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Abstract

Recently, economists have developed methods for structural estimation of auction models. Many
researchers object to these methods because they find the strict rationality assumptions to be implausible.
Using bid data from first-price auction experiments, we estimate four alternative structural models: 1)
risk neutral Bayes-Nash, 2) risk averse Bayes-Nash, 3) a model of learning and 4) a Quantal Response
model of bidding. For each model, we compare the estimated valuations and the valuations assigned to
bidders in the experiments. We find that the risk aversion model is able to generate reasonable estimates
of bidder valuations.
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1 Introduction

The use of structural econometric models in empirical industrial organization research has become increas-
ingly common. In particular, the empirical analysis of auction data has been transformed by these methods.
As pointed out in the influential survey of Laffont and Vuong (1996), auction models appear especially
well-suited for structural estimation “...because of the availability of many data sets and the well-defined
game forms associated with auctions.” In a structural auction model, the economist estimates bidders’
reservation values. Given these estimates, one can then study policy counterfactuals, such as changes in

reservation price policy and auction format.”

Despite the introduction of powerful new methods to estimate these models, many applied researchers
are not comfortable with the strict rationality assumptions imposed in the econometric analysis. This
skepticism is not without merit. The structural approach is based on three strong assumptions. The first is
that bidders’ goal is to maximize their expected utility. Second, bidders are able to compute the relationship
between their bid and the probability of winning the auction. Third, given their beliefs, bidders are able
to correctly maximize expected utility. Even the most ardent supporter of equilibrium behavior might be

concerned about imposing such a sophisticated model of behavior in an empirical application.

In the field, it is typically difficult to detect whether bidders are behaving rationally. A number of

2 The literature on structural estimation of auctions began with Paarsch (1992) who estimated parametric models of private

and common value first-price auctions. The ensuing literature is too large to cite completely here. However, a sampling of
papers that structurally estimate first-price auction models include Donald and Paarsch (1993,1996), Elyakime, Laffont, Loisel and
Vuong (1994), Guerre, Perrigne and Vuong (2000), Flambard and Perrigne (2001), Campo (2001), Campo, Guerre, Perrigne
and Vuong (2000) and Hendricks, Pinkse and Porter (2002).



papers attempt to test necessary conditions for rationality. For example, Guerre, Perrigne and Vuong (2000)
demonstrate that, in principle, one can test whether the bid function is increasing which is a necessary
condition for rationality in private values models.> In the field, however, such tests are rendered less

powerful by the presence of omitted variables and possible misspecification of the model.

In the field, our ability to test sufficient conditions for rationality in first-price auctions is also limited.
Some researchers have compared estimates of bidder markups in auctions to actual markups by exploiting
accounting data.* If the estimated and actual markups were equal, this would be close to a sufficient
condition for rationality. While such tests are informative, measures of bidders’ private valuations based on
accounting data are likely to be imperfect. Accounting costs often do not correspond to economic notions
of cost. Moreover, accounting data on markups in auctions is rarely available, making it difficult to test

sufficient conditions for rationality in most applications.

In summary, our ability to verify or reject bidder rationality is imperfect in empirical applications.
Hence, in most applications, the strong rationality assumptions of structural auction models will be iden-
tifying assumptions. Moreover, nonparametric structural models of auctions are often just identified, as
we can often perfectly rationalize observed bids with an appropriately constructed model (see Elyakime,
Laffont, Loisel and Vuong (1994), Guerre, Perrigne, Vuong (2000) and Campo, Guerre, Perrigne, Vuong
(2000)). To some skeptical researchers, the fact that the theoretical model has few testable implications

may limit the usefulness of structural auction models.

In this paper, our goal is to assess whether structural models of first-price auctions can generate reason-

Hendricks, Pinkse and Porter (2003) conduct a similar test.

See, for example, Bajari and Ye (2003) in the first-price procurement auction context or Hortagsu and Puller (2004) in multi-unit
auctions for electricity generation. Related papers by Genesove and Mullin (1998) and Wolfram (1999) compare markups estimated
using Cournot competition assumptions to markups obtained using cost data.
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able estimates of bidders’ private information. We structurally estimate first-price auction models using
data from laboratory experiments. An advantage of laboratory experiments, compared to field data, is that
bidder valuations are known. Therefore, we can directly compare our estimates of the structural parameters
with valuations assigned to bidders in the experiment. This exercise will allow us to directly test whether a
structural model can correctly recover bidder valuations at least in an experimental setting. Observing both
the bids and the valuations leads to many more overidentifying restrictions and much greater power when

testing the theory.

We structurally estimate four alternative first-price auction models using bidding data from the exper-
iments of Dyer, Kagel, and Levin (1989). The four models we estimate are: 1) risk neutral Bayes-Nash,
2) risk averse Bayes-Nash, 3) an adaptive model of learning, and 4) Quantal Response Equilibrium (QRE).
In order to assess which model generates the best estimates of the structural parameters, we measure the
distance between the estimated and true valuations. We chose to use the Dyer, Kagel, and Levin experiment
since the number of bidders varies, which, as we shall discuss in the paper, is required for the identification

of some of the models.

We begin by estimating the risk neutral Bayes-Nash model using the nonparametric methods suggested
by Elyakime, Laffont, Loisel and Vuong (1994) and Guerre, Perrigne, Vuong (2000). This method involves
two steps. First, the economist nonparametrically estimates the distribution of bids. Second, the economist
uses a bidder’s first order conditions to recover the valuation. Since the valuations are controlled for in the
experiment, we can compare structural estimates of the bidder valuations to the true valuations. Because
these methods are nonparametric, prior knowledge of the parametric family of the distribution of valuations

is not required for this comparison.



Next, we nonparametrically estimate a model in which bidders are risk averse. We consider the sym-
metric constant relative risk aversion (CRRA) model of Holt (1980), Harris and Raviv (1980) and Riley
and Samuelson (1981). In first-price auction experiments, observed bids are often found to be greater than
the Nash equilibrium bids. Cox, Smith and Walker (1983a,b;1985a,b;1988) suggest that risk aversion is a
potential explanation to “overbidding” in first-price auction experiments. The method we use builds on a

technique proposed by Campo, Guerre, Perrigne, Vuong (2000).

The first two models we examine are all fully rational models that impose Bayesian Nash equilibrium
behavior. Since many economists are skeptical of the rationality assumptions used in structural modeling,
we also estimate two models where bidders are not perfectly rational. Our first “less-than-rational” model
allows for adaptive learning. In this model, bidders do not have rational expectations regarding their
competitors’ bidding behavior. Instead, we assume that bidders beliefs about the distribution of bids are
formed based on previous rounds of the experiment. Bidders then maximize expected utility given these
beliefs. We assume that bidders’ beliefs are formed using standard tools for nonparametric estimation
of distributions. This approach is inspired by Sargent (1993), who considers models where agents form
beliefs like an econometrician forms beliefs. Similar approaches have been used in Bray (1982), Marcet
and Sargent (1989) and Cho and Sargent (1997). We implement the Sargent approach since it is the only
approach we are aware of that generates an econometrically tractable specification for learning in first-price

auction games.’

The second “less-than-rational” model is McKelvey and Palfrey’s Quantal Response Equilibrium (QRE).

5 It is important to note that the spirit of the analysis in Sargent (1993) and the majority of the learning literature differs from this

exercise. Here, we form an econometric estimator using these theories. The literature tends to be concerned with theoretical
properties of models where agents look backwards to form beliefs, such as whether standard equilibrium concepts can be supported
as limiting behavior in a model with learning.



The QRE model generalizes rational models of behavior in games by allowing a logit error term to influence
players’ decisions in the spirit of discrete choice models. Following McKelvey and Palfrey’s original paper,
the QRE model has quickly gained a large degree of popularity among experimental economists due to its
ability to fit a large amount of previously puzzling experimental data through a low-dimensional relaxation
of the benchmark Nash equilibrium model.® Goeree, Holt, and Palfrey (2002) apply the QRE framework
to an auction setting. They report that a model in which bidders have a common risk aversion coefficient,
along with the QRE concept adapted to an incomplete information setting, provides a good explanation to
the overbidding phenomenon. We develop a simple maximum likelihood procedure to estimate a symmetric

QRE model with risk aversion after making parametric assumptions on the distribution of valuations.

