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Abstract

During the late 1990s the market value of businesses grew at 15% per year. It is
hard to reconcile such fast growth with the observed rates of investment in physical
capital and R&D. We therefore propose a model in which new ideas are privately
owned, but discovering them does not require resources. In our model it is possible
that market value rises very rapidly without drastic changes in factor prices or resource
allocation. We examine possible scenarios for the rapid market run-up of the 1990s,
including optimistic assessment of future productivity growth, a shift in the innovation
process and a change in patent policy. At this point, plausible changes can explain
no more than a third of the observed 1995-99 market run-up. This exercise suggests a
method of testing for stock market bubbles.

JEL codes O16, O41, O34

1 Introduction

From 1994 to 1999 the market value of businesses has more than doubled in real terms,
climbing at an average rate of more than 15% per year.1 According to the neoclassical
growth model, the market value of businesses equals the size of the capital stock. Therefore,
the rate of market increase must equal the rate of net investment. Yet Figure 1 shows that
throughout the 1990s the NIPA rate of net business investment was just about 2.5 percent of
market value.2 In an endogenous growth model (e.g. Grossman and Helpman, 1991, Romer,
1990) or a model with intangible capital (e.g. Laitner and Stolyarov, 2003) stock prices
also incorporate investment in private knowledge. NIPA may omit knowledge investment by
counting it as an intermediate good (Howitt, 1996), and then Figure 1 could be consistent
with a very rapid increase in knowledge accumulation after 1994. But, one would presume
that knowledge investment is correlated with private R&D spending, yet Figure 1 (dashed

1Source: Flow of Funds.
2Business investment is total investment less owner-occupied housing. See Appendix 1 for more details.
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Figure 1: Growth in market value versus investment rate.

line) shows that in the 1990s the R&D investment rate stayed essentially constant.3 Higher
costs of adjustment can drive up the marginal cost of new investment and increase the price
of existing capital, but these would show up as an increase in gross investment rate. Yet the
share of gross investment in GDP during the 1990s was between 0.15 and 0.17 - not much
different from its long-run average of 0.155. In the end, it is hard to reconcile the stock
market run-up of 1995-99 with the evidence on investment rates.
This paper therefore investigates a model in which the rate of change in the market value

is not limited by the rate of investment in either physical capital or knowledge. The model
may help understand what the stock market participants were thinking during the late 1990s,
and we can use calibrations to assess whether the observed market run-up was rational given
plausible changes in the model’s parameters and agents’ expectations.
Table 1 maps our model’s place in the existing growth literature. The well-known Solow

(1956, 1960) growth models assume that technological progress is exogenous and new ideas
are not privately owned; hence the benefits from new technology quickly filter through the
economy and spill to labor. Models with intangible investment (Laitner and Stolyarov, 2003)
or intentional R&D (Grossman and Helpman, 1991) make two changes: new knowledge re-
quires investment and it is privately owned. The present paper considers the intermediate
case: we assume that new knowledge comes from luck and inspiration but is, at least for
a time, appropriated by fortunate agents or firms. For expositional convenience, we refer
to any proprietary knowledge as a “patent.” The last century provides numerous examples
of inventors and entrepreneurs who perceived needs and opportunities, often at young ages,
and developed new products and/or ideas from which they derived fortunes seemingly totally
incommensurate with their inputs of time and money. If this is the case, market values need
not follow investment rates

3Assuming that depreciation rate on R&D investment is zero, this investment rate can be measured with
the ratio of R&D spending to the market value of businesses.
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Origin of Technological Progress 

 
Luck R&D or knowledge investment 

Knowledge is public Solow (1956, 1960) No incentives for investment 

Knowledge is private this paper 
Romer (1990), 

Grossman and Helpman (1991), 
Laitner and Stolyarov (2003) 

Table 1: Classification of growth models

Although this model might seem to eliminate any bound on the rate of change in market
value, it does provide constraints: the model produces a series of implications for observable
variables that discipline the choice of parameters and restrict the simulated growth rates.
We develop a general framework with exogenous, disembodied technological progress that
occurs via independent Poisson processes in numerous sectors of the economy. All agents
are ex-ante identical, but randomly selected fortunate individuals are endowed with new
ideas every period. A fortunate agent appropriates the idea with a patent, sells it to a
business (whose shares are traded on the stock market), and uses the proceeds to finance his
consumption and saving.
We then perform comparative statics with respect to the parameters of the model that

can cause an increase in the market value. (1) If the arrival rate of new ideas slowed down,
the stock market would rise abruptly, because each patent would have a longer life. But
the same change would also slow down productivity growth which seems at odds with the
evidence from the late 1990s. (2) If the magnitude of improvement from each new idea
increased, the market could also rise abruptly, although it is difficult to provide plausible
calibrations for the magnitude and speed of observed changes.
This leads us to consider the nature of new ideas in more detail. Our basic model assumes

successive innovation, in which the new idea simply replaces the one that preceded it. How-
ever, many new products depend on multiple complementary patents. Historical examples
include the sewing machine, the airplane and the automobile, and most recently, the DVD
(Lerner, Tirole and Strojwas, 2003). Moreover, innovations often use the same fundamental
idea and improve on each other. For example, Visicalc, Lotus 1-2-3 and Microsoft Excel
are all sequential improvements on one another and use the same fundamental idea of an
electronic spreadsheet.4

We show that the additional market value that new ideas generate depends on the nature
of the innovation process. Fundamental ideas become more valuable when their owners can
extract surplus from future innovators. Then existing ideas will rise in value if a wave of
new inventions is expected to improve on them rather than replace them. Therefore, another
scenario that can generate a rapid rise in the stock market is an optimistic perception of
the value of fundamental ideas. We model this as an increase in the expected number of
innovations spawned by each fundamental idea. This increase can come from an increased
concentration of the innovative activity in industries where ideas are highly complementary,

4Part of this fundamental idea is actually patented. Any spreadsheet program uses the “natural order
recalculation method”, U.S. Patent No. 4,398,249, granted in 1983. This patent is owned by Refac, a
litigation company. In 1989 Refac sued six major spreadsheet publishers, including Lotus, Microsoft, and
Ashton-Tate, for patent infringement.
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such as semiconductors and computer hardware and software (Bessen and Maskin, 2000).
Our numerical analysis shows that the model can match the 1995-1999 market run if the
probability that the next innovation is based on the same idea permanently rises from 0 to 3

4
.

This shock seems implausibly large, however, because fundamental ideas then stay valuable
for too long (45 years). If we allow fundamental ideas to stay valuable for a more plausible
20 years, the shock would explain just a third of the observed market run-up.
The increase in the value of fundamental ideas is also consistent with a change in the

patent policy that affords protection to previously unpatentable areas or allows broader
patents. Both of these changes in patent policy in fact happened during the 1980s and
1990s. In particular, court decisions and administrative changes in the 1980s made computer
programs and semiconductor chip designs patentable subject matter (Hunt, 1999). Computer
implemented business methods (such as Amazon.com one-click shopping and Priceline.com
“name your own price” auction) followed in the 1990s after seminal court decisions. At the
same time, obtaining patents and defending patent rights in general became easier (Hunt
1999). Our model can therefore provide an insight into the macroeconomic effects of a change
in the patent policy. We find that the effect of broader patents on physical investment is
ambiguous and depends on the extent of the policy change. On the one hand, broader
patents imply that patents depreciate slowly, and this stimulates physical investment. On
the other hand, broader patents have higher value, and this crowds out physical investment.
For small changes, investment rises, and for large changes crowding out takes over.

