Preferences. All investors have constant absolute risk aversion (CARA).
Investor ¢ (i = 1,2,...,N+1) maximizes her conditional expected utility of

the following form:

7

. [_f;g , )
s=0

where ¢, is her consumption in period t + s. All investors are assumed to

have the same risk aversion coefficient p.

CARA preferences and normality of random variables are standard as-
sumptions in the rational expectations equilibrium literature. They allow for

mathematically tractable linear solutions to the model.?

3See, e.g., Diamond and Verrecchia (1981), Grossman (1976), Grossman and Stiglitz
(1980), and Hellwig (1980), in static settings; Brown and Jennings (1989), Grundy and
McNichols (1989), Wang (1993), Wang (1994) and He and Wang (1995) in dynamic set-
tings.



Notation. For future references, we first introduce some notation. Define
e F; = the common information available to all investors at date t.
o F7 " = the private information available to investor i at date ¢.
e F! = the total information available to investor i at date t.

If we introduce the notation Z, = (71, Zs, ..., Z;) for any stochastic process
{Z;} (i.e., Z, represents the history of {Z;} up to and including ¢), then

ff = {F079t7dt}a Ff?z = {§f€} and JTZ = {F07Dt7dt§i}‘

We adopt a standard convention to denote random variables and their realiza-
tions by the same letter, whenever the meaning is clear from the context. We
will also use L[-] to denote a general linear relation. For example, p;, = L[Z,]
means that p; is a linear function of Z,.

Unless specified otherwise, we will generally use upper-case letters to
denote matrices and cumulative probability distributions, and lower-case let-
ters to denote scalars and probability density functions. Matrix scalar entries
will generally be denoted by lower-case letters with double subscripts; vec-
tor scalar entries will generally be denoted by lower-case letters with single

subscripts.*

3 Equilibrium

In this section, we solve for the steady state equilibrium of the economy
defined in Section 2. The equilibrium concept is that of rational expec-
tations, developed by Lucas (1972), Green (1976), Grossman (1976), and
Kreps (1977). The way we obtain an equilibrium is similar in essence to that
of Grossman (1976) and others.> Namely, conjecture an equilibrium price
function; then solve the investors learning and optimization problem, and
finally, impose the market clearing to verify the conjectured price function.
In contrast to the existing literature, investors in our model do not need to

forecast the forecasts of others!

4For instance, a (2 x 2) matrix A= (ZH Zu); a 2-dimensional vector B = (by, bs)’.
21 22

5Also see Hellwig (1980), Diamond and Verrecchia (1981) for the analysis in static
settings; Wang (1993), Wang (1994), He and Wang (1995) for the analysis in dynamic
models.



‘Type-centered’ approach. It is standard in rational expectations liter-
ature to conjecture the equilibrium price be a function of informed investors’
expectations and noise traders’ random demands. While this approach works
well in static settings, it yields the infinite dimensionality of the state space
when applied to dynamic models with differential information.

This paper solves the ‘infinite regress’ problem by introducing an alterna-
tive state space, specifically, that of agents’ private types. Loosely, we want a
trader’s type 0! to be her time-t ‘informational advantage’ over an agent pos-
sessing only public information Ff. The equilibrium price at time ¢ should
intuitively then be a function of (¢) all investors’ contemporaneous private
types (67), (1) some statistic ¥; for the common information Ff (¥; can
be loosely interpreted as the ‘uninformed type’), and (iii) the noise traders’
random demands at time t.

Concretely, we linearly parse a trader’s information into private and pub-
lic ‘factors’. Trader 4’s private factor 6! will then be determined endogenously
as part of the rational expectations equilibrium. This approach intuitively
should be immune to the ‘infinite regress’ problem for the very reason that
Harsanyi’s (1967-68) type construction evades such difficulties with Bayes-
Nash equilibrium. For the game theory context, what is done is to introduce
Nature as an additional player into the game. In its most general form,
Nature chooses the players’ payoff-relevant characteristics and sends them
private signals thereof. Thus, even though a belief hierarchy exists, and is
nontrivial, it does not matter: players simply optimize knowing Nature’s
strategy. This strategy is formally captured by a joint measure across play-
ers’ types. Each player then acts solely with knowledge of her own type and
the joint measure.