We find that the symmetric CRRA Bayes-Nash model is able to recover the distribution of valuations
better than the risk neutral Bayes-Nash model and adaptive learning model. In fact, a statistical test based on
a modified Kolmogorov-Smirnov test statistic fails to reject the equality of estimated and actual distribution
of bidder distributions under the CRRA specification. The QRE model with risk aversion uncovers a very
similar risk aversion parameter as the Bayes-Nash model, though the CRRA Bayes-Nash model yields more

accurate estimates of the underlying distribution of bidder valuations.

This paper makes three main contributions to the empirical literature on auctions. First, to the best
of our knowledge, previous work in the structural econometric literature has not compared the estimated
valuations to the true valuations in order to assess the ability of structural first-price auction models to

recover the distribution of bidder valuations.” Second, we illustrate some potential strengths and weakness

6
7

See Goeree and Holt (1999) and Capra, Gomez, Goeree, and Holt (2002) among a large and growing literature.

In independent work, Plott and Salmon (2004) have structurally estimated a model of bidder behavior in the simultaneous
ascending auction using experimental data. They then compare the estimated and actual valuations to assess the plausibility
of the method. A distinction between our work and theirs is that their structural econometric model is not based on a equilibrium
model of bidding, but on “heuristic” behavioral restrictions.



of various structural models of bidding. To the best of our knowledge, previous papers have not evaluated
whether “behavioral” models of bidding, such as the QRE or the learning model, generate better structural
estimates than rational models of bidding, such as the risk neutral Bayes-Nash or risk averse Bayes-Nash.
Finally, our paper suggests a new application of experimental economics. We use experiments to assess the
merits of competing structural models. While our application concerns auction models, experimental data

could be used in an analogous fashion to study other types of structural models.

Several words of caution are in order when interpreting our results. First, experimental environments
may differ significantly from “real” economic environments. In real auctions, the stakes are much higher,
and there is a lot more room for heterogeneity and unobserved environmental factors to confound the econo-
metric specification. However, our finding that the Bayesian-Nash equilibrium model with risk aversion per-
forms quite well, even in this experimental setting, is encouraging for present and future users of structural

econometric tools.

Second, our exclusive focus on the model’s ability to recover structural parameters is limited in scope.
Models of behavior in auctions have many different uses beyond structural estimation, including theoretical
analysis of bidding, forecasting behavior, and market design. Just because a particular model performs
well at one task does not automatically imply that it will perform well at other tasks. As a practical matter,
it is wise for an economist to consider the robustness of his results to alternative modelling assumptions,

including weakening rationality assumptions.

2 The Data.

The data set was provided to us by John Kagel and contains results from first-price auction experiments

conducted by Dyer, Kagel, and Levin (1989). The subjects were primarily recruited from MBA students



at the University of Houston. There were three experimental runs with six different subjects participating
in each run for a total of 18 subjects. In these experiments, bidders were assigned i.i.d. valuations v drawn
from a uniform distribution on [$0, $30]. In the event that they won, subjects were paid their valuation
minus their bid. Each subject participated in 28 auctions over the course of two hours. As in the analysis
of Dyer, Kagel, and Levin, we exclude data from the first five runs of the experiments. This leaves us with

three runs of 23 auctions.

The number of bidders was determined at random in the experiment. With probability 1/2, there were
N = 3 bidders and with probability 1/2, N = 6 bidders. Subjects submitted two “contingent” bids and one
“non-contingent” bid. After the bids were submitted, a coin was tossed to determine whether the contingent
or non-contingent bids would be used in determining the winner. A second coin toss determined whether
N = 3 or N = 6. If the contingent treatment was selected, the first N = 3 contingent bid was used if
N = 3, and the N = 6 contingent bid was used if N = 6. Otherwise, the non-contingent bid was used so
that the bid could not be conditioned on V. After each auction, bids and corresponding private values were

publicly posted on a blackboard.

Throughout the rest of this paper, we will ignore the non-contingent bids and focus on the contingent
bids.® The main advantage of using the Dyer, Kagel, and Levin (1989) data is that there is variation in the
number of bidders. This variation will allow us to identify a broader class of economic models than if V
is held fixed. Also, we will be able to explore the merits of alternative estimators as the number of bidders

changes. We acknowledge that this is a non-standard experimental setup, since bidders are supposed to

8  We should note that Dyer, Kagel and Levin (1989) modeled the “non-contingent” bids as being submitted in an environment

where there is uncertainty in the number of competitors, and tested the comparative static implications of this uncertainty. Their
comparison of revenues across treatments with certain and uncertain number of competitors was consistent with the presence
of risk aversion.



make three simultaneous bidding decisions instead of one. This may change their response and perhaps
increase the frequency of mistakes. However, as we will discuss below, as was argued in Dyer, Kagel, and
Levin (1989), the main behavioral patterns observed here replicate those seen in other first-price auction

experiments.

In this game, if bidders are risk neutral, equilibrium bidding strategies in this symmetric, independent

private values model will be given by:

b(o) = L1, (1)

In equation (1), v is a bidder’s private valuation for winning the auction and b(v) is the equilibrium bid
function. The bid functions predicted by equilibrium are linear, with a slope of % when there are N = 3

bidders and % when N = 6.

The observed bids differ considerably from the bids predicted by the risk neutral Bayes-Nash equilib-
rium. Figure 1 plots the observed bids and the equilibrium bids in the N = 3 and N = 6 bidder auctions.
Clearly, the observed bids are higher than the bids predicted by the Bayes-Nash equilibrium, particularly
when there are N = 3 bidders. This has been referred to as the “overbidding” phenomenon. Overbidding
is commonly observed in first price auction experiments see, for instance, Cox, Smith, and Walker (1988),
Harrison (1989) and Kagel (1995). In table 1, we summarize the difference between the equilibrium and
actual bids. The mean observed bid is $2.44 higher than the Nash bid when there are three bidders, about
16% of the mean valuation. When N = 6, the observed bids are higher, but this time by the smaller amount

of $0.65. Therefore, overbidding is most pronounced when there are three bidders.

Next, we ask how close bidders are to maximizing expected profits in the auction. We begin by estimat-

ing the bidder expected profits in the experiment. Let Q(b; N, e) denote the cumulative distribution of bids



with N bidders in experiment e. If a bidder has a valuation of v, then her expected profit from submitting

a contingent bid of b in an auction with IV bidders is

W(b>U;N7 6) = (U - b) ’ Q(ba N, E)N_l (2)

Let @(b; N, e) denote an estimate of (b; N, e). Then our estimate of the expected profit for submitting a

contingent bid of b will be:

7(b,v; N, e) = (v —1b) - Q(b; N, )N (3)

If a bidder is risk neutral, we define the optimization error as the difference between the profit maximiz-
ing bid and the bid actually submitted. If a bidder submits a contingent bid of b, the optimization error

w(b,v; N, e) is estimated as:
W(b, v; N7 6) = (arg IIlbé/lX(’U - b/) ’ @(blv N, e)N1> - %(b7 V3 N7 6). (4)

In equation (4), the first term, (arg maxy (v —b') - @(b’ N, e)V *1> is the utility maximizing bid given
an estimate @ of the distribution of bids. The second term, 7(b,v; N,e) is the utility that the bidder
received from the bid observed in the experiment. We estimated @ by smoothing the empirical cdf using

a normal kernel. The bandwidth was selected using Silverman’s rule-of-thumb.’ Since bidder valuations

9 We could also estimate the distribution of valuations by computing the optimal bandwidth. However, when estimating the

learning model, we will sometimes have to estimate the distribution of bids based on a small number of observations. In such
cases, estimating the distribution of bids with an optimal bandwidth makes little sense. We present our results using Silverman’s rule
of thumb in order to have a consistent approach for estimating the distribution of bids. With the exception of the learning model, this
will have very little influence on our results.
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are contained in our data set, we can estimate expected profits, 7(b,v; N, e) and the optimization error
w(b,v; N, e) by applying equations (3) and (4).

We summarize these results also in table 1. The expected payoffs in this experiment are fairly modest.
Conditional on N = 3, bidders have an expected payoff of $1.33 and $0.58 when N = 6. As a consequence,
in monetary terms, the optimization error that bidders make is also fairly small. The median optimization
error is $0.19 in the three bidder auctions and less than one cent in the six bidder auctions. Therefore, while
the bids may differ substantially from equilibrium bids, this results in only small monetary losses for the

participants.!?