2 Model with successive innovation

The production side of the economy is a generalization of the quality ladder model in Gross-
man and Helpman (1991).5 Final output is an aggregate of a large number of intermediate
inputs

Yt =

ÃX
j

xηjt

! 1
η

, η < 1 (1)

where xj is the quantity of input j and pjt is its price. Final goods sector consists of
competitive firms that maximize ÃX

j

xηjt

! 1
η

−
X
j

pjtxjt

which implies the following demand curve for input jµ
Yt
xjt

¶1−η
= pjt (2)

Each intermediate good j can be produced from capital and labor using different technologies
indexed by n ≤ Njt, where Njt is the total number of technological innovations in industry j
so far. In contrast to the endogenous growth literature, we assume that technological inno-
vations arise from inspiration (i.e. they do not require resources) and arrive in an exogenous

5Barro and Sala-i-Martin (1999, Ch 7) have an alternative formulation that leads to the same aggregate
production function for output.
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and random fashion. Each technology is owned forever by the agent who discovered it, and
the property rights are protected by patents.6. It is in the owner’s interest to license his
technology to only one producer.7 Also, we make the following assumption about the nature
of the innovation process (and later relax it in Section 3)
Successive innovation assumption Each technology n is a stand-alone alternative pro-
duction method and does not rely on know-how from previously discovered technologies. To
be clear, a producer that wants to produce intermediate good xj with technology n needs to
license only one patent, from the owner of technology n in that industry.
In any industry j, Njt is a Poisson random variable with arrival rate λ. Although λ

is equal across industries, Njt are assumed to be independent random variables. Newer
technologies have higher TFP levels. In particular, assume that in any industry technology
n has TFP level zn, where z > 1 is a constant step in the quality ladder that does not depend
on j or time. If knj units of physical capital and lnj units of labor are used with technology
n, the resulting output in industry j is

xjt =
X
n≤Njt

znkαnjtl
1−α
njt

The corresponding marginal cost function for technology n (in any industry) is

cnt =
1

zn

µ
Rt

α

¶αµ
Wt

1− α

¶1−α
=

ct
zn
,

where Rt is the rental fee on capital and Wt is the wage. Let Zjt = zNjt denote the TFP
level that corresponds to the most advanced technology in industry j.
At any point in time, several producers in an industry can make intermediate goods using

technologies with different marginal costs. We assume that producers engage in Bertrand
price competition. Bertrand oligopoly equilibrium has all output produced by the industry
leader with the most advanced technology Zjt. The leader charges either the unconstrained
monopoly price pjt = 1

η
ct
Zjt
if it exists and is below the best rival’s marginal cost; otherwise

he charges the limit price equal to the best rival’s marginal cost, pjt = z ct
Zjt
. That is,

pjt =
1

max
¡
η, 1

z

¢ ct
Zjt

= m
ct
Zjt
,

where m is a constant markup.
Accordingly, industry output is

xjt = ZjtK
α
jtL

1−α
jt , (3)

where Kjt ≡ kNjt,j, Ljt ≡ lNjt,j.
Poisson processes in different industries induce a distribution of technology levels by

sector. Assume that at time t = 0 all industries have N = 0 and the same initial technology8.
Let f (N, t) denote the fraction of industries that have exactly N innovations at time t. It

6In what follows, it will be clear that probability of someone owning multiple technologies is zero.
7Actually, the owner would always prefer to license the patent to the current industry leader in order to

ensure no competition from previous technologies.
8Assume that technology z0 = 1 is proprietary, but there is a universally known technology 1/z that is

freely available. Then initially every industry has a leader and a potential competitor.
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turns out that aggregate output Y depends on the technologies in different sectors only
through the quality index

Zt =

ÃX
j

(Zjt)
η

1−η

! 1−η
η

=

Ã ∞X
N=0

f (N, t) zN
η

1−η

! 1−η
η

. (4)

Although output and profits in each industry grow stochastically, Zt and aggregate output
both have a deterministic growth rate. Let Kt be the capital stock at date t, Lt be the
labor supply and Πt be the aggregate profits of intermediate goods producers. The following
proposition derives the aggregate production function and shows that the quality index grows
at a constant rate that depends on λ, z and η.
Proposition 1
The aggregate production function is

Yt = ZtK
α
t L

1−α
t . (5)

Zt = exp

µ
γ
1− η

η
t

¶
where

γ = λ
³
z

η
η−1 − 1

´
. (6)

Division of national income between physical capital, labor and monopoly profits

RtKt =
α

m
Yt, WtLt =

1− α

m
Yt, Πt =

1−m

m
Yt (7)

Proof: See Appendix.
Corollary Profit of the leader in industry j at time t equals

πjt = ΠtZ
− η
1−η

t · ¡zNjt
¢ η
1−η ≡ πt (Njt) (8)

Let wjt denote the value of a patent in industry j at time t. It equals the expected present
value of profits of the current industry leader until the moment when another innovation
arrives and the leader is priced out of the market. Accordingly, for an industry whose
current technology is Zj = zN , we can write

wjt = wt (N) =

Z ∞

t

dτλe−λ(τ−t)
Z τ

t

e−
s
t rνdν · πs (N) , (9)

or, differentiating with respect to t,

d

dt
wt (N) = (λ+ rt)wt (N)− πt (N) . (10)

The the aggregate value of patents in the economy equals

Vt =
X
j

wjt =
∞X

N=0

f (N, t)wt (N) . (11)
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The following proposition derives the law of motion for the aggregate value of patents.
Proposition 2

V̇t = γVt + (rt + λ)Vt −Πt (12)

Proof: See Appendix.
The interpretation of this expression is as follows. The first term is the net growth in

patent wealth, where γ is defined in (6).9 The second term is the (gross of depreciation) rate
of return on current patent wealth, and the third term is payouts to owners of intellectual
property.
For what follows, it is convenient to define ∆ to be the depreciation rate on patent

wealth. In (12), depreciation rate on a patent equals the flow probability that it is replaced
by another innovation, i.e. ∆ = λ.
Equilibrium. Assume that households save a constant fraction σ of their total (gross of

depreciation) income flow. In addition to labor income and capital income, whose sum is
Yt − Πt, households receive returns on existing patent wealth in the amount of (rt +∆)Vt
and flow of newly created patent wealth, γVt. Depreciation payments on V add another ∆Vt.
Consequently, the economy’s saving function is

St = σ (Yt −Πt + (rt +∆)Vt + γVt +∆Vt) = σ
³
Yt + V̇t +∆Vt

´
This saving is used to finance the growth in the economy’s total net worth,Kt+Vt. Therefore,
the market clearing condition for the economy is10

K̇t + δKt + V̇t +∆Vt = σ (Yt −Πt + (rt +∆)Vt + γVt +∆Vt) (13)

This equilibrium condition can, of course, be written as Yt = Ct + K̇t + δKt, and this is
equivalent to (13), since

Ct = (1− σ)Yt+(1− σ)
³
V̇t +∆Vt

´
= Yt−

³
σYt − (1− σ)

³
V̇t +∆Vt

´´
= Yt−

³
K̇t + δKt

´
.