In the current common values financial setting, the payoff relevant infor-
mation consists of the underlying state of the world v, and the noise traders’
demands wu;. But for the same reason as in the strategic setting, each trader
7 intuitively can act solely with knowledge of the public and private factors
U, and 0! — assuming there is indeed a joint measure over types.

More specifically, assume that all investors share a common prior over all
informational factors, and the payoff relevant information. Given his infor-
mation set F}, investor i is then able to compute the sequence of conditional
probability distributions {G?|F}} over all informational factors (excluding
her own private factor). Define a sequence of joint probability measures {F;}
over the payoff-relevant information, and the public and private factors, such
that conditionals {F; | (¥, 0;)} coincide with {G% | F/} for all agents 4, for all



possible realizations of the private and public factors 67, U,. It is absolutely
critical to our story that this joint measure be common knowledge among the
traders. Investor i’s demand at time ¢ is then fully determined by {6}, ¥,; F} },
and an equilibrium can be characterized by {6}, ...,0™ W,; [,}. Observe, in
particular, that investor i’s first-order expectations are maps from (6, ¥,);
these maps are determined by F; and are common knowledge. Wonderfully,
higher-order expectations are not needed in our setup!

In fact, the story becomes simpler. For we have a Markovian system that
evolves linearly in the joint measures (F}); further, this process is a martin-
gale, and thus intuitively a long-run steady state limit joint measure F exists.
The paper in fact simply focuses on the steady state rational equilibrium of
the economy, and exhibits ({#!} | W,; F) that characterize it.

Stock market Equilibrium. As standard in the rational expectations
literature with CARA preferences under normal distributions of payoffs and
signals, we only consider the linear equilibria of the economy. In a linear
equilibrium, the stock price can be expressed as a linear function of the state

variables of the economy. In other words, we have

pr = L[Dy], (6)

where ®; is the vector of state variables in the economy. Clearly, one can
always define ®; = (v;, us; py, dy; {8i}Y,). Yet, the definition is rather imprac-
tical due to the infinite dimensionality of such state space. We show that by
properly choosing the state space, ®; can be reduced to a small number of
state variables.

In particular, private histories {si}¥, can be summarized by traders’
private types {6}, and public history (p,,d,) can be summarized by some

public statistic ;. Here, 0! are scalars and ¥, is a two-dimensional vector.

N .
Define 0, = NLH ; 0; to be the average of time-¢ private types. Our main
result is presented in the following theorem.

Theorem 1 In a steady-state symmetric linear equilibrium of the economy

described above,

1. (i) the price function has the following form:

pr = Ao+ Arme + AWy, (7)



where mp = 0; + A\ uyg;
(i1) private factors 0¢ and public factor U, are defined recursively as

follows:
0, = ab_,+pBsi, i=1.N+1 (8)
(9)
dy
\Ijt - L\Ijt_l + M . (10)

Tt
Here \g, Ax, Ay are constants; A, L, M are (2 x 2) constant matrices.

2. Define yiy = pry + diya — (14+7)pe be the excess return on one share of
the stock. Investor i’s value function J¢, her optimal investment and

consumption policies, q.,ct, are then given by the following equations:

Ji(wi; 6, m, W) = —flem im0 (11)
; 1 10J°
¢ = —;ln (_;810) , and (12)
i 1 s 1 i
4G = ;CE[%H’ ft] - Eh(q)t% (13>

Here Z is (5 x 5) constant matriz, ¢ is a positive constant, h(-) is a
linear function, n =rp/(1+7r), ® = (1,0!, 7, ¥}).

3. There exist a probability distribution F(v,, ug, 0}, ..., 08", U,) such that
the equilibrium is fully characterized by {0}, ..., 00 W, F; Fo}. Specif-
ically, F is the steady state distribution of (vy, ug, 0, ..., 0N, W), mul-
tivariate normal with mean vector zero and a constant covariance ma-
triz 3.