In summary, our description of the data contains mixed results about the success of the theory. The
equilibrium bids are quite different from those predicted by standard theory, especially in the three bidder
auctions. However, the main assumption of the theory is that bidders maximize expected utility. This
condition appears to be approximately satisfied. By any reasonable metric, the losses that occur from
submitting suboptimal bids are fairly small. A priori, it is not clear how these deviations from equilibrium
will influence our structural estimates. Is the fact that bidders are close to optimizing sufficient to get
reasonable estimates of valuations? Will models that modify the benchmark, risk-neutral model generate

superior estimates of the structural parameters?

In the following sections, we will structurally estimate four alternative models of the first-price sealed-
bid auction. We first briefly describe each model. Next, identification and estimation of the model is
discussed. Finally, we compare the estimated valuations with the valuations assigned to bidders in the

experiments to determine whether the model generates reasonable estimates.

10 These findings are consistent with Harrison (1989).
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3 The Risk Neutral Model.

We begin by considering the benchmark risk neutral model of bidding in the first-price sealed-bid auction.
There are ¢ = 1, ..., N symmetric bidders. Bidder ’s valuations v; is private information that is indepen-
dently and identically distributed with cdf F'(v) and pdf f(v). Bidders simultaneously submit sealed bids

b;. If bidder i’s bid is the highest, her utility is v; — b;, and is zero otherwise.!!

Let b = b(v) denote the equilibrium bid function. Under weak regularity conditions, the equilibrium bid
function is strictly increasing and differentiable so that its inverse ¢(b) exists and inherits these properties.

Bidder ¢’s profit from bidding b; is:

mi(bi;vi) = (vi — bi) F(¢(bi))N 1. (5

In equation (5), bidder ¢’s expected utility is ¢’s surplus v; — b;, conditional on winning, times the probability

that bidder i wins the auction, F'(¢(b;))V 1.

3.1 Identification and Estimation

The first order condition for maximizing expected utility can be written as

—F(¢(b;))N T+ (N = 1) (v; — b)) F (b)) N2 f (b)) (b;) = 0 (6)

(b))
F(@(b:)¢'(b:i)(N — 1) -

v; = b; + (7

Let G(b) and ¢(b) be the distribution and density of the bids, respectively. Since G(b) = F(¢(b)) and

g(b) = f(p(b))¢'(b) we can rewrite (7) as

11

If a tie occurs, the object will be awarded at random among the set of high bidders. However, ties have zero probability
in equilibrium.
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G(bi)
gbi)(N —1)°

An empirical implication of equation (7), first exploited by Elyakime, Laffont, Loisel and Vuong (1994),

v; = b; + 3

and expanded upon in Guerre, Perrigne and Vuong (2000), is that equation (8) suggests a simple estimator.
Suppose that the econometrician observed 1" repetitions of the auction. Let b; ; denote the bid that ¢ submits
in auction ¢. Since we have multiple repetitions of the same auction, it is possible to estimate GG and g.
Denote these estimates as (7 (b) and g(b). If we substitute the estimated distributions into equation (8), we

tth

can generate an estimate of v; ; of v; 4, bidder 4’s valuation in the t"* auction as follows:

R G(bis)
Bip = bip + =t
T G (b ) (N 1)

Guerre, Perrigne and Vuong (2000) show that we can consistently estimate the distribution and density

)

of the pseudo-valuations, ; ;, using nonparametric methods, except within a neighborhood of the bound-
aries of its support.'> By applying equation (9) to every bid in our data set, we can generate estimates,
{Vit},y N =1 of the valuations associated with each bid in our data set.

To summarize, the estimation procedure involves two steps:
1. First, using nonparametric methods generate estimates G and g of G and g.

2. Given the first stage estimates, apply equation (9) for every observed bid b;; to generate v;+, an
estimate of v; ;.

For a detailed discussion of the asymptotic properties of this estimator, the interested reader is referred to
Guerre, Perrigne and Vuong (2000). Versions of this estimator are also considered by Elyakime, Laffont,
Loisel and Vuong (1994), Guerre, Perrigne, Vuong (2000), Campo, Guerre, Perrigne and Vuong (2003),

Flambard and Perrigne (2002), Bajari and Ye (2003) and Jofre-Bonet and Pesendorfer (2003).

12

Guerre, Perrigne and Vuong (2000) suggest trimming the sample of bids near its boundaries.
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It is easy to see that each one of the valuations v; ; is just identified. Given a bid b; 4, all of the terms
on the right hand size of the equation (9) are known. By associating a valuation v; ; with each bid b; ;, we
can perfectly rationalize all of the observed bids in the auction. In principle, we could test whether the
relationship between v; ; and b; ; is strictly monotonic. If this failed, we could reject that the bid functions
are increasing, an overidentifying restriction from the theory. However, if this monotonicity condition is
satisfied, we will be able to perfectly rationalize the observed bids with our model. By only observing
the bids, assuming that the data generating process is a risk-neutral Bayes-Nash equilibrium model is an

identifying assumption that it is difficult to either verify or refute.

3.2 Assessing Goodness of Fit

Next, we need to assess the goodness of fit of our model by comparing the estimated distribution of valu-
ations with the actual (assigned) distribution of valuations. The first metric we use to compare these two
distributions is a modified Kolmogorov-Smirnov (KS) statistic. As is well known, the KS test statistic for
the equality of the empirical distribution FT(U) (based on an i.i.d. sample with T realizations) and the

(known) true distribution, F'(v), on the support [v, 7] is given by the normalized distance:

KSp =VT sup |Fr(v)— F(v)|

vE[v,v]

In our application, however, the empirical distribution function, FT(U), is not based on i.i.d. realizations

from F'(v), but on a sample of pseudo-valuations {v; ¢}, , n ,_; 7 estimated using the relation:

o 1 G(biy)
Vit = bz,t + ﬁm (10)

Hence, our test-statistic needs to take into account the sampling error associated with the first step estimates

14



of G and §. Therefore, we study the asymptotic distribution of the modified KS statistic:

T
MESr = VT sup |% S 1{i < v} — F()
vE[v,7] =1
with v, given as above, where 1{.} is the indicator function.

A first intuition might be to bootstrap M K St to take into account the first-step sampling error. However,
it is not obvious whether this test statistic has an asymptotic distribution that is normal, which is the nec-
essary and sufficient condition for bootstrap to work according to Mammen’s theorem (Horowitz (2001)).
Following an application in Haile, Hong and Shum (2003), a subsampling strategy, instead of the bootstrap,
may be used in this case, since subsampling is consistent for test statistics with general non-degenerate
asymptotic distributions. '3

To do this, we will modify M K St to allow for a smooth analogue for the estimator of the empirical

distribution function:

T
~ 1
MKSr =T sup | ZA(@t —v) — F(v)]

vE[y,v] —1

where we take A(z) to be 1 — 9(55), where )(.) is a smooth, strictly monotonic distribution function and
k' is a bandwidth parameter. As B’ — 0, MK Sy — MK Sy.

Under the null hypothesis of risk neutrality (the risk aversion case is similar), Guerre, Perrigne and
Vuong (2000) prove the uniform consistency of the nonparametric estimator (10) over a support [v, 7]

strictly bounded away from the upper and lower supports of the valuation distribution. Thus, since A is

strictly monotonic, M K St — 0 under the null hypothesis.

13 Haile, Hong and Shum (2003) use a subsampling approach to construct a statistic to test for the null of independent private

values in first-price auctions. Their test can be thought of as a one-sided test for first-order stochastic dominance, and is for
a very different application than is considered here. However, their main testing strategy applies in this context.
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The subsampling algorithm is implemented as follows. Let Rr be a sequence of subsample sizes, and

let

()

be the number of unique subsamples in a data sample of size T". The sampling distribution &7 of the test

statistic M K Sy is approximated by:

7 Ry (2) Zl{\/R_T sup ! ZA b —v) = F(v)| < 2}

vE[v,7]

If M K St possesses a nondegenerate limiting distribution, then Theorem 2.6.1 in Politis, Romano, and
Wolf (1999) shows that this approximation will yield a consistent estimate of the true sampling distribution
under the null, if R — oo and % — 0 as T" — oo. In the appendix, we derive the limiting distribution of
M K St to establish that the use of subsampling is justified.