Equations (12) and (13) together with (5) and the expression for the interest rate

rt =
α

m

Yt
Kt
− δ

describe the time path for this economy.
Let

kt =
Kt

Z
1

1−α
t Lt

, vt =
Vt

Z
1

1−α
t Lt

, yt = kαt

denote the detrended variables. Also, let

g ≡ 1

1− α

Ż

Z
=

1

1− α

1− η

η
γ (14)

9Note that if η < 0, γ is negative, because then demand for intermediate goods is inelastic and revenue
falls with output. Then leader’s profits shrink as cost falls and output expands.
10One can think of an alternative saving rule where the economy saves a constant fraction of its net

national product:

K̇ + V̇ = σ0
³
Y − dK + V̇

´
.
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Figure 2: The phase diagram.

and
s = σ + (1− σ)

m− 1
m

.

Then the detrended analogs of (12) and (13) are

V̇t
Vt
=

v̇

v
+ n+ g = (γ + rt +∆)− m− 1

m

y

v

K̇t

Kt
=

k̇

k
+ n+ g = skα−1 − δ − (1− σ) (γ + rt + 2∆)

v

k

v̇ = (γ + rt +∆− (n+ g)) v − m− 1
m

kα, (15)

k̇ = skα − (δ + n+ g) k − (1− σ) (γ + rt + 2∆) v (16)

The phase diagram The v̇ = 0 and k̇ = 0 loci are given by

v̇ = 0: v =
m−1
m

kα

(γ + r +∆− (n+ g))
(17)

k̇ = 0: v =
skα − (δ + n+ g) k

(1− σ) (γ + r + 2∆)
(18)

Figure 2 illustrates the phase diagram. It is a saddle with stable arm running southwest to
northeast. The proof in the Appendix establishes that the steady state is unique.

2.1 Comparative Statics

We are interested in the changes in the model’s parameters that lead to an increase in the
value of patents.
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Figure 3: A permanent increase in z (left panel). A permanent decrease in ∆ (right panel).

Proposition 3 Market to output ratio v∗+k∗
kα∗

and steady state capital intensity k∗ both
decrease in ∆:

∂

∂∆

µ
v∗ + k∗
kα∗

¶
< 0

∂

∂∆

µ
v∗

k∗

¶
< 0

Let η < 1
z
, so that m = z. Then steady state capital intensity decreases in z:

∂k∗
∂z

< 0,

∂

∂z

µ
v∗

k∗

¶
≶ 0

Proof: See Appendix.
A permanent increase in z. Figure 3 illustrates Proposition 3. Suppose that initially

the economy is in the steady state (point A on the left panel of Figure 3) and technology
step z increases to z0. Assume that the increase is a complete surprise and is perceived as
permanent. Let η < 1

z
so that our limit pricing story holds. Then the increase in z has two

effects: it increases the markup and also increases trend growth. On impact v jumps upward
to point B overshooting its new stationary value. Subsequently, v and k will gradually fall,
converging to a new stationary point (point C). Since on impact no firm has actually enjoyed
the new technology step z0 > z, the explanation of the jump in v is as follows: an existing
patent faces the same probability of termination at each instant as it did previously; however,
after the shock hits, a given industry faces a demand that grows more rapidly. Namely, as
patents expire in other industries, the upward steps in technology are bigger than before –
creating spillovers for all industries, in the form of stronger outward shifts in their demand
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curves than before. Existing patents experience a jump in value for this reason. Generally
faster trend growth gradually leads to a lower k∗, as it would in Solow [1956]. That causes
the interest rate to rise – which reduces the present value of all patents. The long-run effect
of the change in z on the stationary value of v is ambiguous. The new steady state has a
higher interest rate, which implies a lower v, but it also has a higher markup,
Discussion. If agents realize the economy has crossed into an era of more substan-

tial technological change, the stock market should rise. The rise should be rapid, and the
magnitude of the rise should be largest at the beginning.
There may be one insight here to the late 1990s: if z rises, existing patents can benefit

from demand spillovers – despite the fact that new high—z inventions are owned by inventors
who capture their direct profits. Thus, the general public could benefit from a wave of new
inventions by positioning itself into the stockmarket.
In thinking about the late 1990s, however, the explanation might not fit all that well.

Agents might indeed have thought that technological change was about to pick up. But, the
model implies that the stocks of existing companies should have risen rapidly. It is true that
existing companies at the time – such as CISCO and Sun Microsystems, and the S&P 500
in general – did experience enormous share appreciation. Nevertheless, new companies –
such as Amazon.com – seemed to attract the most attention at the time, and the model
does not capture this.

A decrease in ∆ The right panel of Figure 3 depicts the effect of a permanent decrease
in the depreciation rate of patents ∆. On impact v rises to point B, because the existing
patents are now expected to live longer. As the economy converges to its new steady state
at point C, interest rate falls and the value of patents keeps rising.
Since∆ = λ in (12), the only factor that could have decreased∆ is a slowdown in the rate

of innovation - something that seems to contradict the evidence that productivity growth
accelerated after 1995. This motivates us to consider a generalization of the innovation
process where the rate of depreciation on patents can be different from the rate of innovation.
The next section considers this extension.

3 Fundamental innovations

The model of section 2 assumed that new technologies simply replace the old. However, it
seems possible to argue that some ideas are more “fundamental” than others in the sense
that subsequent innovations must, or will, utilize the same fundamental idea. An example is
Microsoft’s computer operating system, which many generations of personal computers and
computer software relied upon.
We model fundamental innovations as follows. Assume that, as before, technological

progress is governed by the same Poisson process and each innovation is a fixed step up the
productivity ladder. But now the innovation can be of two types: it either improves the
current fundamental idea (with probability θ) or replaces it with a new fundamental idea
(with probability 1−θ). The model of section 2 assumes that every innovation is fundamental,
i.e. that θ = 0. The larger is the θ, the less is the fraction of newly discovered ideas that
are fundamental. Since only fundamental ideas destroy existing patents, the expected life of
each patent rises in θ (When θ = 1, each patent lives forever).
If the innovation is fundamental, its operation requires licensing one patent for that in-

novation, just as in the model of section 2. In contrast, when the innovation is, say, the
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n-th improvement on some original fundamental idea, then the producer needs to license not
one, but n patents, from the owners of all the previous improvements. Then the fundamen-
tal patent and the ones that follow operate together as a “patent pool.”11 For simplicity,
throughout this section we assume that η > 1

z
, so when the fundamental idea changes, limit

pricing against competing patent pools (that use older fundamental ideas) is never an is-
sue. Then, regardless of its size, the patent pool operates with a constant (unconstrained
monopoly) markup m = 1

η
.

If we want to determine the division of the pool’s profit among the patent holders, we
need additional assumptions. We require that the division of profits be a core allocation, i.e.
there is no coalition of producers that can form an alternative patent pool that includes the
fundamental idea and some subsequent improvements. We will consider two polar cases. (a)
One is where each innovator gets the payoff equal to his contribution to the pool’s profit. The
other case (b) is when the owner of the fundamental patent usurps the pool’s entire profit.
The distribution of profits between innovators affects patent value, because it determines
the rate of return on patents. Fundamental patents have two effects: on patent replacement
rate and on growth rate of profits to the patent owner.
Case (a) Innovators paid according to contribution The aggregate resource flow to the

owners of the pool that includes the frontier technology N is π (N). Let technology N be
based on some earlier fundamental idea Nf ≤ N . Then the pool that uses technology N
consists of N − Nf + 1 patents. Patents in the pool are indexed by n = Nf , ..., N , where
patent Nf is the fundamental idea. Let u (n,N) be the flow payoff to the owner of patent n
when the most advanced technology is N . We specify the payoffs to all the owners of patents
in the pool as follows.

u (Nf , N) = π (Nf) (19)

u (n,N) = π (n)− π (n− 1) , n = Nf , ..., N .