Remark 3.1 Note that 7; in the price equation (7) can be interpreted as the
‘public price signal’ in the sense that the public history of prices and dividends
(p;,d;) provides the same information about the underlying uncertainty in
the economy as (m,,d,). Observe also that m; is a Gaussian random process.
In light of this, it is natural to conjecture statistics 6!, ¥; be linear in private
signals s! and public signals (r,,d,), respectively. Equations (8-10) support

this conjecture.

Expectations, stock demand, and market clearing. We now sketch

a four-step proof for Theorem 1. First we discuss some general properties



of the linear equilibrium defined by (6). Second, we solve investors’ learning
problems and define the joint probability distribution F. Next, we derive
investors’ optimal investment and consumption. We then show that by im-
posing the market clearing condition, the equilibrium stock price is given
in (7). We will derive solutions to the above learning and optimization prob-

lems in a symmetric equilibrium of the economy.

Equilibrium price function. Observe that the price equation (7) can be

expressed as p; = L(m, V), and further rewritten as
bt = E(Wty dy, ‘I’t—l) = E(“t, dz, 0, qjt—l)- (14)

Equation (14) states that the equilibrium price is a linear function of the
underlying state variables of the economy (the stock supply u; and the fun-
damental of the stock v, since d; = v + £4,¢), the average of private types
0;, and a certain statistic W;_; for all the common information Ff ;. Thus,
to make inferences from the price, a trader will only need first-order expec-
tations about the underlying uncertainty v;, u;, and the average of investors’
types 0;.

Compare (14) with a general linear equilibrium as defined by (6). The
vector of state variables ®; is defined by the whole history of exogenous
shocks to the economy, including supply shocks, dividends, and private sig-
nals. Our ultimate goal is to prove that in equilibrium, (6) reduces to (7).
This is equivalent to showing that ®; reduces to (u, vy, {01}, ¥, y), for
appropriately defined private types 6! and the public statistic ¥;.

We have assumed noise traders’ demands independent across time (a, =
0), and thus further simplified the state space to include only: vy, {#:}} and
W, ;. Furthermore, define o, so that A\gu; is a standard normal random vari-
able (o, = 1/Xg). These assumptions are made to simplify the computations
and are not crucial to the analysis.

Assuming noise shocks uncorrelated over time implies, in particular, that
the joint distribution F(u, vy, 0}, 602, ...,08" W, 1) is multiplicatively separa-
ble and can be written as F,(u;)Fg(vy, 0}, 602, ..., 08", U,_1). To simplify the

notation, in what follows, we will use F' to denote Fy.

Investors’ learning problem. In order to derive each investor’s optimal
stock demand, we have to solve for the conditional expectations of the ‘fun-

damental’ v; and the average of investors’ types 6#;, given her information set.



Define
NH

t = t-
N+1 =
Clearly, E[(vs,0:) | Fi] = E[(v,6,") | Fi] + 0:/(N+1). Thus, it suffices to
solve for trader i conditional expectations of v, and 6. Since all signals are
linear in the state variables, calculating conditional expectations of the state
variables is a linear filtering problem. Define (2, 0;%) = E[(v,, 6;%) | Fi_,] and
(0s,0;7) = E[(vy, 6;%) | Fi]. Note that (¢y,6;") and (t;,6;") can be interpreted
as trader 2’s ‘prior’ and ‘posterior’ conditional expectations, respectively.
The results of the learning problem are summarized in the following lemma,

proof of which can be found in Appendix A.

Lemma 3.1 Given the linear price function of (7), investor i’s ‘prior’ and
‘posterior’ conditional probability distributions, C?ﬂ]—"g and G*|Fl,, over
(ves1, 0741) are bivariate normal with the mean vectors Mt = (D441, ét_il)’ and
mi = (Uy11,0,4)', respectively, and constant covariance matrices I and T,
respectively. The covariance matrices are specified in Appendiz A. Mean

vectors ¢ and m: are determined recursively by the following linear equa-

~d Ve Gy 0 on
mp=| .. |= | (15)
t (9?+1> (1%%0‘)(9?)