We also assess the goodness of fit of our model by comparing the distance between the estimated and

actual valuations in the L' and L? norms, defined as:

1 A
L = T Et Uy — vy
1/2
2 —~
L = (T Et (Ut — Ut))

Although we have not derived the statistical properties of these distance metrics, and hence can not con-
duct formal hypothesis tests based on them, these metrics have some intuitive content (mean absolute and

mean square deviation, measured in units of dollars), and provide an alternative means to compare the
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performance of the various models we will employ.

3.3 Results.

To estimate the symmetric risk neutral Bayesian-Nash model, the strategy described in section 2.1 is fol-
lowed. When estimating the density of bids, g(b), we use the normal kernel with Silverman’s rule-of-thumb
bandwidth. The cdf G(b) is estimated using the empirical cdf. We pooled all bids across all the experi-
ments when estimating these densities.'* To recover Ui +, the valuation associated with the bid b; ;, equation
(9) is used.

In figure 2, we plot the histograms of estimated valuations for the N = 3 and N = 6 cases. The actual
valuations were assigned in the experiment and were distributed uniformly on [0,30]. The valuations
estimated from the three bidder auctions are visually quite different from the distribution of the actual
valuations, particularly on the upper tail of the distribution. A fairly significant fraction of the valuations
are greater than 30. In the six bidder auction, however, the estimator appears to do a much better job. This
is not surprising given our results about overbidding. In the three bidder auctions, overbidding was much
more pronounced than in the six bidder auction.

To implement the modified KS testing procedure described in the previous section, we evaluated the
test statistic at random subsamples, since it is not feasible to enumerate all possible ( }%; ) subsamples. We
used 500 subsamples, each of size R = 200. For each subsample, we set the bandwidth of the kernel
density estimators used in §(b;) to be hg, = O(R;l/ 5) using Silverman’s rule-of-thumb. We set A’ = 1
but experimenting with 4’ = 2 and »’ = 0.1 did not yield different results.

Table 2 reports the results of the structural estimation and testing procedure. For the N = 3 case, the

14 We estimated g and G both by pooling observations across experiments and by estimating them separately for each experiment.

In the results we report, we opt for the later specification. This makes little difference for the symmetric model, but is more
consistent with how we will estimate the risk averse and learning model.
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p-value of the modified KS statistic was essentially zero for both trimming levels (at the 25-75th and 5-95th
percentiles of the valuation distribution), i.e. we were able to reject the equality of the estimated valuation
distribution with the true distribution. For the N = 6 case, we were not able to reject the equality of the

estimated and actual distributions at the 5% confidence level.

We also report the results for the L' and L? norms in Table 2. The three bidder model generates poor
results in both norms. The expected and actual valuation have on average a difference of nearly $4. In the
N = 6 case, however, the estimated and actual valuations are, on average, within $1.07. To summarize,
the estimates are quite reasonable when the number of bidders is equal to six, but are quite poor when
N = 3. These results are generated by the sizeable overbidding in the experiments with three bidders.
These results suggest that we should consider alternatives to the standard risk neutral model, particularly

when the number of bidders is small.

4 The Risk-Averse Model.

The second model considered is Bayes-Nash equilibrium with risk averse bidders. A regularity in first-
price sealed-bid auction experiments is that the observed bids tend to be higher than the equilibrium bids.
Cox, Smith and Walker (1983a,b;1985a,b;1988) note that one possible explanation for overbidding is risk
aversion, and offer a model with risk averse bidders to explain experimental results in first-price auctions.
Indeed, the data set of Dyer, Kagel and Levin (1989) was used to test a comparative static implication of

equilibrium bidding with risk aversion and found support for this hypothesis.

In light of the experimental literature, we add risk aversion in a parsimonious manner to our econometric
specification. In particular, we assume that bidders have a constant-relative-risk-aversion (CRRA) utility

function, U(z) = 2, 6 € [0, 1]. In this specification, 1 — 6 is the coefficient of relative risk aversion, with
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# = 1 corresponding to risk neutrality.

In this model, the first order condition is:

G(bi)
g(bi)(N —1)

Observe that when bidders are risk neutral, that is § = 1, then (11) reduces to (7).

v; =b;+ 0 (11

4.1 Structural Estimation

The logic of the estimator is similar to the previous section. If the economist knew G and 8, then we could
construct a two-step estimator along the lines of the previous section. The problem that we face, however,
is that 6 is not directly observed. Therefore, we must find a way to estimate it from the data.

We use a method based on the techniques proposed in Campo, Guerre, Perrigne and Vuong (2000). Let
G(b; N) denote the distribution of bids with N bidders. Let v,, denote the a'* percentile of the distribution
of valuations. Let b denote the o/ percentile of G(b; 3) and let b denote the at” percentile of G(b; 6).

By equation (11) it follows that

3).
va = bP 40 G(bc(“g)’?’) (12)
2¢g(bs’; 3)
(©).
Ve = 0O +0 G(b‘g6)’6) (13)
59(be’; 6)

By simple algebra, it follows from the equations (12) and (13) that:

5 Note also that for uniformly distribution valuations, equilibrium bid functions are given by:

N -1
b = 1y
as derived by Holt (1980), Riley and Samuelson (1981), Harris and Raviv (1981), and that for & > 0 this predicts that risk
aversion leads to more aggressive bidding than in the risk neutral case.
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(6). (3).
b® _ b — g G(ba";6)  G(ba";3) (14)
59(b:6)  29(0;3)

Equation (14) suggests a simple way to estimate 6. If we knew the distribution of bids in the three and six
bidder experiments, given «, all of the terms on the left and right hand in this equation would be directly
observable except for . By evaluating (14) at a large number of percentiles, we could then estimate 6 using
regression. Given an estimate 0 of 0, we can then estimate the valuations v; by evaluating the empirical

analogue of equation (11) as in the previous section.

To summarize, we generate estimates v; ¢ of v; + as follows:
1. Generate nonparametrically estimates G (b; N) and g(b; N) of g(b; N, e) and G(b; N, e).

2. Generate an estimate 0 of 0 by running the following regression, using a finite number of percentiles
a:

o g0 _ g, [ GO:6)  GEL:3)
e o - N /\A(G) /\/\(3) +€Oé
53(be’;6)  2g(bs’;3)

(15)

3.Given 0, G (b; N) and g(b; N') use the empirical analogue of (11) to generate an estimate v; + of v; ;.

_ ~ G(biy)
Bip = by + 0 ———t
L g(bit)(N —1)

The results of Campo, Guerre, Perrigne and Vuong (2000) demonstrate that it is possible, in principle, to

(16)

recover 0 using data from just a single percentile. Since our concern is with testing, in order to improve
the efficiency of our estimator, in step 2 we use data from a large number of percentiles when estimating 6.

Otherwise, the logic of our estimator is analogous to Campo et al. (2000).

Equation (11) suggests that given a value of 8, bidder valuations are just identified as in the risk neutral
model. We can associate each bid with a valuation and therefore perfectly rationalize what we see in the data

with valuations constructed as in equation (16). The estimation procedure makes an identifying assumption
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that the distribution of private information is identical when N = 3 and N = 6. This assumption was
stronger than necessary in order to estimate the risk neutral model of the previous section. Given this
stronger assumption, we can make stronger conclusions about the data generating process. In particular,
we will be able to nest the risk neutral model as a special case (i.e. # = 1). Also, we can in principle test
whether other restrictions of the theory such as whether the distribution of valuations is in fact equal when
N = 3 and N = 6 by applying (16) separately for these two cases. However, from the bids, we will not
be able to verify that the data generating process is the symmetric risk averse model. Moreover, even if we
reject the model, we cannot be certain that our rejection is based on small deviations from expected utility
maximization as we found in section 2. Therefore, it is useful to compare actual and predicted valuations

and one mechanism to assess the performance of this model.

4.2 Estimates

We estimated the symmetric risk aversion model using a variety of specifications. The estimates of GG and
g were the same as in the previous section. The main factor that appeared to affect risk aversion coefficient
estimates was how we trimmed the boundaries of the bid distribution. As reported in table 3, the estimated
0 is about 0.16 when the entire data is used, but goes up to 0.22-0.25 when we trim the upper and lower
boundary of the data. Visual inspection of the independent and dependent variables in the regression in
equation (14) revealed a monotonic relationship when the upper boundary of the support was trimmed
at 95% of bids. For higher bids, the association between dependent and independent variables appeared
to be negative, rather than positive, suggesting that a simple linear relationship afforded by the CRRA

specification can not account for the highest bids in the data set.