In words, each innovator gets the payoff equal to the additional profit flow that his innovation
generates for as long as the pool is not replaced. With this distribution, flow payoffs to patent
owners do not change as new patents are added to the pool, and the most recent innovator
captures all the additional payoff that his patent generates.
Case (b) Fundamental patent gets all. Since the fundamental innovation constitutes a

blocking patent for all the subsequent technologies in the patent pool, its owner can extract
all the surplus that future innovations generate. Each time a new patent is added to the
existing pool, the owner of fundamental patent gets additional profit:

u (Nf , N) = π (N) (20)

u (n,N) = 0, n = Nf + 1, ..., N .

The following Proposition derives the analogs of (12) for different distribution of payoffs.
Proposition 4:

V̇t = γVt + (rt +∆ (θ))Vt −Πt,

where

∆ (θ) =

½
λ (1− θ) in case (a)
λ (1− θ)− γθ in case (b)

(21)

11In an industry which currently has N ≥ 1 innovations, operating the best technology requires a pool of
n ≤ N patents, where n is a random variable distributed according to θn−1 (1− θ) /(1− θN ).
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Figure 4: Calibrated η, 1/z and m for different values of λ.

Proof: See Appendix.
The intuition the expression (21) is as follows. When the innovators are paid according

to their contribution (case (a)),.every idea in the current patent pool generates a profit flow
until the pool is replaced by a new fundamental idea. In this case, the depreciation rate on
patents equals the flow probability of replacement, λ (1− θ).
By contrast, in case (b), fundamental patents are the only ones that generate positive

profits. The arrival of a non-fundamental improvement makes the fundamental patent ap-
preciate, because its owner captures additional profits from the innovation that is added to
the pool. The rate of depreciation is now the difference between the flow probability that a
fundamental idea is replaced, λ (1− θ), and the expected growth rate in the payout to the
owner of the fundamental idea, θγ.
The equilibrium of the model with fundamental innovations is still described by (15)-

(16), although the rate of depreciation on patent wealth ∆ now depends on the probability θ
that a fundamental idea survives through the next innovation and the distribution of payoffs
among the owners of the patent pool. Note that for a given value of θ, the lowest rate of
depreciation on patents corresponds to the situation where all the surplus from innovations
goes to the owner of the fundamental idea.

4 Results

In this section , we evaluate numerically the effect on an increase in θ and z and attempt to
quantitatively account for the levels of the stock market in the 1990s.

4.1 Calibration

We calibrate the parameters of the model to fit three long-run statistics for the US economy:
growth rate of GDP per worker gy = 0.02, investment to output ratio i = 0.137 and market
value to GDP ratio µ = 1.62.
We set conventional parameters α = 0.33, δ = 0.07 and n = 0.01 and experiment with

different values of λ. It is left to pick k∗ z, η and σ. For a fixed λ, we have four calibration
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equations. The first equation matches the economy’s steady state investment to GDP ratio
to the US long-run average i = 0.137.

i = (δ + n+ gy) k
1−α
∗ (22)

Equation (22) pins down k∗. Given k∗, z and η can be uniquely determined from

λ
³
z

η
1−η − 1

´ 1− η

η

1

1− α
= gy, (23)

v∗
y∗
=

m(η,z)−1
m(η,z)

(γ + r∗ +∆− (n+ g))
+ k1−α∗ = µ, (24)

where
γ = gy (1− α)

η

1− η
, r∗ =

α

m (η, z)
kα−1∗ − δ

Equation (23) uses (14) and sets the economy’s steady state growth rate of output per worker
equal to gy. Equation (24) uses (17) to match the economy’s market value to output ration
with the US long-run average. The remaining unknown, σ, can be found from

0 =

µ
σ + (1− σ)

m (η, z)− 1
m (η, z)

¶
y∗ − (δ + n+ g) k∗ − (1− σ) (γ + r∗ + 2∆) v∗. (25)

Equation (25) picks the value of σ that makes k∗ satisfy (18).
Figure 4 shows the calibration results for different values of λ. For λ ≤ λ0 = 0.09 there

exists a solution with η > 1
z
and m = 1

η
, and for λ ∈ £λ0, λ̄¤ there exists a solution with

m = z (left panel of Figure 4). For λ > λ̄ = 0.18 equation (23) has no solutions. Calibrated
markups are in a tight [1.08, 1.1] range for any feasible value of λ. Consequently, values of σ
are also in a tight range [0.142, 0.180].

4.2 A permanent increase in growth rate

A permanent increase in z leads to a permanently higher trend growth. This shock raises
market value for two reasons: markup becomes bigger and demand grows faster. We choose
the higher value of z that raises trend growth to 4 percent a year. The corresponding
markup is 1.172. Market to output ratio peaks on impact at 1.89 and subsequently falls
to a permanently lower value. Investment to GDP ratio rises, because trend growth is
permanently higher. The results on Figure 5 do not vary much with λ, because the initial
value of z varies little with λ.

4.3 A change in the innovation process

We assume that at time t = 0 agents suddenly realize that all existing ideas are fundamental.
That is, the probability that an idea survives through the next innovation permanently rises
from 0 to θ. Let the owner of the fundamental idea usurp the entire profit of the patent
pool, that is, let the depreciation rate on patents be ∆ = λ (1− θ)− γθ. The impact of the
increase in θ is higher for higher values of λ. The analysis in Section 3 applies only when
η > 1

z
. We therefore pick the highest possible λ = λ0 that is consistent with this restriction.
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Figure 5: A permanent increase in growth rate from 0.02 to 0.04.

We also think that the plausible upper bound for the expected life of the fundamental idea
is no more than T = 20 years. This implies that

θ = 1− 1

λT
≈ 0.42.

Figure 6 (bold lines) shows the simulation results. Market value to GDP ratio rises to 1.81
on impact and reaches 1.9 within 5 years. In principle, it is possible to match the market
value to GDP ratio that rose from 1.6 to over 2.5 late 1990s. The thin lines on Figure 6
correspond to θ = 0.75. Then market value to GDP ratio rises to 2.25 on impact and reaches
2.5 within 5 years. The shock of this magnitude does not look plausible, because the implied
average lifetime of a fundamental idea is 47 years.

5 Fundamental patents and rising markups

The previous section explores the case when a rise in the value of fundamental patents comes
from two sources: extending their life span and allowing the owner of the fundamental patent
to capture the profit from future innovators. We have shut down the third source of rising
patent value, because we have assumed that markups never change as patent pool size grows.
However, when η < 1

z
, a pool with n patents would limit price against the competing pool

(based on the previous fundamental idea), and thus would choose the markup

m =
1

max
¡
η, 1

zn

¢ .
14
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Figure 6: Impact of a change in the innovation process, θ = 0.42 and θ = 0.75.