A v 0 %=
m;:<9_ti>:<éji>+1< d — iy (16)
t t T — 6

where T = 0"+ Ny, K is a (2 x 3) constant matrix specified in Appendiz A.

tions:

Recall that m;, the price signal, is equal to 6; + Agu;. In light of this,
mi = m — 0 /(N+1) can be interpreted as ‘trader i’s price signal’.

Given posteriors (7, 6;") = E[(vy, 6;7) | Fi], prior distribution G* | F! over
period ¢ + 1 state variables (v, 0,1;) is determined deterministically. In
what follows, we will restrict attention to solving for the sequence of posterior
conditional distributions.

Lemma 3.1 defines conditional distribution G* | F. Observe that, through
their mean vectors m!, the G’s depend on ‘individual price signals’ 7i. The
goal was, however, to specify private types and the public statistic ¥; so that
G's are fully determined by some joint probability distribution over the state

variables: F(v;,0},02,...,0N" W,). For this to be the case, it is necessary

10



that conditional expectations of trader i can be expressed in terms of her

private type and ¥,. That it can be done, is shown in the following lemma.

Lemma 3.2 There exist constant o, 3, H, L, M and Vo such that trader i’s
posterior conditional expectations of the state variables at time t are fully

determined by her private type 0 and U,:

vy :
_ . | =HO + ¥ 17
O -

Here a, 3 are scalars; H, L, M are respectively (2 x 1), (2 x 2) and (2 x 2)

constant matrices.

The above lemma is proven recursively by assuming (17) to be true at time ¢
and specifying «, 3, H, L, M for (17) to be true at time ¢ + 1. ¥y is defined
so that equation (17) holds at ¢ = 0. ‘Individual price signal’ 7! is eliminated
from the equations, using 7} = m; — 6;/(N+1). The complete proof of the

lemma is found in Appendix A.

Joint Measure. Lemmas 3.1, 3.2 show that one can define investors’ pri-
vate types 6! and the public statistic ¥; so that trader i’s conditional distri-
bution G* | F¢ over (v, ;") is bivariate normal with the mean vector linear
in (0¢,¥,;), and a constant covariance matrix I'. Tt is then possible to find
a multivariate normal joint distribution F(vy,6}, 67, ...,0N" ¥,) such that
G'|F! = F(v, 0,0, ¥,) are fully determined by F. While such F is not
unique, it can be chosen to be the steady state distribution of the state
variables (v, 6},02,...,0N" W,). This result is summarized in the following

lemma.

Lemma 3.3 Define F(v,,0},02,....00™,0,) to be the steady state distribu-
tion of the state variables. For each i define the corresponding distribution
F~(vy,0;",%,). Then F~ has the following properties:

G'|Fi = F (v, 60,76, )

Proof sketch. The state variables follow a Markov process, and the exis-
tence of the steady state density is guaranteed so long as a, and « are less the
1 in absolute value. Trader #’s private type 6! and the public statistic ¥, are
sufficient for trader i’s private information, thus G* | F/ = F (v, 0;%| 67, ¥,)

for some F. Showing that F = F~ is an algebraic exercise.

11



Investors’ optimal investment and consumption policies. Given the
investors’ conditional expectations, we can now derive their optimal invest-
ment and consumption policies. Let y;11 = prg +din — (147)p; be the excess
return on one share of the stock. Solving the optimization problem of the

traders, we have the following result.

Lemma 3.4 Let w! be investor i’s wealth at time t, ¢ her consumption, q.

her stock holdings, and J} her value function. Her optimization problem is:

Ji = max §'E [— D Brereie |fz‘] : (18)
-t s=0
st wiyy = (wp — ) (1+7) + ¢ Yo (19)

It has the following solution:

Ji(wi; 66,0,) = e mim 3% (20)
, 1 1
qé = ECE[%HV—?] - Eh((l)j:) (21>
: 1 1 0J!
= —ZIn | —=t ). 22
“ p n<pﬁt 8w> 22)

Here 7 is (5 x 5) constant matriz, ( is a positive constant, h(-) is a linear
function, n=rp/(1+r), (I)i = (1, 9%, e, U

Proof of Lemma 3.4 is in Appendix B.

