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Lecture 8*

1 Huggett’s Model

Let the consumer preferences be given by

> Bluler)
t=0

We consider income as a random variable w (s;) over the finite state space S =
{31, e sN} taking values respectively {wl, e ,wN}. We consider the stochastic
process s; to be a Markov process with transition probability over S given by

ftij = prob (si41 = s7|s; = ')

this transition probability also gives us the fraction of the population subject
to St = s7 given s; = s*. This second interpretation of i enables us to see how
in this model there is no aggregate risk since the total income of the economy is a
constant and given by the value

wo = Z Z Higw (Sj) )\z (Sl)

where with A we denote the stationary probability distribution associated with
. To get this result of no aggregate uncertainty we need to assume particular
correlation between the individual shocks, to illustrate this consider the following
example with an economy with a continuum of individuals characterized by a
parameter ¢ and by the realization of the random variable k& uniformly distributed
over the interval [0, 1]; endowment for each individual will take only two values
(w1, w2) determined by the realization of k as follows: if i € [k, k+ %] and if k < %
then the individual receives wiand all others receive ws; also if ¢ € [k:, k— %] if
k> % the individual receives wsy as all the others receive w;. We observe that for
any value of ¢ the individual receives w1 and we with probability % If now we look
at the aggregate endowment of the economy we have

k‘-}—% 1 k 1 1
/ widi —I-/ wodi —I-/ wodi = —w1 + —ws
k k1 0 2 2

we notice how this value is independent of the realization of the variable k .
Going back to the original model we have the following house hold problem

maxzt: Z: 7 (st) Bl (ct (st))
s.t. Z tht (st) [ct (st) —w (st)] <0

*These notes are prepared by Laurence Ales, Roozbeh Hosseini and Miguel Ricaurte. They
are preliminary and possibly contain errors. Comments and feedback are welcome.




A competitive equilibrium will be given by an allocation {¢;};°, and a price
system {g¢};o, such that the above household problem is solved, the firm first
order condition are satisfied and market clears, that is

Z p(s) e (sh) = Z,u (s") w(se), WVt (1)
st st
If we consider a social planner problem for this economy we would have
maxz Z Btu (st) U (ct (st))
t st
s.t. Z (s e (sh) = Z p(s)w(se), vt

Note how there exist a price system and allocations such that the two problems
are equivalent, in particular take

a: (s") B (s'),
ct (st) = Zt,u (st) w(sy) = w

Then we claim that the above allocations solve the planner problem, to see this
from the planner problem FOC we get

Bl (sh) ' (e (s) = A (')
— )\Btu (st)

so that v’ (Ct (st)) = ) so we have constant values for the consumption levels.
Notice now, how the only constant consumption stream that satisfies the household
budget constraint is given by ¢ = %

We now write a recursive formulation for the above problem. We will allow
households to accumulate assets a (s¢+1|st), that determine the number of units
of assets that pay one unit of consumption contingent on the state s;41|s;. Our
dynamic programming problem will be given by

v(a,s) = max {u (c) + ﬂzu (s]s") v (a(s]s) ,s')} ’ (2)
s.t. c+Zq(s’|s)a(s’|s) <w(s)+a,

a(s'|s) > —¢.

Our dynamic programming problem will be characterized by the following ob-
jects: v (a,s) : R* — R value function; c¢(a,s) : R? — Ry, g(a,s) : R2 — R"
policy functions; ¢ (s'|s) : R> — R pricing kernel. So far we are considering our
model in a complete market framework, where the households can insure against
any possible realization of the random variable s, looking at the assets in this case
we are assuming that the payoff matrix has full rank (INSERT EXAMPLE??).
To characterize the stationary equilibrium we also introduce a probability distri-
bution over the state space A (a, s) that will determine the fraction of households
with given asset holding a in state s (note that we are also assuming that the
set of possible asset holding is finite). A stationary recursive competitive equilib-
rium (stationary equilibrium in brief) is determined by a value function, policy
functions, prices and equilibrium distribution such that



1. v(a,s), c(a,s), g(a,s) solve the dynamic programming problem given in
(77);

2. market clears
ZZA(a,s)c(a,s) = ZZw(s))\(a,s)

so that aggregate consumption equals aggregate output, we also impose mar-
ket clearing for each individual asset

ZZ)\(G,S)GZO Vi=1,...,n,

or

ZZ)\(a,s)gi(a,s):O Vi=1,...,n,

where g; is the i-th component of g, also

S Aas) = 3 ulsls ) sa),

where v (s_1) is the invariant distribution associated with p;

3. )\ is a stationary distribution over the state space, that is

A (a’,s') = ZZ)\ (a,s)1 (a/,sl,a, s) 1 (S/|S) ,

where I (a',s',a,s) =1if g (a,s) = a’ and zero otherwise.