Note that an additional verification of the risk aversion hypothesis can be obtained by utilizing our
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knowledge of the experimental setup. As noted above, the Bayesian Nash equilibrium bid functions with

symmetric CRRA risk aversion o = 1 — # and uniformly distributed valuations are given by the formula

N -1
b(v):N_av

Since we have data from both N = 3 and N = 6 bids, if we impose the equality of the risk aversion

coefficient «v across the two treatments, we get:

b3 (v) _26—qa
O (v) 53—«

where b®) (v) is the N = 3 bid of a bidder with valuation v, and () (v) is the N = 6 bid. We can thus
get an estimate of v by estimating the mean of the ratio of N = 3 and N = 6 bids, and solving for . When

we implemented this in the data, we found 6 = 1 — a = 0.22509.

We then used our point estimate of the risk aversion coefficient to estimate the individual valuations. We
use the same three distance measures (modified KS-distance, L' and L? norms) to compare the estimated
valuations with the actual valuations. Once again, we use the subsampling approach to approximate the
distribution of the KS-statistic, with the additional complication of recomputing the risk aversion coefficient
for each random subsample of the data. Since the risk aversion coefficient estimate uses data from both
N = 3 bids and N = 6 bids, and the test statistics across the two cases are not independent, we also
considered a “joint-test statistic”” which is the sum of the KS statistic for the N = 3 and N = 6 cases. Once
again, the distribution of this statistic was approximated by subsampling.

Table 4 reports the results of the testing procedure. When we trim the data to both the 25-75th and

5-95th percentiles of the bid and valuation supports, the values of the test statistics are lower than those
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reported in table 2, and we fail to reject the equality of the estimated and actual valuation distributions for
both N = 3 and N = 6. However, the performance of the estimator deteriorates somewhat when we begin
to include the highest bids and valuations in the data. Interestingly, in contrast to table 2, the performance
of the estimation routine is better for the N = 3 case, whereas the estimates are somewhat worse for the
N = 6. Apparently, the risk averse specification attempts to compensate for the observed overbidding in

the N = 3 case, but, in doing so, begins to underestimate the valuations rationalizing the N = 6.

In table 4, we also report the L' and L? norms (again using the risk aversion coefficient estimated with
the 25-75th percentile of the data). The average absolute difference was approximately $1.35 in both the
N =3 and N = 6 case. The median absolute difference was only $0.85 for the N = 3 case and $1.04 in

the N = 6 case.

In figure 3, we plot the distribution of the actual valuations and the estimated valuations corresponding
to the N = 3 and NV = 6 bidder cases, where the risk aversion coefficient is estimated using the 25-75th
percentiles of the data . The estimated distribution of valuations appears to be uniform, except on the
right tail for valuations greater than 25. In table 5, we display the percentiles of the actual and estimated
distribution of valuations. The estimated and actual distribution of valuations agree quite closely under
the 80" percentile. The results of the KS test reflect this discrepancy in the tails of the distributions. As
we can see in table 5, the percentiles of the estimates and actual distributions of valuations are quite close

except for the right tail.

We thus conclude that the symmetric risk aversion specification does a much better job than the risk
neutral specification of the previous section in the N = 3 case. When N = 6, the estimates are quite

comparable. This result suggests that estimates of bidder valuations will be more sensitive to the choice

23



of method when the number of bidders is small. Second, our estimation method exploits variation in the
number of bidders assuming that the distribution of valuations remains constant across the two auctions.
In order to implement such an estimator in the field, the economist would have to make some assumptions
about the distribution of valuations across auctions. Also, the economist would have to control for the
endogeneity of the number of bidders. Such assumptions are made explicitly (or implicitly) in a number of
recent empirical studies.!® Third, it is worth noting that variation in the number of bidders allows us to
identify a more general model of preferences. Variation in NV allows us to distinguish risk neutrality from

risk aversion by running equation (15).

5 A Simple Adaptive Model

Our previous models assume that bidders “know” the distribution of bids that they are going to face. How-
ever, it is entirely possible that the bidders “learn,” rather than “know” Q(b), the probability that a bid of b
will win the auction. Let h;; denote the history of bids observed by the bidder ¢ who submits the bid b; ;.
Formally, we define the history as follows. Fix an experiment, e = 1,2,3. Lett = 1,..., T denote the ¢t
repetition of the auction game in experiment e. The history is the set of all bids that the subject would have

seen from previous plays of the game, i.e., hjt = {bi; }r<ti=1,.. N

Just as the econometrician has to estimate G/(b) using the empirical distribution of bids, we assume
in this model that bidders form beliefs about G(b) using previously submitted bids. We denote these
beliefs as G(b|h;;). Given their beliefs, bidders choose their bids in order to maximize expected profit

7 (bi; vi, G(b|hit)) which is equal to

16 See, for example, Haile, Hong and Shum (2003).
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mi(bi; v, G(ble)) = (v — by)G(blhi) N 1. (17)
In the experiment we consider, bidders were told after each auction what their opponents’ bids were, so that

hit = hy, all bids submitted until ¢.

The first order condition for maximization in the learning model is then

G(bilh)
g(bilht)(N —1) '

In order to implement this estimator, we must model agent’s beliefs conditional on h;. There now exists

Ui:bi-i-

(18)

a fairly substantial theoretical literature on learning in games which models agents as making best responses
to their beliefs which depend on past plays of the game. Unfortunately, most of these specifications do not
generate econometrically tractable models. We choose to follow the modeling approach of Sargent (1993)
and assume that agents form beliefs like econometricians. We will assume that G and ¢ are formed by
using the nonparametric methods that we described in the previous sections. We will let é(b|ht) and
g(blh:) denote our estimates of the agent’s beliefs. Note that the estimates of the bidders’ beliefs only

depend on the plays of the game that they have viewed.!”

The model above is admittedly a very simple stab at formalizing the intuition that in many real life
situations agents learn to play the game correctly through experience. However, if agents form beliefs like
econometricians, as in the modeling approach of Sargent (1993), it will not be a bad approximation to many

experimental settings, or auction markets where there is a lot of repeated interaction by the same set of

17" 1In practice, it does not make sense to estimate the density §(b|h:) by using the optimal bandwidth, since this will be imprecisely

estimated during early rounds. Therefore, we assume a normal kernel and use Silverman’s rule of thumb. The bidders would not
be able to compute the sample standard deviation conditional on h; (except for the last time period ¢t). However, this choice
seemed desirable assuming that a priori the bidders knew the parametric family of g(b|h¢).
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actors, and where previous bids are publicly observable.!® However, there is mixed empirical evidence that

having better data on past bids allows for better, or different bidding decisions.”

As in section 3, we can estimate 9;; using a two stage procedure. We first generate estimates G (blht)
and g(b|ht) of G(b|h:) and g(b|h:). Then we generate an estimate 0+ of v by using the empirical analogue

of (18), i.e.

Bip = big 4+ ol (19)
g(bi,t|ht)(N - 1)

It is worth noting that the data requirements to estimate such a specification model will be heavy, since

the economist needs to recreate the information available to the agents at the time of their bidding decision,
rather than simply postulating that the agent has rational expectations about the bid distribution she is about

to face.

As with the risk neutral model, valuations in the learning model are just identified. Each @,t can be
associated with a valuation, v; ¢, that perfectly rationalizes this bid. It is not clear that the theory generates
any overidentifying restrictions. For example, if agents are learning, it is not obvious that bid functions
should be monotonic under standard valuation distributions. Based on observations of bids alone, it seems
very difficult to possibly refute the learning model. Therefore, once again it is useful to compare the

estimated and actual valuations as a means to assess the usefulness of the learning model.

'8 Such as many procurement auctions. Of course, repeated interaction in these settings brings on a whole host of additional

concerns such as collusion and other dynamic strategies, which we do not take into account here.

19 Most empirical studies on this issue focus on whether more experienced bidders make better, or at least, different bidding
decisions. One positive finding by Garvin and Kagel (1991) is that more experienced bidders in common value experiments
suffer less from the “winner’s curse”. In field settings, it is typically very difficult to assess “good” bidding decisions from bad.
Ockenfels and Roth (2003) and Bajari and Hortagsu (2003) have noted that in eBay auctions, where measures of experience
are available, more experienced bidders tend to bid later in the auction, which is closer to what equilibrium models of behavior (in an
affiliated value setting) might suggest. However, Bajari and Hortagsu (2003), also report that the level of bids submitted by
bidders with varying levels of experience do not appear to differ very much holding characteristics of the auction fixed. Hence,
it is not clear whether more “experienced” bidders on eBay end up enjoying higher profits.
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5.1 Estimates From the Learning Model.