It follows from Theorem 1 and the definition of y,,; that E [y, | F/] =
L[0%, ps,dy, ¥y _1]. Since ®¢ can also be expressed as L[0!, p;,di, Uy 1], a
trader’s optimal stock holdings ¢! is a linear function of (6, p;, dy, ¥;_1). Im-
posing the market clearing condition will then result in p; being linear in the

state variables.

Proof of Theorem 1. Now we complete the proof of Theorem 1. We need
to show that market clearing of the stock requires the equilibrium price to
have the form of equation (7). Express investors’ optimal stock holdings,

i _IR® ac
q; = ;R®}, as:

) 1 ;
¢:#%+m_%mwﬂ+@ywﬁm+whM—M%) (23)

12



Impose the market clearing condition:

N+

U= Ut+N——|—12qt pt+ r— )\0)+7"29t+<7n3_)\7r)7rt+[(r47 T5)_A]\Ijt)
(24)

Impose A, = n/rs, then
Pt = ()\0 -7+ 7717/) + ()\W — T3 — 7”2)7Tt + [A - (7"4, 7’5)]\1115. (25)

Compare (25) with the conjectured form (7). Imposing individual rationality

yields the following system of polynomial equations:

_nﬂ:07 T2+T3:O;
ry =0, 15, =0, AN—1n/ra=0

This completes the proof of Theorem 1. The current version of the paper
if short of an analytical proof of the existence of the solution to the above

system of equations.

A Appendix

Proof of Lemma 3.1. To derive the filtering equations (3.1), we use the

following lemma, the proof of which can be found, e.g., in Jazwinski (1970).

Lemma A.1 Assume the discrete linear system is described by the wvector

difference equation
T = Ay + Bigg 141, t=20,1,..,

where x; is the n-vector state at t, A; is the n X n, non-singular state transi-
tion matriz, By is n x r, and {e, +,t = 1,..} is an r-vector, white Gaussian

sequence, €, ~ N(0,Q¢). The discrete linear observations are
Yy = Cury + €y 1,

where y; is the m-vector observation, Cy is m x n, {e,+,t = 1,..} is an m-
vector, white Gaussian sequence, €, ~ N(0, R;). xo,{es+}, and {e,+} are
assumed independent.

Then the optimal filter for the discrete system above consists of difference

13



equations for the conditional mean and covariance matriz. Let

T = Elzgn |y, 0 <7 <,
T = El(zen — Ze1) (@1 — T)' [ yr, 0 < 7 < ]
T = Elz |y, 0<7 <4,
Ft = E[(It—ﬂ_/’t)(l't—.ft)/|y7—, 0 ST St]
Then
QATt_H — AtQ_Tt, (26)
Tvn = ATA + BQunB], (27)
fft = i’t + Kt(yt — Cti't), (28)
Ft - ft - KtC’tft. (29)
where K, = [,CI[C,T,C) + Ry~ is the Kalman gain.
In our case, the unobserved variables are
Vi1 = Qyul¢ + Ev, tH
N+ N N1
7 k 7 k
Qt——f—l = aty +ﬁN+1ZSt+1:a9t— +ﬁN+1 t+1+ﬁN+1 Es,t41
k;ﬁz k;éz

Lemma 3.1 then follows directly from Lemma A.1 by making the fol-

lowing substitutions: =, = (v, 0;"), w (st dp,mh), €pp = (51,7,;,5;’2)’,

+
_ ] / -1 — 1
€yt = (€44 Ed,t, Ao€u,t)s Where €', = N Z ey ; and

10

» 0 1 0
A:At:<ﬂg ),BEBt:<ﬁN >,C:Ct— 10
N—Hav Q@ N+ 0 1

N
0 wm2os

9 0 a2 0 0
O-’U
QEQt:( 2)7R5Rt: 0621 0 )

where o, = \,0,. Steady state requires that covariance matrices are con-
stant. They can be found by substituting [, =0 and T, =T into equations

14



(27) and (29). We then obtain the following Riccati equation
I'= A(I' - KCI)A' + BQB', (30)

where K = I'C/[CT'CY + R] ™. The steady state solution to (30) exists so long
as a, and « are less than 1 in absolute value (see, e.g. Anderson and Moore

(1979)).