Hence markups may be rising as new patents are added to the pool, and the pool’s profit can
temporarily grow faster than demand. The next subsection will relax the constant markup
restriction and derive transitional dynamics
Also, relaxing the constant markup restriction allows us to calculate the combined effect

of the shock in z and θ.

5.1 Transitional dynamics

Suppose that initially the original model of Section 2 is in the steady state equilibrium.
At time t = 0 the agents suddenly realize that mass ω ∈ [0, 1] of existing active patents
has become fundamental patents. As in Section 3, let θ be the probability that a patent is
fundamental for the next innovation. However, assume that after a fundamental patent is
replaced in a particular industry, no other fundamental patents ever emerge in that indus-
try. Then, among industries with N innovations, ωθN still have fundamental patents and
(1− ω)+ω

¡
1− θN

¢
= 1−ωθN do not. Over time, fundamental patents gradually disappear,

and the economy asymptotically reaches its initial equilibrium.
The aggregate market value of patents now consists of fundamental and non-fundamental

ideas, and the aggregate equation of motion for V no longer exists. Technical Appendix 3
shows that when η < 0 the economy aggregates to a system of three differential equations,
one of which is the law of motion for capital stock, and the other two separately track the
aggregate values of fundamental ideas and non-fundamental ideas.
Figure 7 presents our simulation results. We take λ from the interval where the cor-

responding η is negative. This makes the interval of admissible λ very narrow, because η
changes very fast with λ (see Figure 4). The value of θ = 0.72 is pinned down by the restric-

15



0 20 40 60 80 100 120 140
0

0.5

1

1.5

2

0 20 40 60 80 100 120 140
0.05

0.1

0.15

0 20 40 60 80 100 120 140
1.08

1.1

1.12

1.14

1.16

Market Value to GDP ratio 

(V+K)/Y 

K/Y 

V/Y 

Investment to GDP ratio 

Markup 

Figure 7: Simulation results with fundamental patents and rising markups.

tion that the expected life of a fundamental patent is no more than 20 years. We also set
ω = 1, so the magnitude of the shock is the same as that on Figure 6. The market to output
ratio initially rises above 2 (see the top line, top panel of Figure 6), then keeps falling due to
a fall in K (see the top line, top panel of Figure 6). Markups are building over time, which is
why V keeps rising for a few years after the shock (see the bottom line, top panel of Figure
6). At the same time, output growth slows down, and this makes V fall while markups are
still rising. Investment responds very strongly and negatively, because the interest rate does
not change on impact and V rises sharply. Eventually, investment rises back to its initial
steady state level. (middle panel of Figure 6).
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6 Appendix 1: Data Construction

We assume that all tenant-occupied housing is counted in the market value of business.
Therefore we need to construct a measure of private investment that excludes owner-occupied
housing, but includes tenant-occupied housing. Gross private domestic investment (T 1.1.5
L6) less residential investment (T 1.1.5 L11) multiplied by the share of owner-occupied
housing in residential investment equals business investment. To get net investment, subtract
capital consumption of domestic business (T 7.5 L3).
The share of owner-occupied housing in residential investment can be imputed from the

share of owner-occupied housing services in total housing services (T 7.4.5. L4 divided by T
7.4.5. L1).
Figure 8 depicts the share of investment in GDP for 1952-2002. The distance between

the top line and the middle line on Figure 8 is depreciation of private capital (including
owner-occupied housing). The distance between the middle line and the bottom line is net
investment in owner-occupied housing.

7 Appendix 2: Proofs

Proof of Proposition 1: Omitting the time subscript for more compact notation and using
the expression for the industry production function (3), the demands for capital and labor
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are given by
R = α

xj
Kj
, W = (1− α)

xj
Lj

(26)

Then it is immediate that every industry has the same capital-labor ratio

k =
Kj

Lj
=

K

L
.

Let lj = Lj/L denote the fraction of the total labor force employed in industry j. Then,
using the expression for aggregate output (1) and also(3),

Y =

ÃX
j

xηj

! 1
η

=

ÃX
j

(Zjk
αljL)

η

! 1
η

= KαL1−α
ÃX

j

(Zjlj)
η

! 1
η

From (3),
xj
xi
=

Zjk
αljL

ZikαliL
.

Then using the above expression and (2),

lj
li
=

xj
xi
Zj
Zi

=

³
pi
pj

´ 1
1−η

Zj
Zi

=

µ
Zj

Zi

¶ η
1−η

.

Solving these linear equations for lj together with
P

j lj = 1 we have

lj =
Z

η
1−η
jP

k Z
η

1−η
k

.
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Substituting this into the expression for output,

Y = KαL1−α
ÃX

j

(Zjlj)
η

! 1
η

= KαL1−α
1P

k Z
η

1−η
k

ÃX
j

Z
η

1−η
j

! 1
η

=

= KαL1−α
ÃX

j

Z
η

1−η
j

! 1−η
η

= ZKαL1−α.

It is left to derive the expression for Zt. Our assumption of an independent Poisson process
with identical arrival rate λ in each of the many industries implies, by law of large numbers,
that

f (N, t) =
(λt)N e−λt

N !
.

Then (4) becomes

Zt =

Ã ∞X
N=0

f (N, t) zN
η

1−η

! 1−η
η

=

e−λt
∞X

N=0

³
λtz

η
1−η
´N

N !


1−η
η

=

=
³
exp

³
λtz

η
1−η − λt

´´ 1−η
η
= exp

µ
λ
³
z

η
η−1 − 1

´ 1− η

η
t

¶
.

It is left to prove (7). From (3),

xj
lj
= Zjk

α, and
X
j

xj
Zj
= KαL1−α

From the zero profit condition in the final goods sector,

ZKαL1−α = Y =
X
j

pjxj = mc
X
j

xj
Zj
= mcKαL1−α,

which implies that in equilibrium mc = Z.
From (26), the market clearing conditions for labor and capital read

RK = αX, WL = (1− α)X ,

where
X =

X
j

xj.

This implies that in equilibrium

c =

µ
R

α

¶αµ
W

1− α

¶1−α
=

X

KαL1−α
,

so that
X =

Y

m
.
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Therefore,

WL =
1− α

m
Y , RK =

α

m
Y

and
Π = Y −WL−RK =

m− 1
m

Y.

Proof of Corollary to Proposition 1
Omitting the time subscript for more compact notation, we can write leader’s current

profit as

πj =

µ
pj − c

Zj

¶
xj = (m− 1) c xj

Zj

Using demand function (2) and using the fact that cm = Z,

xj = Y · (cm)− 1
1−η Z

1
1−η
j = Y ·

µ
Zj

Z

¶ 1
1−η
,

πj = (m− 1) c xj
Zj
=

m− 1
m

Y · (cm)− η
1−η Z

η
1−η
j =

m− 1
m

Y ·
µ
Zj

Z

¶ η
1−η
.

