Sequences in R

We know examine some special properties of sequences when S = R. Most
of them will be easy generalized to R", as we will see later. We start with a
proposition that simplifies the calculus of limits a lot.

Proposition 1 Consider two sequences {x,} and {y,} in R such that x, —
xg and y, — yo. Then

(Z)xn + Yn — To + Yo

(18)Tn — Yn — To = Yo

(161)nyn — ToYo

(w)If yo # 0, then T» — 2

Proof.
We will prove just (i) and (iii), and leave (ii) and (iv) as an exercise.
(i)Fix € > 0. We need to find N such that for alln > N, [(zn+yn)—(zo+yo)| < €.
By the convergence of {z,} and {y,}, we have that
there exists Ny € N, such that for all n > Ny, |z, — xo| < §
and there exists Ny € N, such that for all n > N, |y, — yo| < 5
Then, choosing N > max{Ny, N2}, we have that, for all n > N

Ty — 20| + [Yn — Yol
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[(@n +yn) = (20 +90)| <
<

(iii)Fix € > 0. We need to find N such that for all n > N, |x,yn — Zoyo| < €.
Since {x,,} converges, we know that is bounded, so there exists K s.t. |z, | < K.
By the convergence of {z,} and {y,}, we have that

there exists N1 € N, such that for all n > Ny, |z, — zq| < % (If yo = 0, then
it is enough to make |z,, — x¢| < C, with C any positive real number)

and there exists No € N, such that for all n > Na, [y, — yo| < 5%

Then, choosing N > max{N;, N2}, we have that, for all n > N
|xnyn - xoyo‘ < |xnyn - xny0| + |-Tny0 — .’L‘0y0|
= |znllyn — yol + [Yol|zn — @0l
< Ko+ lyol5—

]

In R (as in R™) Cauchy sequences (see definition ??)converge. This is a particu-
larly important result since the definition of Cauchy sequences does not involve
a priori knowledge of the limit, therefore the next proposition allows us to prove
that a sequence converges without knowing the limit.

Proposition 2 A sequence {x,} in R has the Cauchy property iff it converges.
Proof. To be added m