If now we consider s and a taking a continuum of values, then A\ will be a
stationary distribution over .S if

Ai ([—o,a)) =/ /)\i (da) i (ds), Vi,Va € S.
where \; ([—¢,a]) (the i-th component of \) denotes the mass of people with

asset holding of asset 7 in the interval [—¢,a], and A; (@) = {a, s|g; (a,s) < a}; In
this setting the market clearing condition has to be rewritten as

/a/sc(a,s)A(da)u(ds) :/SW(S)M(dS).

The equilibrium will be characterized by the following prices and allocations
c = /w(s)u(ds):w,
’ u /
q(s|s) = ﬂui = Bu (3|s).



Assets holdings will be determined by the following relation a + w(s) = w
for every value of s; note how each household will hold the same portfolio that is
(assuming N households)

ay = w—w(N),

so that the stationary probability distribution will take values \; (a;) = 1 if
a; = ai,...,ay and zero otherwise. Then we can rewrite the problem as

v(a,s) = max {u(c) + 52“ (s]s) v (a' (5']s) ,3’)} ’ (3)
s.t. c—I—Zq(s'\s) d (s']s) < w.

That is a problem where all households start off with the same wealth and
confront the same price. Then they will choose the same portfolio allocation,
so that each household will choose complete insurance. Hence the equilibrium
allocation is the same as in the planning problem. Note that this result depends
heavily on the assumption that the state you observe is public information and
that the probability of each state cannot be altered (household are price takers)

We now embed the above framework in a growth model. The uncertainty
will be given by shock to the labor endowment [ (s); aggregate labor will be at a
constant level given by L = 3" 11 (s) [ (s) ; also we introduce an aggregate produc-
tion function given by F' (K, L). The dynamic programming problem faced by the
households will be given by

v(a,s) = max{u(c)+ﬁzu(3/|s)v(afvsl)} (4)
s.t. C+Zq(s/]3)a(5/) <wl(s)+a(l+r).

a(s'ls) = —o (5)
Firms solve the following
max{F (K,L) — 7K —wL}
with FOC given by

7 = Fg(K,L),
w = FL(K,L)

where r = 7 —¢§ and ¢ the depreciation rate. A stationary recursive equilibrium
will be a set of functions v (a, s), ¢(a, s), g (a,s), ¢(s'|s) a probability distribution
A (a)and real numbers w, r, K, L such that:

1. v(a,s), c(a,s), g(a,s) solve the household problem;

2. )\ is a stationary distribution;



3. w,r,d solve the firm FOC;
4. [ [ A(da)p(s) = K.
XXXXXInset Representative HH and 1st welfare considerationsXXXX

We now begin studying incomplete market models; In this framework we will
consider a single asset available to households in order to smooth their consump-
tion. We will modify the household problem described in equation (?7?) to the
following

v (a, s) :max{u(c)—i—ﬂzlu(s/’g)v(a/’gl)} (6)

s.t. ct+ad <wl(s)+a(l+r)
a > —¢.

as a technical assumption we set [ (s) > 0, in other words we assume that there
exists B > 0 such that [ (s) > B for all s. In order to assure that the household
can always repay the debt we consider the natural debt limit of

We observe that the Lucas model can be viewed as a particular case of the
above by setting r = 0 and ¢ = 0.

We define a stationary equilibrium as a collection of functions v (a, s), ¢(a, s),
g (a, s) a probability distribution A (a) and a real number r, such that

1. v(a,s), c(a,s), g(a,s) solve the household problem;

2. A(] = [aiay s Mi (da) pu(s), Vi, VaeS.
(where A( ) = {a75|9i (a,8) <d'})

3. [,2scla,s)dM(a) p(s) =wdo L(s)u(s)

we could also consider market clearing for the asset given by

[ ot @ue) = [an@+n=o

but this condition would be redundant due to Walras law.

An algorithm to compute an equilibrium for this economy would proceed as
follows:

1. guess a value for 7;
2. guess a value for vy and perform value iteration;

3. determine the optimal policy functions after convergence of the value func-
tion;



4. determine the stationary distribution as a fixed point of condition 2 in the
above definition;

5. check market clearing condition, if not satisfied return to step 1;