In figure 4, we compare the estimated and actual valuations from the learning model. The results from
the learning model appear to mirror the results from the risk neutral model. When N = 3, the estimated
distribution of valuations differs considerably from the true distribution of valuations on the right tail. As
in the estimates of the risk neutral model, we believe this is due to overbidding. We interpret these results
as suggesting that learning cannot explain overbidding behavior and hence, it does not generate improved
estimates of the structural parameters. In this N = 6 case, however, the estimates appear to be much more

reasonable.

Table 6 reports the distance between the estimated and actual valuations. The values of the KS distance
measure for the N = 3 and N = 6 cases are similar, but larger in magnitude than the risk neutral model.?’
In the L'norm, the distance between the estimated and actual valuations is $5.09 for N = 3 and $1.46 for
N = 6, again similar, but larger than the risk neutral model. These results suggest that our learning model

does not lead to better structural estimates than the rational models in the norms that we consider.

We note that the results from the learning model will depend on the specification of G(b;+|h;) and
g(bit|ht). The specification we chose was based on the suggestion by Sargent (1993) to allow bidders to
form beliefs like econometricians. This specification was chosen because it was the only econometrically
tractable specification that could be applied to our problem. Also, there is little evidence about how bidders
form beliefs in auctions. We believe that future research on how agents actually form beliefs in auctions

might lead to more useful structural models that allow for learning.

20 Unfortunately, it is difficult to conduct a hypothesis test using this distance measure, since assessing the sampling distribution

of the statistic using subsampling or other resampling methods is very much complicated by the fact that the distribution and
density of bids are estimated conditional on particular bid histories when constructing each v; ;. The resampling procedure
would have to take this conditioning into account in the proper manner.
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6 The Quantal Response Equilibrium Model

Some recent research in experimental economics has made use McKelvey and Palfrey’s (1995) Quantal
Response Equilibrium (QRE) model to reconcile deviations from Nash equilibrium predictions. In section
2, our estimates suggested that bidders commonly failed to perfectly optimize and submitted bids that
were quite different from those predicted by Bayes-Nash equilibrium. The QRE model is one way that

experimental economists have chosen to model optimization error.

A commonly used variant of QRE is the logit equilibrium model. Analogous to widely used discrete
choice models, in the logit equilibrium, a bidder’s payoff is the sum of her risk neutral vNM utility, (5) and
an idiosyncratic shock drawn from an i.i.d. extreme value (logit) distribution. An equilibrium in this model

is a distribution of bids that is consistent with maximization for each agent.

In the logit equilibrium model, the set of possible valuations, v;, and bids, b;, is assumed to be large,
but finite. Let B = {b1, ba, ..., by} represent the set of bids agents can choose and let V = {v1, ..., v4v }
be the set of possible valuations. A (symmetric) strategy B(b|v) is a measure that assigns a probability to

every bid b conditional upon a valuation. In order for the strategy to be a well-defined probability measure

Forallv € Vandbe B, B(bjv) > 0. (20)
Forallv € V, Y B(bv) =1 (21)
beB

That is, no bid can receive less than 0 probability and, conditional upon any valuation v, the probabilities

of all the bids must sum to one.
If all agents follow the bidding strategy B(b|v), the probability QQ(b) that player 7 wins the auction with
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a bid of b satisfies:?!

N-—1
Q(b) = [E ZB(b/Iv)f(v)] . (22)

vob'<b
The term inside the bracket is the probability that a player submits a bid less than b. Since bids are

independent, the probability of winning with a bid of b is the term inside the bracket raised to the power
N —1.

In a Bayes-Nash equilibrium, the utility to bidder ¢ from bidding b; with a value of v; is 7(b;;v;) =
(vi — bi) * Q(b;). In this logit equilibrium model, let 7(b;; v;) be the utility that the agent ¢ receives from

bidding b when she has a valuation v;; this is a sum 7(b;; v;) and €(b;, v;) :
7(b;vs) = (v; — by) * Q(by) + e(bi, v;) = m(bi;v;) + e(bi, v5) - (23)

The logit equilibrium model generalizes the Bayes-Nash model by including the term €(b;, v;) in an agent’s
payoffs. In the experimental literature, the term £(b;, v;) is interpreted as the agent’s optimization error.
The optimization error £(b;, v;) is assumed to be i.i.d. The decision process for a single agent can be thought
of as follows: first, each bidder ¢ learns her private information v;. Second, for every b; € B, bidder ¢ draws
an error term £(b;, v;). Finally, each bidder chooses the bid b € B which maximizes 7 (b;, v;), her expected
profit plus e(b;, v;).

Assume that €(b;, v;) has a cumulative distribution function F'(¢) = exp(— exp(—Ae¢)). This distribution

7.‘.2

has a mean of ¥, where ~ is Euler’s constant (0.577), and variance v

Note that A is proportional to the

precision (the inverse of the variance).

21 We assume that a bid strictly less than all other bidders is required to win the auction, and thus avoid consideration of ties

between bidders. This is to simplify exposition of the problem and the computations. With a sufficiently large set of types
and bids, this assumption will not change our results.
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Let o(b;; v;, B) be the probability that agent ¢ bids b; conditional on a value draw v; and that the N — 1
other agents bid using the strategy B. By well known properties of the extreme value distribution, it follows

immediately that:

B exp(A7(b;; v, B))
> e exp(AT(V;v;, B))

An equilibrium is a bidding function B(b|v) that is a fixed point of (24), that is B(b|v;) = o(b;; vi, B).

O'(bi; Vs, B)

24)

As A — 0, the variance of the error term becomes infinite so that 7(b;; v;) is swamped by the error term
e(bi,v;) in w(b;v;). If A — oo, then the variance of the error term tends toward zero and the equilibrium
of the game converges to a Bayes-Nash equilibrium. Therefore, the logit equilibrium nests Bayes-Nash
equilibrium as a special case when A — oo. The existence of the logit equilibrium is obtained by using

fixed point methods such as in McKelvey and Palfrey (1995).

6.1 Structural Estimation

Unlike the case of risk neutral and risk averse Bayes-Nash models, there are no existing techniques for
nonparametric estimation of F'(v) in the logit equilibrium model. Therefore, we suggest a straightforward
parametric approach.

Let F'(v|w) denote the distribution of private information conditional on a vector of parameters w. Let
Q(b) be an estimate of Q(b), the probability of winning the auction with bid b. Let p(blw) denote the

probability of the bid b given w. Given Q(b),

ot — [ o ooy — [ PO b))
plble, @) = [ oinsi = | et LU Y

Our approach for estimating the logit equilibrium model can be summarized as follows:
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1. Given a data set of bids from T repetitions of the auction, {b;+},_; ,_; p» form an estimate

Q(b) of Q(b). In practice, we estimate ( as the empirical c.d.f.

2. Estimate w and A using maximum likelihood, where the likelihood function for w and A is

T N R
L(wv )‘) = H Hp(bi,t|w7 A Q)

t=14=1

Observe that our two-step procedure eliminates the need to compute the equilibrium, as in McKelvey and

Palfrey (1995). This greatly reduces the computational complexity of estimating the model.

The above estimation procedure can be easily adapted to allow for risk aversion. For instance, if we use

the CRRA specification of the previous section, equation (25) becomes:

_ ~

Ay “g |v) f(v|w)dv = exp(A(v — b:)"Q(b:))
p(Blu, A, 0: 0) — /_ Gl lde= | N — b P0m))

This might be a particularly desirable specification to take to the data, since Goeree, Holt, and Palfrey

f(v|w)dv. (26)

(2002) find that a QRE model with risk aversion provides a good fit to data from a first-price sealed-bid
auction experiments. We should clarify once again, however, that in Goeree, Holt, and Palfrey (2002), the
authors treated the valuations v as data and estimated A and 6. In our “structural econometric estimation”
exercise, we also need to estimate w, the parameters characterizing the distribution of private information.
The estimation task is much more demanding, and therefore, one should not expect this specification to

be successful a priori. This is especially true since short of obtaining a global maximum of the likelihood

function, we have not been able to obtain a formal identification result for this model. In fact, the recent work
of Haile, Hortagsu and Kosenok (2003) suggests that nonparametric identification of the QRE specification

may not be possible in this setting if one abandons the iid assumption and allows for enough flexibility in

31



the distribution of the idiosyncratic shock term.?