Proof of Lemma 3.2. The proof is by induction. (i) It is straightforward
to define Wy so that equation (17) holds at time 0. (ii) Assume that (17)
holds at time ¢ — 1. First, use (9), (15), and 7} = 7 — 6;/(N+1) to rewrite
(16) as follows:

U Vy_ . =2k
_t _ L _t 1 B 9;_1 N;;l 13
Qt (91571 N_—i-lk23
A kg — Lk d
+Si 11 NEI 13 + M t ,
ko — N_+1k23 Us

where
B BN BN
ay(fg — ka1 — koo — oykes)  a(l — ko)

M — k12 k13 '
k22 k23

Define the law of motion for the public statistic W, to be

d
%:L@H+M<t>.
Tt

Then, using the induction assumption, (31) can be further rewritten as
) i
V¢ i
<§_i):LHHH+K 0 + W
t % )
_NLH(CVQH + Bst)

15



To complete the induction proof, we require that

s}
HO =LHO , +K 0
—Nﬁ(@@i_l + 531)

Together with the conjectured law of motion for the private type 6, the

above implies:

0 1
aH=LH-K| o |, BH=K]| o0
e —%n

Solving the last equation for H, we obtain the following “consistency equa-

tion” on « and f:

a 1
K| o |=LK| o (31)
B
0 ~NH

To prove the existence of «, 3, H, L, M of Lemma 3.2, it suffices to show
that there exist a solution (a, 3,911,712, J22) to the system of 5 non-linear
equations (30) — (31). As long as |a| < 0, there exists a steady state solution
to (30). We believe that the existence of such a and ( can be shown using
fixed point methods. We are able to obtain solution numerically, however,

the current version of the paper is short of an analytical argument.

B Appendix

Proof of Lemma 3.4. The proof closely follows that of Theorems 2 and
3 in Wang (1994).

First, we have the following lemma.

Lemma B.1 Let (w!, ) be the vector of traderi’s state variables. Assume
further that ®}_, and the excess return on a share of the risky asset y1 can

be written in the following form:

L, = Aq,c1>it+13q,giq>7t+1 (32)
Y1 = qu)it—l—BygiCb,t-H’ (33>

where Ay, By, Ag, Be, are constant matrices of proper order, and 5f1>,t+1 | Fi~
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N(0,Y). Then the solution to the investor i’s optimization problem (18)-(19)

s given by

T(w 0, 0,) = —plemmim At (34)
) 1 .
¢ = —Rd (35)
Ul
| = i+ —w+ P X P 36
G o= Ot oy S P (36)

where n, ¢ are constants, X, R are constant matrices of proper order.

The remainder of the appendix is structured as follows. We will first show
that trader 4’s state variables ®! and the excess return on a share y;,; can be
expressed as (32) and (33). We will then proceed to prove Lemma B.1 and
show that equations (20)-(22) follow from (34)-(36).

Deriving equations (32)-(33). Define ®! = (1,0}, 7, ¢4, ¥oy)".
Let us show that @}, can be written as (32). For the remainder of this

appendix, we will fix ¢ and write Zt+1 = E[Z;,, | F}] for any stochastic process
Zy. Use filtering equations (15) and (17) to write

U = av(clei +1t) (37)
i i BN
Oy = a(cll + o) + N——va (38)