Proof of Proposition 2: Similarly to (11), aggregate profits of intermediate goods
producers can be written as

Πt =
∞X

N=0

f (N, t)πt (N) (27)

Also note that combining (8) and (9), we can write for any N

wt (N) = z
η

1−ηwt (N − 1)

which implies that
wt (N) = wt (0) · zN

η
1−η ,

πt (N) = πt (0) · zN
η

1−η

Accordingly, (27) and (11)can be written as

Πt = πt (0) ·
∞X

N=0

f (N, t) zN
η

1−η = πt (0) · eγt,

Vt = wt (0) · eγt.
Differentiating the last expression and using (10), we get

V̇ = γVt +
dwt (0)

dt
· eγt = γVt + (λ+ rt)wt (0) · eγt − πt (0) · eγt =

= γVt + (λ+ rt)Vt −Πt.
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Proof of Proposition 3 (sketch)

If
1

η
− 1 < 1− α, then

∂

∂λ

³v
k

´
< 0

If the economy is below the golden rule12 (i.e. if r∗ > n+ g), then

dk∗

dθ
> 0,

dk∗

dλ
< 0

Proof: Prove that k̇ = 0 line shifts by more than v̇ = 0 line. Then their intersection has to
shift to the right. Let v1 (k, �u) and v2 (k, �u) denote the v̇ = 0 and k̇ = 0 lines respectively,
where �u is the parameter vector that includes λ and θ. Then

∂v1 (k∗, �u)
∂θ

=
λv∗

γ + r∗ +∆− (n+ g)

∂v2 (k∗, �u)
∂θ

=
2λv∗

γ + r∗ + 2∆
=

λv∗
γ+r∗
2
+∆

∂v1 (k∗, θ)
∂θ

<
∂v2 (k∗, θ)

∂θ
⇔

⇔ γ + r∗ − 2(n+ g) > 0

Similarly,
∂v1 (k∗, �u)

∂λ
= − v∗

¡
1− θ + γ−g

λ

¢
γ + r∗ +∆− (n+ g)

∂v2 (k∗, �u)
∂λ

= −v∗
¡
2 (1− θ) + γ

λ

¢
γ + r∗ + 2∆

k̇ = 0 line shifts (down) by more than v̇ = 0 line iff

2 (1− θ) + γ
λ

γ + r∗ + 2∆
>

1− θ + γ−g
λ

γ + r∗ +∆− (n+ g)

2∆+ γ

γ + r∗ + 2∆
>

∆+ γ − g

γ + r∗ +∆− (n+ g)

γ + r∗ +∆− (n+ g)

∆+ γ − g
>

γ + r∗ + 2∆
2∆+ γ

1 +
r∗ − n

∆+ γ − g
> 1 +

r∗

2∆+ γ

r∗ − n

∆+ γ − g
>

r∗

2∆+ γ

This is always satisfied when n is sufficiently small.

12This is a very strong sufficient condition. For relevant parameter values the result will hold even if
r∗ < n+ g.
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∂

∂θ

³v
k

´
=

∂

∂θ

Ã
(m− 1) R

α

γ + r +∆− (δ + n+ g)

!
=

=
1

R

³v
k

´ dR

dθ
−
³v
k

´ 1

γ +R+∆− (δ + n+ g)

µ
−λ+ dR

dθ

¶
=

=
³v
k

´· λ

γ +R+∆− (δ + n+ g)
− dR

dθ

µ
1

γ +R+∆− (δ + n+ g)
− 1

R

¶¸
=

=
³v
k

´· λ

γ +R+∆− (δ + n+ g)
− dR

dθ

µ
(δ + n+ g)− γ −∆

γ +R+∆− (δ + n+ g)

¶¸
Claim 2 In steady state

I

Y
< σ

v

y
=

v̇
y
+ m−1

m

(γ + r +∆− (n+ g))

Substituting into (??),
I

Y
= s− (1− σ) (γ + r + 2∆)

v

y
=

= s− (1− σ)

µ
γ + r + 2∆

γ + r +∆− (n+ g)

¶
m− 1
m

− (1− σ)
v̇
y

γ + r +∆− (n+ g)
=

= σ − (1− σ)
m− 1
m

µ
γ + r + 2∆

γ + r +∆− (n+ g)
− 1
¶
− (1− σ)

v̇
y

γ + r +∆− (n+ g)
=

= σ − (1− σ)
m− 1
m

µ
∆+ n+ g

γ + r +∆− (n+ g)

¶
− (1− σ)

v̇
y

γ + r +∆− (n+ g)

σ − I

Y
=

(1− σ)

γ + r +∆− (n+ g)

µ
m− 1
m

(∆+ n+ g) +
v̇

y

¶
=

= (1− σ)
v
y

v̇
y
+ m−1

m

µ
m− 1
m

(∆+ n+ g) +
v̇

y

¶
=

= (1− σ)
1

v̇
v
+ m−1

m
y
v

µ
m− 1
m

(∆+ n+ g) +
v̇

y

¶
In steady state,

ϕ (�u) = σ − I

Y
=

m− 1
m

(1− σ) (∆+ n+ g)

γ + r +∆− (n+ g)

∂

∂θ

·
∆+ n+ g

γ + r +∆− (n+ g)

¸
=

−λϕ
∆+ n+ g

+
ϕ

γ + r +∆− (n+ g)

µ
∂r

∂θ
+ λ

¶
>

> λϕ

µ
1

γ + r +∆− (n+ g)
− 1

∆+ n+ g

¶
=

Claim 3 Any shock that makes the steady state interest rate rise also raises consumption.
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Proof: The response of consumption as a fraction of GDP to a change in θ is ambiguous.

C

Y
= (1− s) + (1− σ) (γ + r + 2∆)

v

y
=

As θ rises, steady state r falls and depreciation rate on patents falls, so the rate of return on
patents falls as well. On the other hand, v

y
rises

v

y
=

v/k ↑
y/k ↓

In steady state, the k̇ = 0 line can be expressed as

v

y
(1− σ) (γ + r + 2∆) = s− (δ + n+ g)

k

y

Any shock that will make the interest rate fall will raise k
y
and the right hand side will fall.

The left hand side should fall as well. Then consumption falls.

Proof of Proposition 4:
Case (a) Let wt (n) be the present value of receiving the flow payoff πt (n) for as long

the current pool stays valuable, i.e. until the first arrival of a technology that replaces the
pool.

wt (n) =

Z ∞

t

dτλe−λ(τ−t)
µZ τ

t

dse−r̄(s,t) · πs (n) + θe−r̄(τ,t)wτ (n)

¶
(28)

Differentiating,

dwt (n)

dt
= −λθwt (n) + λwt (n) +

Z ∞

t

dτλe−λ(τ−t)
d

dt

µZ τ

t

dse−r̄(s,t) · πs (n) + θe−r̄(τ,t)wτ

¶

= −λθwt+λwt−
Z ∞

t

dτλe−λ(τ−t)πt (N)+rt

Z ∞

t

dτλe−λ(τ−t)
µZ τ

t

dse−r̄(s,t) · πs (n) + θe−r̄(τ,t)wτ

¶
=

= −λθwt (n) + (λ+ rt)wt (n)− πt (n)

Let n ≤ Nj be a technology in a patent pool that includes Nj and let Ut (n,Njt) denote
the expected present value of payoffs to the owner of patent n in a pool that includes patent
Njt. Then, computing this expected value from (19) and (28), we get

Ut (Nf , Njt) = wt (Nf)

Ut (n,Njt) = wt (n)− wt (n− 1) , n = Nf + 1, ..., Njt.

Then, the current value of the patent pool isX
n≤Njt

Ut (n,N) = wt (Njt) .

