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2 Motivation.

e In this section, we consider the problem of esti-
mating densities and running regressions without
imposing strict functional form assumptions.

e The density estimation you have seen up to this
point has assumed that distributions are paramet-
ric.

e However, in practice, theory provides very little
guidance on the appropriate choice of a functional
form.

e Misspecification of the functional form may bias
our estimates.

e Discuss kernel density estimation which allows us
to estimate distributions without imposing func-
tional form restrictions.



As an application of kernel density estimation we
will consider Bajari and Hortacsu (2005, JPE).

Recently, Guerre, Perrigne and Vuong (2000, Emet)
have proposed methods for nonparametric esti-
mation of structural auction models.

These methods use a first order condition and a
nonparametric bid distribution.

Bajari and Hortacsu ask whether these nonpara-
metric structural models generate the "right an-
swer'’' .

Another application, Hendricks, Pinkse and Porter
(2003, ReStud) use nonparametric auction mod-
els to assess whether bidders correct for the win-
ner's curse in offshore oil auctions.



A first (primitive) idea to estimate a density is to
use the histogram.

However, we might believe that the true distrib-
ution is "smoother” than the histogram.

Gain efficiency by smoothing the histogram.

There are drawbacks, however.

Kernel density estimation may not work well for
multidimensional distributions when the number
of variables is large (curse of dimensionality).

In a similar spirit, we will study various nonpara-
metric regression techniques.



In general, theory does not guarantee that there
should be a strictly linear relationship between the
exogeous and endogenous variables of our model.

High order polynomials (as suggested by the text)
as a method for flexibly approximating a function
work very poorly in practice.

The 4th, 5th and higher order coefficients may be
quite unstable and the function can easily " blow
up on the boundaries” where the higher order
terms dominate the function.

We discuss a few nonparametric alternatives to
regression.

Suppose we want to come up with a fitted value
for (y07 CIj())'



The idea in our procedures will be to overweight
points nearby to (yg, xg)-

See figure 2.

We will focus on implimentation issues.

Pagan and Ullah can be consulted for formal deriva-

tions of our claims.
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3 Density Estimation

e Let h denote the length of the cells in the his-
togram

e Let f denote the density and F' the cdf, then:

B F(xg+ h) — F(xg — h)
fwo) = ATO 2h

e A first (naive) estimator of a density would be to
use the height of cells in a histogram.

1 X 1(zg—h < x; < xg+ h)

N 2h
<1>

frrsT(zo) =
=1

B g:l (xz o

- .2

h




This corresponds to the probability of falling into
a bin of length 2h.

In practice, note that this estimate of the density
will be discontinuous.

A more desirable (and efficient!) way to estimate
the density would be to smooth out the disconti-
nuities.

A kernel density estimator generalizes our his-
togram estimator to:

flan) = 0 3 3 (H520)

where K takes the place of the indicator function
above.



e K is called a kernel function and h is smoothing
parameter called a bandwidth.

e We will make the following assumptions about the
kernel function:

(i) K(z) is symmetric around 0

(i) [K(2)dz =1, [2zK(2)dz=0, [|K(z)|dz < 0

(iti) (a) either K(z) = O for |z| > zgor (b) |z| K(z) —

0 as |z| — o©

(iv) [22K(2)dz =k < o0

e We will commonly assume that z € [-1,1] as a
normalization on the domain in the case of (iii)
a.



e Some commonly used kernels are:

uniform 1(|z| < 1)
3
Epanechnikov Z(l —2°) x 1(]z| < 1)

normal (277)_1/2 exp(—22/2)

e Note that as h is larger, larger weights are given
to observations further away from x.

e That is, larger values of h smooth the observa-

tions more heavily.

e In an application, we will want h — 0 as N — oo
so that in the limit (at an appropriate rate).



e Thus, we only include observations in an arbi-
trarily small neighborhood in our density estimate

f(z0).

e In choosing the bandwidth, we will face a tradeoff
between the bias of f(xg), denoted b(xq), and the
variance of f(xg), denoted V[f(xg)].

o) = Blf(wo)] - flwo) = 13f"(wo) [ 2K (2)dz

VIf@ol = - f(xo) [ K(2)2dz + o)

e Note that a small h decreases the bias but in-
creases the variance.

e In the limit, we it is desirable to let h — 0 and
Nh — oo so that both the bias and the variance
eventually become zero.



e It can be shown that f(xzg) is pointwise consistent
if h - 0and Nh — oo

e Uniform consistency if Nh/InN — oo (this re-
quires more smoothing).

e It can be shown that the kernel is (pointwise)
asymptotically normal,

(NR)Y/2 (f(wo) — f(w0) = b(z0)) = NIO, f(xo) [ K(2)?d2]

e This is potentially complicated object to com-
pute.

e A practical alternative is to use a resampling pro-
cedure such as the bootstrap.



Another important choice is the bandwidth.

This can be found by minimizing the expected
mean square error.

There are also plug in estimates (such as Silvver-
man’s plug in estimate).

Example-Part 1.

Next, we consider the problem of the identifica-
tion and estimation of auction models.

In an auction, the economist sees the distribution
of bids.



e The economist wishes to infer bidder's private in-
formation and utility functions.

e Key papers in the literature are Paarsch (1992),
Elyakime, Laffont, Loisel and Vuong (1994) and
Guerre, Perrigne and Vuong (2000).



5 First Price Auction Examples.

e Consider the first price auction with independent
private values.

e In the model, there are ¢+ = 1,..., N symmetric
bidders with valuation v; for a single and indivis-
ible object.

e Valuations are iid with cdf F'(v) and pdf f(v).

e In the auction, bidders simultaneously submit sealed
bids b;.

e Bidder 2's vNM utility is

v; — b; isz'>bj for all  #£ 3

ui(bla RES) bnv vi) = { 0 otherwise.