6.2 Results

Next, the valuation distribution is estimated assuming bidders are playing a symmetric logit (QRE) equilib-
rium. In forming the likelihood function, we assume that the econometrician knows the parametric form of
the valuation distribution, though we recognize that in many real applications, most econometricians do not

have this type of a priori information about the structural parameters.

We computed parameter estimates using three specifications. In the first specification, we assume that
the econometrician knows that the distribution of valuations is uniform, but with unknown support given
by the parameters [vlower, vupper]. We also impose the risk neutrality of the bidders. The second spec-
ification relaxes the risk-neutrality of the bidders by allowing the CRRA parameter 6 to be different than
1, but retains the uniform distribution assumption. The third specification relaxes the uniform distribu-
tion assumption by assuming a beta distribution, with two additional parameters («, 3) (where (1, 1) is the

uniform distribution).

In all specifications, we pool the data across N = 3 and N = 6 bids, imposing the equality of the
structural parameters across these two sets of bids. The reason for this is that, as argued above, without
variation in the number of bidders, the Bayes Nash benchmark model where A — oo can explain any
distribution of bids with a sufficiently flexible distribution of valuations. Hence, intuitively, to identify A,
one needs an extra source of variation in the data, such as that given by the variation in the number of

bidders.

22 Haile, Hortagsu and Kosenok (2003) show that given a matrix of average payoffs in a game, there are infinitely many ways

of choosing the idiosyncratic shock distribution such that any observed play probabilities can be rationalized within the QRE
framework — even if one restricts the (zero mean) idiosyncratic shock terms to be (A) independently distributed, or (B) identically
distributed across a player’s actions. This implies that data on play probabilities do not contain any information about the average
payoff matrix of a game if one is willing to be flexible about the idiosyncratic shock distribution within the classes (A) and (B).
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In the estimation exercise we also have to discretize the strategy space of the bidders to calculate the
QRE probabilities. We discretize all bids in the data set to their nearest dollar increment. We found that
using 10 cent increments increases the computational requirements of the model considerably. Moreover,
the likelihood functions (25) and (26) can not be computed analytically. Therefore, we use a simulated
likelihood approach where we use 1,000 random draws from the latent distribution of valuations, f(v|w)

for each likelihood contribution.

In Table 7, we report the results of the three specifications. The risk neutral specification with uniformly
distributed valuations reflects what we expect from the “overbidding” phenomenon, and yielded similar
results to the risk neutral Bayes-Nash model by overestimating the upper support of the valuation distribu-
tion. The lower support of the distribution is also overestimated by the QRE specification. We believe this
is driven by the fact that the expected payoffs of bidders with valuations in this region are close to zero, and
thus dominated by the QRE noise term. Thus, the QRE assigns roughly equal probabilities to the different
bidding strategies of bidders with low valuations — i.e. the econometric model can not reliably distinguish

between valuations rationalizing low bids in the data.

Allowing for risk aversion (expectedly) improves the fit of the model. Notice that the upper support
of the valuation distribution is estimated to be 27.75, closer to 30 than the risk neutral specification. This
indicates that allowing for risk aversion, as before, can account for the overbidding phenomenon. Notice
also that the estimated CRRA exponent, 6, is 0.27, which is very much in line with the estimates from
the symmetric risk averse Bayes-Nash model. However, the lower support of the valuation distribution

was once again overestimated as being 5.16.2 With these support estimates, the Kolmogorov-Smirnov

23 We note that the standard error estimates in this specification are somewhat suspect, since the Hessian of the log-likelihood

function was ill-conditioned.
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sup-distance between the “estimated” valuation distribution and the actual distribution was calculated to be
0.172. This point value is about twice as large as the K-S distances reported in Table 4, suggesting that the

Bayes-Nash model provided a better estimate of the valuation distribution under this (sup-norm) metric.?*

In the last specification, we relax the uniform distribution assumption by allowing for a beta distribution.
The support estimates are very similar to those obtained from the uniform specification. The CRRA expo-
nent, § is estimated to be 0.25, which is once again very similar to the estimate obtained in the Bayes-Nash
symmetric risk aversion model. However, the estimated beta parameters indicate a valuation distribution
significantly different from the uniform. Moreover, the Kolmogorov-Smirnov distance of this beta distri-
bution (evaluated at the point estimates of the parameters) from the actual distribution of valuations was
0.192, which was again larger than the K-S distances for the symmetric risk aversion estimates reported in
Table 4.

We thus conclude that the QRE model with risk aversion provides similar results to the Bayes-Nash
with symmetric risk aversion model; though it is unable to pin down the lower support of the valuation
distribution correctly. Moreover, the estimator is more difficult to compute than the estimators of the previ-
ous sections since it requires solving a multivariate, nonlinear optimization problem.?> The computational
tractability of the QRE model requires a parsimonious, parametric specification. In field work, a priori

knowledge of the distribution of private information may be a strong assumption.

7 Conclusion

In this paper, we attempt to provide some evidence on the usefulness of structural models of bidding in first-

24 We should caution the reader that the comparison of the K-S distance across the Bayes-Nash and QRE models does not have

a rigorous statistical interpretation.
25 The likelihood iterations for the QRE model took several hours to converge within acceptable limits, whereas the nonparametric
procedures used in previous sections were completed in seconds.
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price auctions. If the researcher does not make parametric assumptions about the distribution of private

information, his ability to reject or accept the theory using bid data alone is limited.

Table 8 summarizes our results regarding the distance between actual and estimated distribution of val-
uations yielded by the different estimation methods (we did not include the QRE results here since we do
not have the results separately for the N = 3 and NV = 6 cases, and the interpretation of the metrics is
somewhat different due to the parametric nature of the estimation method used there). Our interpretation of
these results is that when the number of bidders is sufficiently large, most of the methods do a reasonable
job in uncovering the structural parameters. When the number of bidders is smaller, the results are more
sensitive to the choice of method. The risk aversion model is closer to the actual distribution of valuations
in almost all norms. Inthe L' and L? norms, the differences between the models are particularly large. The
average distance between the estimated and actual valuations is $1.39 for the risk aversion model compared

to $3.98 for the risk neutral model and $5.09 for the learning model.

Just because the risk aversion model appears to perform the best when recovering bidder valuations from
laboratory data does not imply that it should always be preferred when analyzing field data. The stakes
in the laboratory experiments are fairly small and may not be indicative of behavior in the field. The
identifying assumptions are more demanding for the risk aversion model since structure on the distribu-
tion of valuations is assumed constant across auctions. In some empirical applications, the cost of these

assumptions may outweigh the benefits.

Despite the fact that, in our chosen metrics, some models perform better than others, it is clear that all
of the models have unique limitations. Also, just because one model dominates others in the metrics that

we have chosen, it does not follow that this model is the best to apply in all possible applications. If one is
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willing to accept the somewhat controversial assumption that behavior in the lab is indicative of behavior in
the field, then this exercise offers the following lessons. First, structural estimates from rational models of
bidding behavior are likely to be more accurate as the number of bidders increases. Second, the estimated
valuations are more likely to be close to the true valuations for moderate or low valuations. Third, bidders
do appear to systematically deviate from rational behavior. While these deviations are not large in monetary
terms, it is important to consider the robustness of one’s analysis to this type of behavior. Finally, allowing

for risk aversion produces better estimates than models in which bidders are risk neutral.
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8 Appendix: Derivation of the Limiting Distribution of the Modified KS
statistic

We will now show that the modified KS-statistic proposed in section 3.2, MK Sy, has a nondegenerate

limiting distribution. Recall that the statistic is given by:

MKSy =T sup |—ZAvt—v) F()|

veEly, ’L)] —

Let

L I
L(v) = ZA 0y —v) — F(v)

t

1 T
= —ZA’Ut—’U
Tt:l

Li(v) Ly(v)

'Ut—’l) ’Ut—’l)

Nl
-
IIM%

The first term in brackets, L;(v), is Op( \/_) uniformly in v (the empirical cdf converges at rate \/_)

Hence vT'L; (v) has the standard limiting Gaussian bridge distribution of the empirical cdf.

We now look at the convergence properties of v/T'Lo(v). To do this, take a term-by-term Taylor approx-

imation around v;:
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where the first line follows from the Taylor approximation, second line from a substitution of the formula
for 9y, the third term from a Taylor approximation around ¢(b;). The fourth term is a rearrangement of the

third.