The aggregate value of all the patent pools in the economy is

Vt =
∞X

N=0

f (N, t)wt (N) = wt (0) · eγt
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Corollary to Proposition 2

V̇t = γVt + (rt + λ(1− θ))Vt −Πt (29)

This expression is the same as (12), except that now the flow rate of depreciation of
patent value is ∆ = λ (1− θ) , which is the flow probability of arrival of a new fundamental
idea.
Case (b)
The owner of fundamental patent gets the entire profit from the pool. Let w̄t (N) be the

expected present value of profits from a patent pool in an industry that currently has N
innovations:

w̄t (N) =

Z ∞

t

dτλe−λ(τ−t)
µZ τ

t

dse−r̄(s,t) · πs (N) + θe−r̄(τ,t)w̄τ (N + 1)

¶
=

=

Z ∞

t

dτλe−λ(τ−t)
µZ τ

t

dse−r̄(s,t) · πs (N) + θz
η

1−η e−r̄(τ,t)w̄τ (N)

¶
, (30)

Differentiating this expression yields

dw̄t (n)

dt
=
³
−λθz η

1−η + λ+ r
´
w̄t (N)− πt (N) =

= (λ (1− θ)− θγ + r) w̄t (N)− πt (N)

The aggregate value of patents equals the total value of all existing patent pools

Vt =
∞X

N=0

f (N, t) w̄t (N) = w̄t (0) · eγt

According to Proposition 2, the differential form of this expression is

V̇t = γVt + (rt + λ (1− θ)− θγ)Vt −Πt (31)

8 Appendix 3: Aggregation of the economy with time-
varying markups

For what follows, we assume that η < 0 and denote ε = |η|.
Step 1 Aggregate production function

Y = Z (t)ϕ (t)KαL1−α

Here Z (t) is defined in (4). We will now derive ϕ (t) in closed form.
Assume that there is a universally known technology z−1with the associated cost function

cz. Then an industry with a fundamental patent and any number of innovations sets the
price p̄ = cz and produces

x̄ = Y (cz)−
1

1−η
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Let l̂ denote the fraction of labor force employed in an industry with N = 0 innovations.
Note that output in this industry is equal to x̄, so that

x̄ = z0kαl̂L.

Let l̄ (N) denote the fraction of the labor force employed in an industry with a fundamental
patent and N innovations (l̄ (0) = l̂). Since all industries with a fundamental patent produce
the same output,

l̄ (N) =
l̂

zN
.

Let l0 (N) denote the fraction of the labor force employed in an industry with N innovations,
but without the fundamental patent. Proof of Proposition 1 shows that

l0 (N) =
l̂

zN
ε

ε+1

Labor market clearing implies that

1 = l̂

Ã ∞X
N=0

ωθNf (N, t)
1

zN
+

∞X
N=0

¡
1− ωθN

¢
f (N, t)

1

zN
ε

ε+1

!
= l̂ · ΣL,

where

ΣL = ω exp

µ
λt
θ

z
− λt

¶
+ exp

µ
λt

1

z
ε

ε+1

− λt

¶
− ω exp

µ
λt

θ

z
ε

ε+1

− λt

¶
Observe that

γ =
λ

z
ε

ε+1

− λ,

|γ| = λ− λ

z
ε

ε+1

< λ

Let

ρ =
λ

z
ε

ε+1

= λ− |γ| ,

κ =
λ

z
ε

ε+1

− λ

z
= ρ− λ

z
> 0

so that
λ

z
= ρ− κ

Then
ΣL = ω exp (−λt+ θ (ρ− κ) t) + exp (− |γ| t)− ω exp(−λt+ θρt) =

= exp (− |γ| t) · (ω exp (−ρt+ θ (ρ− κ) t) + 1− ω exp(−ρt+ θρt)) =

= exp (− |γ| t) · [ω exp {−ρ (1− θ) t− κθt}+ 1− ω exp {−ρ (1− θ) t}] (32)

Aggregate output: in an industry with N innovations and no fundamental patent output
equals

x0 (N) = zNkαl0 (N)L = zN
1

ε+1 x̄
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Aggregate output equals

Y =

Ã ∞X
N=0

ωθNf (N, t) x̄η +
∞X

N=0

¡
1− ωθN

¢
f (N, t) zN

η
1−η x̄η

! 1
η

=

= x̄

Ã ∞X
N=0

ωθNf (N, t) +
∞X

N=0

¡
1− ωθN

¢
f (N, t)

1

zN
ε

ε+1

!− 1
ε

= x̄ · Σ−
1
ε

Y ,

where
ΣY = ω exp (λtθ − λt) + exp (− |γ| t)− ω exp(−λt+ θ (λ− |γ|) t)

The economy converges back to the same steady state13 only if

|γ| > (1− θ)λ⇔

θ < θ̄ =
λ− |γ|

λ
= 1−

µ
1− 1

z
ε

ε+1

¶
=

1

z
ε

ε+1

After some algebra,

λθ + |γ|− λ = |γ|− (1− θ) (ρ+ |γ|) = θ |γ|− (1− θ) ρ

ΣY = exp (− |γ| t) · (ω exp {θ |γ| t− (1− θ) ρt}+ 1− ω exp {−ρ (1− θ) t}) . (33)

Using (32), (33), we can write

ΣL ·Σ1/εY = exp

µ
− |γ| t

µ
1

ε
+ 1

¶¶
· [ω exp {−ρ (1− θ) t− κθt}+ 1− ω exp {−ρ (1− θ) t}]×

× [ω exp {θ |γ| t− (1− θ) ρt}+ 1− ω exp {−ρ (1− θ) t}] 1ε = 1

Z (t)ϕ (t)

It is easy to check that
lim
t→0

ϕ (t) = lim
t→∞

ϕ (t) = 1

Finally, we have for the aggregate production function

Y = Z (t)ϕ (t)KαL1−α.

Step 2 Goods market equilibrium
Using the zero profit condition in the final goods sector

Y =
∞X

N=0

ωθNf (N, t) p̄ · x̄+
∞X

N=0

¡
1− ωθN

¢
f (N, t) p0 (N)x0 (N) =

= z · cx̄ ·
Ã ∞X

N=0

ωθNf (N, t) +
∞X

N=0

¡
1− ωθN

¢ 1

zN
ε

ε+1

!
= z · cx̄ · ΣY

13Otherwise, the economy goes to a different balanced growth path with a permanently lower growth rate
and a larger share of monoploy profits.
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yields

cx̄ =
Y

z · ΣY
. (34)

Step 3 Aggregate monopoly profits and the interest rate.
In an industry with N innovations and a fundamental idea,

π̄t (N) =

µ
z − 1

zN

¶
cx̄,

and in an industry with N innovations and no fundamental patent profit equals

π0t (N) =
c

zN
(z − 1) zN 1

1−η x̄ = c (z − 1) 1

zN
ε

ε+1

x̄

The expression for the aggregate profit is

Πt =
∞X

N=0

ωθNf (N, t) c

µ
z − 1

zN

¶
x̄+

∞X
N=0

¡
1− ωθN

¢
f (N, t) c (z − 1) 1

zN
ε

ε+1

x̄ =

= cx̄

Ã
z · ΣY −

∞X
N=0

ωθNf (N, t)
1

zN
−

∞X
N=0

¡
1− ωθN

¢
f (N, t)

1

zN
ε

ε+1

!
=

= cx̄ (z · ΣY − ΣL)