Note further that v,y and 6,7, can be expressed as

Vin = B+ €y (39)
9;?1 = 9;+i1+€é,t+17 (40)

where (€} .1, €5 141)| Fi ~ N(0,YTy) for some covariance matrix Yoo Use

recursive definitions of !, 7; and ¥; from Theorem 1 to write

O, = ab;+ s, (41)
Ty = 9;1_1 + N—HQLA + Er,t+ (42)
Y = lare + ot e + mindi + magmn (43)
Yo = lorhr, + logtha s + Mordip + moamia, (44)

where £ 111 = Aocu, 141-

Define €} ;1 = (€} 141,60, 141> €4 1415 Ed t41,En e41)- 1t is easy to show that
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€. e01| Fi ~ N(0,T), where

T_ r o0 7
0 Esd7r

where I is the covariance matrix of trader i’s prior conditional expectations
(see Lemma 3.1), and Y., = diag{c?,02,02}; 0 = A\yo,. Use equations
(37)-(40) together with definitions of d; and s! from section 2 to rewrite
(41)-(44) in form (32).

We will now show that the excess return on a share of the risky asset can

be expressed in form (33). First, rewrite

Yn = P +di — (147)pr = Apmpn + AWy
+dt+1 — (1+T))\7r7rt — (1+T)A\Ijt — 7")\0 (45)

Now use equations (37)-(40) together with definitions of d; andm; to write
(45) in form (33).

Optimal consumption and investment policies. We will now prove

Lemmas B.1 and 3.4. The Bellman equation for the problem is given by

0 =max {—f'e*™ + E[Jiy (wyy; O, Veur)| 7] — Ji (wi; 67, )}, (46)

ct4;
s.t. wiﬂ = (UJ? —c)(1+7) + qti yiﬂ (47)
SILIEO Et [‘]ti-i-s (wz-i-s; 924—57 \Ijt+8)] = 0. (48>

Consider the following trial solution for the value function:
T (w}; 6], 0,) = —@lemmim 2 AR (49)

where 7 is some constant and Z is a (5 x 5) symmetric constant matrix. It
is then straightforward to show that

. . . . —n(wi—ct)(Hr)—nqe A CDt+lC’iDC i —2(Ap®t) Z(Ap®y)

E[ T (Wi 0140, W) ) = €e T ;

(50)

where £ = /992, D = [BZBg + Y7'[7! and Cy; = D[nqiB}, + B3 ZAe®y.

The first order conditions for the optimal investment-consumption policy
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are:

n(1+r) i 1

i RO andc =c+—n ) yigp o~
ey ' p+n(l+r) " 2(p+n(l+r))

X, (51)

where R = C[A, — B,DByZAs], ¢ = (BDB)) ™, e = din (o).

p+n(l+r)
X = n(R'Ay + A;R) — (T]B;R + B3ZAs) ’D(UB;R + B3ZAs) + ALZAg

Define h(®) = ByDB}ZA4®!. The optimal stock holding given by (51) can

then be rewritten as follows
;1 ; 1 i
qy = E(E[?Jt—i-llftl] - Eh(q)t)a

which is precisely the optimal investment policy described in Lemma 3.4.
Substituting the optimal consumption-investment policy back into the Bell-
man equation yields

pr 1

1+4+r p(1+71)

U In(rB¢) (52)

1 i 1 T _\+(5,5 i
exp {_éq)t/ |:—Z + 1_—|—]j‘X —+ 2(11’1 1—_’_1. + pC)lgl ):| CI)t} =1 (53)

Here i§51’5) is a (5 x 5) index matrix.® This leads to the following equation for

Z:
1

r -+

r _| .5,
~7+ 1X+2{lnr+—1+pc] i%% =0 (54)

We currently do not have an existence proof. Note, however, since X and
'(575)

i}y’ are symmetric, such Z, if exists, has to be symmetric.
To see that ¢! is as described in Lemma 3.4, use (52) and (54) to rewrite
the first order condition (51) for ¢ as follows:
'L:__l ! Y —@“ZCI)I
G pnp+pwt+2pt t

6An index matrix i,(;l""n) is an (m X n) matrix with the element {k, !} being one and all

other elements being zero. For example,

.220( 1 0
I 0 0 .
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