Constrained Optimization

We start first with the problem of equality constraints.

Theorem 1 Suppose that there is an objective function f : R™ — R and a
collection of functions that define constraints g; : R — R, i = 1,....m. We
want to solve the following problem:

max  f(z)

st. qi(z)=0
g2(x) =0
gn(2) = 0

If ©* is a solution to the problem, then there exists numbers A, ..., Ay, such
that
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Remark 2 The previous theorem gives us a way to look for local maxima. We
need to find x7,...,x%, that together with A1, ..., A\, (also called the Lagrange
multipliers) satisfy the conditions in (1). These n conditions, plus the m con-
ditions from feasibility g;(x*) = 0 give us m + n equations to find the m +n
unknowns (n variables z; and m multipliers \; ).

Example 3 1.Consider a typical problem in economics, a consumer that mazx-
imizes utility subject to a budget constraint, for example

max  aln(xy) + Bln(xzs) + vin(xsz)

Z1,T2,T3

st. pix1 +paro +p3xzs < W

Since the utility function adn(x1) + Bln(x2) + vin(xs) s strictly increasing
in each variable, we know that any solution (x7, x5, x%) will have p1x] + pexs +
psxs = W, so we can replace the previous problem by

max  aln(z1) + Bln(zz) + yin(zs)

Z1,22,T3

s.t. P11 +p21‘2 +p3x3 =W

This correspond exactly to the framework of our theorem, withn =3, m =1,
f(x1, 22, 23) = adn(x1) + Bln(z2) +vin(zz) and g1 (1, 22, 23) = p171 + P2z +
pP3Ts — w.

The conditions in (1) then become
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We get then
. o}
oy = (2)
« B
b2y = )\*1 (3)
* i
b3tz = )\*1 (4)

The fourth equation comes from feasibility, so we have

p12] + poxs + p3zy =W (5)
Substituting (6) — (8) into (9) we get 5= + /\% + 5= = W, which gives A\ =
%ﬁﬂ. Substituting this last expression back into (6) — (8) we get

o aW

! pi(a+ 8+7)
I BW

? pa(a+B+7)
. YW

8 ps(la+ B +7)

Now we provide numerical examples of the problems covered above.

Example 4 1.Consider a typical problem in economics, a consumer that mazx-
imizes utility subject to a budget constraint, for example

max  2ln(xzy) + In(xza) + 5ln(xs)

Z1,22,T3

s.t. T 4 229 +4a3 <1

Since the utility function 2in(z1) + In(x2) + 5ln(xs) is strictly increasing in
each variable, we know that any solution (z7, x5, x3) will have x5 + 2x5 + 4dah =
W, so we can replace the previous problem by

max  2in(x1) + In(z2) + 5ln(zs)

Z1,22,T3

s.t. T 4 229 +4a3 =1



This correspond exactly to the framework of our theorem, withn =3, m =1,
f(x1, 22, x3) = 2In(xy) +in(z2)+5in(xs) and g1 (1, X2, x3) = x1+2x2+4x3—1.

The conditions in (1) then become
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We get then
. 2
ry = )\71 (6)
. 1
2z; = )\71 (7)
. 5
4%‘3 = )\71 (8)

The fourth equation comes from feasibility, so we have

] + 225+ 4 =W (9)
Substituting (6) — (8) into (9) we get & + )\% + /\% = 1, which gives A1 = 8.
Substituting this last expression back into 66) — (8) we get
x] = 2
o
x5y = 1
> 16
Ty = >
ST 32

For the analysis in the previous theorem to be correct, there is one more
condition that has to be satisfied, usually referred to in the literature as the
qualification constraint. This condition is in general satisfied in the typical
problems in economics, as we will show in the examples.

Definition 5 The qualification constraint is satisfied at the “candidate point”
x* iff the matriz

9g1(z") 9g1(z™)
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is of rank M .

Notice that the matriz has M rows (one for each constraint) and N columns
(one for each variable). Then the only interesting case is when M < N, so the
variables are not completely determined by the constraint and it is really possible

to maximize.

Example 6 1.Consider any problem of consumer maximization, that is

rr;ax u(xlax%"wxn)
st. pix1+pexo+ ...+ ppry =W
Then, M=1 and the condition to check is that the matriz

[P1p2...pn)

is of rank 1. That is equivalent to check that the matriz does not have only 0s.
Since the price vector is usually strictly positive (if not, the consumer would de-
mand an infinite amount of some goods), the qualification constraint is satisfied.

2.Consider two agents with utility u;(z,y) = aln(z) + Bin(y). The total
endowment in the society of good x is  and of good y is y. The problem of
finding the Pareto Optimal allocations in this economy can be formulated as

max aln(z1) + Bin(yr)

Z1,Y1,%2,Y2

s.t. aln(xs) + Bln(ys) > u
xr1+ a9 = T
Yy1+y2=Yy
Since the objective function is strictly increasing in each variable, it is easy
to see that at any mazximum, the first constraint will be satisfied with equality,

so we can write

max aln(z1) + Bin(y)

1,T2,Y1,Y2
s.t. aln(xs) + BlIn(y2) =
T1+2T2=12
yity2=9

In this case, M = 3 and N = 4 (the variables are x1,y1,22,y2). The
condition to check is that at any candidate point (z7,y7, x5, y5) the matriz
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has rank 3. This is verified since for any x3,y5, the quantities 2= and yﬁ are
2 2

strictly positive.
We now provide numerical examples
Example 7 1.Consider a problem of consumer mazximization, for example
max [n(z1) + 3in(zz) + In(x3)
szt 2x1 + bxo + x3 = 87

Then, M=1 and the condition to check is that the matriz

251]

s of rank 1, which is trivially satisfied.
2.Consider two agents with utility w;(z,y) = 9In(z) + 10ln(y). The total
endowment in the society of good x is T8 and of good y is 86. The problem of

finding the Pareto Optimal allocations in this economy can be formulated as

max a9ln(z1) + £10In(y;)

Z1,Y1,T2,Y2
s.t. a9in(zz) + F10In(y2) > 4
I + T2 = Z_8
Y1+ y2 =86

Since the objective function is strictly increasing in each variable, it is easy
to see that at any mazimum, the first constraint will be satisfied with equality,

so we can write
max 9ln(xz1) + 10in(y1)

x1,22,Y1,Y2

s.t. 9In(z2) + 10In(y2) = @
T+ 19 =78
Y1+ y2 = 86

In this case, M = 3 and N = 4 (the variables are x1,y1,22,y2). The
condition to check is that at any candidate point (x7,y;, x5, ys) the matric
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T3 Y3
1 1 0 O
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has rank 3. This is verified since for any x%,y5, the quantities % and 11/—9 are
2 g2

strictly positive.