From (34),
Π

Y
=

zΣY − ΣL

zΣY
= 1− 1

z

ΣL

ΣY

lim
t→0

µ
Π

Y

¶
= 1− 1

z

lim
t→∞

µ
Π

Y

¶
= 1− 1

z

Share of capital: Share of monopoly profits now varies over time. Let

m (t) =
zΣY

ΣL

Then,
RK = α (Y −Π) =

α

m (t)
,

WL = (1− α) (Y −Π) =
1− α

m (t)
,

Step 4 Aggregate value of fundamental patents
The time t profit in an industry with a fundamental idea and N innovations equals

π̄t (N) =

µ
z − 1

zN

¶
cx̄ =

1

z − 1
µ
z − 1

zN

¶
· π̄t (0)

The value of a fundamental patent in this industry equals the present value of profits for as
long as the patent pool is not replaced, so it obeys (28):

w̄t (N) =
1

z − 1
µ
z − 1

zN

¶
· w̄t (0) ,
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dw̄t (0)

dt
= −λθw̄t (1) + (λ+ r) w̄t (0)− π̄ (0) =

= −λθz + 1
z

w̄t (0) + (λ+ r) w̄t (0)− π̄ (0) .

The aggregate value of fundamental patents equals

V̄t =
∞X

N=0

ωθNf (N, t) w̄t (N) = w̄t (0) ·
∞X

N=0

ωθNf (N, t)
1

z − 1
µ
z − 1

zN

¶
=

= w̄t (0) · ω

z − 1
³
ze−λ(1−θ)t − e−λt+

λ
z
θt
´

We do not have a differential equation for V̄ , but it can be expressed through w̄t (0) which
depends only on aggregate variables:

dw̄t (0)

dt
= −λθz + 1

z
w̄t (0) + (λ+ rt) w̄t (0)− (z − 1)Y

z · ΣY

Step 5 Aggregate value of non-fundamental patents. Similarly to step 4,

V 0
t =

∞X
N=0

¡
1− ωθN

¢
f (N, t)w0t (N) =

= w0t (0)
∞X

N=0

¡
1− ωθN

¢ · f (N, t)
1

zN
ε

1+ε

= [from (32)] =

= w0t (0) · e−|γ|t
¡
1− ωe−ρ(1−θ)t

¢
.

The expression for w0t (0) obeys (10) and also depends only on aggregate variables

d

dt
w0t (0) = (λ+ rt)w

0
t (0)−

(z − 1)Y
z · ΣY

Step 6: The saving function.
We need to compute depreciation rates on fundamental and non-fundamental patents.

For the fundamental patents, depreciation rate is not going to be constant over time, because
the expected growth rate of profits from the pool is not constant over time. One way to
proceed is to leave the saving function unchanged. Overall we should have a system of
three first-order non-autonomous differential equations for K, w0 (0) and w̄ (0) satisfying the
following conditions:

K̇ + δK + V̇ +∆V = σ
³
Y + V̇ +∆V

´
Y = Z (t)ϕ (t)KαL1−α

Vt = V 0
t + V̄t

V 0
t = w0t (0) · e−|γ|t

¡
1− ωe−ρ(1−θ)t

¢
V̄t = w̄t (0) · ω

z − 1
³
ze−λ(1−θ)t − e−λt+

λ
z
θt
´

d

dt
w0t (0) = (λ+ rt)w

0
t (0)−

(z − 1)Y
z · ΣY
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dw̄t (0)

dt
= −λθz + 1

z
w̄t (0) + (λ+ rt) w̄t (0)− (z − 1)Y

z · ΣY

The ideas stay fundamental only temporarily, so in the long run, m = z and ∆ = λ

V̇ = (− |γ|+ r +∆)V − m− 1
m

Y

K̇ = σY − δK − (1− σ)
³
V̇ +∆V

´
= sY − δK − (1− σ) (γ + r + 2∆)V (35)

Using detrended variables,

k̇ = skα − (δ + n+ g) k − (1− σ) (− |γ|+ r + 2∆) v

v̇ = (γ + r +∆− n− g) v − m− 1
m

kα

The v̇ = 0 and k̇ = 0 loci are given by

v̇ = 0: v =
m−1
m

kα

(γ + r +∆− (n+ g))

k̇ = 0: v =
skα − (δ + n+ g) k

(1− σ) (γ + r + 2∆)

Step 7: Setting up the boundary value problem. Detrend the variables so that they
converge to stationary values in the long run. In particular, let

U0 (t) = w0t (0) · e−|γ|t,

u0 (t) =
U0 (t)

Z
1

1−α
t Lt

=
w0t (0) · e−|γ|t

Z
1

1−α
t Lt

.

u̇0
u0
=

U̇0
U0
− (n+ g) =

ẇ0

w0
− (|γ|+ n+ g) = (λ+ rt − (|γ|+ n+ g))− (z − 1)

z · ΣY

Y

w0
=

= (λ+ rt − (|γ|+ n+ g))− (z − 1)
z · ΣY

Y

u0 · Z
1

1−α
t Lt · e|γ|t

.

This yields our first differential equation:

u̇0 = (λ+ rt − (|γ|+ n+ g)) · u0 − (z − 1)
z · ΣY · e|γ|t · y. (36)

The aggregate value of non-fundamental patents can be computed from from u0:

v0 = u0
¡
1− ωe−ρ(1−θ)t

¢
.

Since fundamental patents gradually disappear in the long run,

lim
t→∞

u0 (t) = lim
t→∞

v0 (t) = v∗.

Next, for fundamental ideas, define

ū (t) =
w̄t (0) · e−|γ|t

Z
1

1−α
t Lt
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with
dū

dt
=

µ
−λθz + 1

z
+ λ+ rt − (|γ|+ n+ g)

¶
ū− (z − 1)

z · ΣY · e|γ|t · y (37)

and

v̄ =
V̄

Z
1

1−α
t Lt

= ū
ω

z − 1
³
ze|γ|t−λ(1−θ)t − e|γ|t−λt+

λ
z
θt
´
.

In the long run, ΣY · e|γ|t → 1, ū → ū∗, v̄ → 0 and u0 → v∗. Therefore, from (37), the
boundary condition for ū is

lim
t→∞

ū (t) = ū∗ =
(z − 1) /z · y∗

−λθ z+1
z
+ λ+ r∗ − (|γ|+ n+ g)

> 0.

Let
v = v̄ + v0

be the (detrended) current aggregate value of all ideas.
It is left to derive the law of motion for the capital stock. Combining

V̇

V
=

v̇

v
+ n+ g

and
K̇

K
=

k̇

k
+ n+ g = σ

Y

K
− δ − (1− σ)

Ã
V̇

K
+∆

V

K

!
=

= σ
y

k
− δ − (1− σ)

µ
v̇

v
+ n+ g +∆

¶
v

k

gives the last differential equation14

k̇ = σy − (n+ g + δ) k − (1− σ) (v̇ + n+ g +∆)v. (38)

We solve the boundary value problem for three differential equations, (36), (37) and (38),
with three boundary conditions

k (0) = k∗,

u0 (∞) = v∗,
ū (∞) = ū∗.

14In the long run,

v̇ + (n+ g) v → u̇0 + (n+ g)u0 = (λ+ r − |γ|)− z − 1
z

y

and then, the above expression turns into (compare to (18))

k̇ = sy − (n+ g + δ) k − (1− σ) (λ+ r − |γ|) v.
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