Now let’s look at the individual terms 77, T5 and T3. As above, G(b;) converges to G(b;) at rate Op(ﬁ ).

Hence the contribution of the 77 term to the sum is o,(1). Similarly, the contribution of 75 terms is also

0p(1). Thus we can write:

T
VL) = VTLS " Mo — ) S8 (o) — (b)) + 0p(1)

where we used the bias formula for the kernel density estimator. Now substitute in for g(b;) =
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T LT a=1 th K (bt <), and noting that v; = v(b;), we get a U-statistic representation for the statistic Q(v)

at each value of v:

T

4 G(b) 1 . b —b,
00 = VT ey S0~ Gt

To establish the asymptotic normality of this statistic for each v, we use the Hajek projection (van der

Vaart (1998), p. 162) to project QQ(v) onto a one dimensional statistic. To do this, define:

2 G0 o b b
\/_?—N_l/bt;A v(be) — (bt)K( e )(bt)Edbt

which is a one dimensional statistic. By the projection formula, EQ(v)—Q(v) = EP(v)—P(v)+op(1).

Then, for b; = b, + hre:

VIN-14 9(bs) Je
11 ¢ Gy
- \/TN 1 Zl (U(bs) )g(bs) + p(l)

where the second line follows from Pagan and Ullah (1999), Lemma (A.55). For each v, this is an

asymptotically normal statistic with variance (b are independent):

Var(P(v)) = ——F




which, as can be seen, does not depend on 7" (or hr).

The covariance term Cov(P(v), P(v")) is given by:

T
Cov(P(v), P(v')) = Cov ( o Z G(bs) LTNl_ 1 S A(0(bs) — v,)G(bs)>

which once again won’t depend on 7.

Hence, the results obtained above show that, under the null hypothesis:

VT sup |= ZA 0y —v) — F(v)] <, sup {G(v)+ H(v)}

veEly, 'u] vE[y,7]

where G(v) is a zero-mean Gauss1an process on v € [v, ¥ with:

Var(G(v)) = lim Var(P(v))

T—o0

and

Cov(G(v),G(v")) = Tlim Cov(P(v), P(v"))
and H (v), which is the limiting distribution of /T L1 (v), is also a Gaussian process very similar to the
limiting distribution of the empirical cdf (and indeed is the empirical cdf when A’ — 0).

Hence the limiting distribution of the modified KS-statistic is the distribution of the supremum of a

Gaussian process defined over v € [y, 7], a well-defined object.
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Table 1: Comparison of Observed versus Equilibrium Bidding Behavior

VARIABLE #OBS MEAN  STD 25 % 50 % 75 %
Observed-Nash Bid, N=3 414 2.44 1.86 1.05 2.46 3.84
Observed-Nash Bid, N=6 414 0.65 1.05 0.03 0.56 1.42
Expected Profit, N=3 414 1.33 1.61 0.08 0.62 2.05
Expected Profit, N=6 414 0.58 1.05 0.01 0.05 0.57
Optimization Error, N=3 414 0.40 0.49 0.03 0.19 0.63

Optimization Error, N=6 414 0.12 0.26 0.00 0.01 0.12




Table 2: Estimation Results for the Risk Neutral Model (p-values in parentheses)

N=3 N=6
K-S statistic (25-75% of 0.1691 0.0700
valuation support) (0.000) (0.1480)
Reject equality of Yes No
distributions? (@ 5%)
K-S statistic (5-95% of 0.1925 0.0672
valuation support) (0.000) (0.0720)
Reject equality of Yes No
distributions? (@ 5%)
L' Norm 3.981 1.067
L’ Norm 5317 1.554




Table 3: Risk Aversion Parameter Estimates

0 OLS 5-95% CONFIDENCE
INTERVAL
Entire sample 0.1580 [0.1382,0.1779]
5-95% of valuation support  0.2237 [0.2074,0.2399]
25-75% of valuation 0.2474 [0.2303,0.2646]

support




Table 4: Estimation Results for the Symmetric Risk Aversion Model (p-values in

parentheses)

N=3 N=6 JOINT TEST
K-S statistic (25-75% 0.0342 0.0361 0.0703
of valuation support) (0.56) (0.48) (0.52)
Reject equality of No No No
distributions? (@ 5%)
K-S statistic (5-95% 0.0618 0.0789 0.1407
of valuation support) (0.42) (0.094) (0.2640)
Reject equality of No No No
distributions? (@ 5%)
K-S statistic (entire 0.0867 0.0893 0.1760
sample) (0.14) (0.014) (0.0580)
Reject equality of No Yes No
distributions? (@ 5%)
L' Norm 1.387 1.344

L% Norm 2.084 1.862




Table 5: Percentiles for Actual and Estimated Valuations, Symmetric Risk Aversion
Model

PERCENTILE

ACTUAL
VALUATIONS

ESTIMATED
VALUATIONS, N=3

ESTIMATED
VALUATIONS, N=6

10
20
30
40
50
60
70
80
90
99

3.94 (2.99,4.98)
7.08 (6.00,7.81)
9.94 (8.55,11.20)
12.95 (11.36,14.10)
15.81 (14.16,17.26)
19.04 (17.36,20.11)
22.01 (20.27,23.21)
25.09 (23.76,25.93)
27.69 (26.98,28.37)
29.99

3.39 (2.45,4.36)
6.19 (5.31,7.33)
9.04 (7.86,10.15)
12.11 (10.76,13.44)
14.68 (13.45,16.26)
17.54 (16.36,19.26)
20.87 (19.35,21.94)
22.90 (22.15,23.50)
25.28 (24.54,26.00)
30.11

3.32(2.22,4.21)
6.36 (5.22,7.33)
9.07 (7.63,10.49)
11.64 (10.57,13.38)
14.87 (13.57,16.35)
17.62 (16.49,18.95)
20.82 (19.05,21.70)
23.08 (22.28,23.90)
24.59 (24.10,25.04)
27.62

Notes: This table provides the estimated percentiles for the actual distribution of valuations and the
estimated distribution of valuations from the risk aversion model. Ninety-five percent confidence intervals
for the percentiles are listed in the parentheses.




Table 6: Estimation Results for the Learning Model

N=3 N=6
K-S distance 0.2500 0.0784
L! Norm 5.091 1.466
L? Norm 6.745 2.012




Table 7: Estimation Results for the QRE Model

RISK NEUTRAL RISK AVERSION RISK AVERSION
(UNIFORM DIST) ~ (UNIFORM DIST)  (BETA DIST)
Vlower 3.48 (0.08) 5.16 (0.001) 439 (0.08)
Vupper 36.16 (0.19) 27.75 (1.05) 27.66 (0.19)
A 15.68 (0.16) 17.36 (1.00) 11.32 (0.10)
0 - 0.27 (1.29) 0.25 (0.03)
o - - 1.44 (0.004)
- - 1.10 (0.01)
Log-likelihood 28733 -2810.4 -2806.3

Notes: Data was pooled across N=3 and N=6 bids, imposing the equality of parameter values underlying
these bids. All estimates were obtained by discretizing the bids to $1 increments. Numerical integration to
compute the likelihood of each observation was performed using 1,000 Monte-Carlo draws from the
underlying valuation distribution. Standard errors, reported in parantheses, were obtained using the
numerically computed Hessian. The Hessian was badly scaled in the “risk aversion with uniform
distribution” case.




Table 8: Comparison of Models

RISK NEUTRAL RISK AVERSE LEARNING
N=3
K-S Statistic (on 5-95% 0.1925 0.0618 0.2500
of valuation support)
Reject equality of Yes No Yes
distributions? (@ 5%)
L' Norm 3.981 1.387 5.091
L’ Norm 5.317 2.084 6.745
N=6
K-S Statistic (on 5-95% 0.0672 0.0789 0.0784
of valuation support)
Reject equality of No No No
distributions? (@ 5%)
L' Norm 1.067 1.34 1.466
L’ Norm 1.554 1.862 2.012




bid

bid

30

25

20

14

10

30

25

20

14

10

Figure 1: Comparison of Equilibrium and Actual Bids.
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Figure 2: Histograms of Estimated and Actual Valuations, Risk Neutral Model.
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Figure 3: Histograms of Estimated and Actual Valuations, Risk Aversion Model.
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Figure 4: Histograms of Estimated and Actual Valuations, Learning Model.
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