X XXX Missing consideration on market clearing condition XXXX

In order to characterize the equilibrium we could proceed in an alternate way
by looking at the FOC and envelope condition, from (??) we have

v (c(a,s)) = 6(14‘7’)2/1,(8/)1)1 (d,5)

v1(a,s) = u'(c(a,s))
so that
' (a(1+r)wl(s) —g(a,s)) =
= ﬂ(l—l—r)Zu(s')u'(g(a,s)(l—i—?")—i—wl(s/)—g(g(a,s),s'))

that gives us

u' () = B(1+7)E [u (cr41)] (7)

suppose now (14 r) > 1 then v’ (¢;) > E [t/ (¢i41)] this case will not lead to
any equilibrium in fact we will also have v’ (¢;41) > F [t/ (¢142)] so that E [u' (¢i42)] >
EW (cs3)] > - ...
summarizing, we will have u' (¢;) — oo as t goes to infinity, but then we would
have a; — oo violating the condition on the natural debt limit

suppose (1 +r) = 1 we will see that also in this case there cannot be any
equilibrium (in contrast with the complete market case) suppose in fact there exist
amax Such that a < apmax in every time. We would then have (substituting envelope
condition in (??) ) that

v (amax (1 +7) +wl(3)) = B(1+7r)E [v’ (@max (1 4+ 7) + wl (S))] (8)
> 0 (Gmax (1 +7) + wl (3))

thus reaching a contradiction under the further assumption that v is concave
and that [ and ¢ is increasing in s. By the previous discussion we then conclude
that if an equilibrium exists we must have 5 (1 +r) < 1.

We now give a proof of existence of equilibrium in the incomplete market case.
We will consider the household problem described in equation (?? ) in the case
where s can take a continuum of values. Also note that if we considered the model
proposed by Bewley-Aiyagari where the individual asset available to households is
to be interpreted as physical capital, then condition 3 in the definition of stationary
equilibrium should be replaced by the following

3’ w and r are given by the firm FOC

w = F (K,/l(s)d,u(s))
r o= e (K [1du0) -



for market clearing condition
[ [s@sir@ants) =k,
together with

//[c(a,s)+g(a,s)]d)\(a)du(s):F<K,/l(s)d,u(s)> F1-0)K

Going back to the sketch of the proof we will have the following steps:

Step 1:

From the dynamic programming problem we derive g (a, s;7) (which implicitly
depends on 7) that induces a Markov process for a.

Step2:

We want to show that the probability distribution determined by g converges
to A (a,r), stationary distribution, as ¢ goes to infinity that is

>\t ((1, T, aO) — A (CL, ’l”) VCLO,

we now want to verify if market clears

/atd)\t (at,r,ap) — /ad)\ (a,r) = 0.

From equation (??) define M; = 3 (1 +r) 4 (c;) so that we rewrite (??) as

E Mg —M]<0

we observe that M; is a supermartingale. By the supermartingale convergence
theorem if the above holds My converges in distribution to a non negative random
variable: M; — X (M). This implies that ¢; converges, so that a; — A (a).

Step 3:

By theorem 12.13 of SLP we obtain A continuous in r given g (a, s;r) is con-
tinuous in r. We now call E[a|lr] = [ad)(a,r); the next step is to show that
E [a|r] < 0 for small values of r and that E [a|r] > 0 for large values of r.

Step 4:

We show that E [a|r] < 0 for r small; consider » = —1 then by looking a the
dynamic programming problem in (??) we observe that ' = —¢ since there will
be no incentive in repaying the debt.

Also we have F [a|r] > 0 for r large; to see this consider a value of r such that
B (1 + ) then, as we have seen before ¢; — oo and also a; — oo.

We can now conclude the proof by using intermediate value theorem, that is
there exist a value of r such that E[a|r] = 0. Note that this does not imply
uniqueness, so we could have multiple equilibria.

We conclude by characterizing the equilibrium. From (??) we consider the
ii.d. case



o (a,5) = max {u (0) + 8 / (o) di (s’)} (9)

st.  c+d <wl(s)+a(l+r)
a > —¢.

we now introduce a new variable, defined as the disposable wealth, z = wl (s)+
a(1+r)+ ¢. We can then rewrite (?77) as

v(z) = max{u(z—a'—cb)+B/S/U(a'+¢+ra'+wl(5))dﬂ(3/)}

s.t. c+ad +o<z
d=wl(s)+d (1+r)+¢

note that we do not consider anymore s as a state variable.

We now show that if 8 (1 + ) = 1 then g (z) > z for all z so that there cannot
be any equilibrium; suppose not, then exists a value of the wealth 2z such that
9 (Zmax) = Zmax; following the same procedure as for equation (??) from first order
and envelope condition we obtain

v’ (Zmax) = FE [U/ (zmax + Qb + rZmax + wl (5))]
> v (Zmax + @ + T2max + wl (5))

> v (Zmax)

As before in order to obtain an equilibrium, we must have g (1+47r) < 1.
Recall that in the complete market framework (14 r) = 1 was an acceptable
value for equilibrium, thus in Aiyagary and similar incomplete market models we
would obtain an equilibrium value of r that is lower than the analogous in the
complete market case, this will also imply that the levels of capital stock will be
strictly bigger in presence of incomplete markets, this is so because you can’t have
insurance for all possible states, thus household tend to accumulate k.