(1)



o Let 7;(b;; v;) denote the expected profit of bidder
© where ¢ is the inverse of the bid function:

mi(bivi) = (vi — b)) F(e(0)Y 1. (2)

e The first order condition for maximizing expected
profits (2) implies that

Fob)
7@ BN — 1)

— b+ (3)

e [ his looks hard to deal with.

e Guerre, Perrigne and Vuong (2000) propose an
alternative approach.



The econometrician observes t = 1,...,7T inde-
pendent replications of the auction described above.

For each auction ¢, the econometrician observes
all of the bids b; ;.

The object that GPV wish to estimate is F'(v).

Let G(b) = F(¢(b;)) denote the equilibrium dis-
tribution of the bids.



e If we substitute G(b) into (??) allows us to write
expected utility as:
(vi — by)G (b)) .
The first order conditions can now be written as:
(vi —b;) (N —1) g(b;) — G(b;) =0 (4)

| G(b;)
P N D9 ©)

V; —

e Let G and g denote estimates of G and g

e we can form an estimate v; ; of bidder i's private
information v; 4 in auction ¢ by substituting these

terms into (5):



é(bz',t)

Vit = bt + =
: YN = 1)g(big)

(6)

To summarize, the estimator proposed by GPV:

1. Given bids b;; for: = 1,..., N and t = 1,...,T,
estimate the distribution and density of bids G(b)
and g(b).

2. Compute v;4 for « = 1,.... N and t = 1,...,T
using equation (6). Use the empirical cdf of the
v; ¢ to estimate F.



This idea turns out to be quite general.

The distribution of bids can be used to recover
private information even in multiple unit auctions

or auctions with dynamics.

These estimators have been applied to offshore oil
drilling, procurement, electronic commerce and
treasury bill markets.

There are still some interesting research questions
left, however, particularly in the common values

case.



5.1 The Risk-Averse Model.

e While the above estimator is quite flexible, a prob-
lem is that we may not be able to identify the
model.

e The basic problem is that because there is only
one equation for each v;, we cannot distinguish
v; from the vNM utility function.

e For example, suppose that we still have an IPV
model, but that bidders are risk averse.

e CRRA utility function, U(z) = z?. In this spec-
ification, 1 — 6 is the coefficient of relative risk
aversion, with 8 = 1 corresponding to risk neu-
trality.

e In this model, the first order condition is:



- G(by)
g(b;)(N —1)

v, =b;+ 6

(7)

e Observe that when bidders are risk neutral, that
is 8 = 1 then this is the risk neutral foc.

e For any fixed value of 6, we could repeat the pro-
cedure above and recover the valuations condi-
tional on 0.

e For example, if 6 = 2, we could

1. Given bids b; 4 for: = 1,...., N and t = 1,...,T,
estimate the distribution and density of bids G(b)
and g(b).

2. Compute v;4 for « = 1,.... N and t = 1,...,T
using equation



G(b;)

v, =b;+60-— :
L g(b;)(N —1)

Then use the empirical cdf of the v; ; to estimate F.

e Obviously, we could perfectly rationalize the bids
when 6 =1 or 6 = 2.

5.2 Structural Estimation

e In order to identify the model, something has to
vary!

e One idea is the vary the bids so that the first order
condition moves around.



The logic of the estimator is similar to the previ-
ous section.

Let G(b; N) denote the distribution of bids with
N bidders.

Let N =3 orN = 6.

Suppose that F'(v) is independent of N.

Let v, denote the ath percentile of the distribu-
tion of valuations.

Let bo(3) denote the at? percentile of G(b; 3) and
let bo(6) denote the al’ percentile of G(b;6).

By equation (7) it follows that



G(ba(3);3)

2g(ba(3);3)
- G(ba(6); 6)

59(ba(6); 6)

Voo — ba(3) + 9

(8)

Voo = ba(6)+ 06 (9)

e By simple algebra, it follows from the equations
(8) and (9) that:

ba(3) — ba(6) = 0 - (‘?(ba(ﬁ):6) __(?(ba(3);3)>

59(ba(6);6)  29(ba(3);3)
(10)

e Equation (10) suggests a simple way to estimate

0.

e If we knew the distribution of bids in the 3 and 6
bidder experiments, given «, all of the terms on



the left and right hand in this equation would be
directly observable except for 6.

e By evaluating (10) at a large number of per-
centiles, we could then estimate 6 using regres-
sion.

e Given an estimate 6 of 6, we can then estimate the
valuations v; by evaluating the empirical analogue
of equation (7) as in the previous section.

To summarize, we generate estimates v; 4 of v;; as
follows:

1. Generate non-parametrically estimates G(b; N) and
g(b; N) of g(b; N,e) and G(b; N, e).



2. Generate an estimate 0 of 0 by running the follow-
ing regression, using a finite number of percentiles

(87

G(ba(6);6) G(Ba(s);3)> )
55(0a(6):6)  23(ba(3);3)) "
(11)

ba(3)—ba(6) = 9-<

3. Given 6,G(b; N) and G(b; N) use the empirical
analogue of (7) to generate an estimate v;; of

’Ui)t.

R -~ G(b;)
Vit =bjs+0-—
PP G(b) (N — 1)

(12)

e Bajari and Hortacsu (JPE, 2005) compare esti-
mated valuations to experimental valuations for
risk neutral, risk averse and two " behavioral mod-
els” where bidders may fail to correctly optimize.



e That is, let v7, be the valuation assigned in the
experiment to the bidder.

e We would like to examine the distance between
the estimated and actual values in the L! and L2
norms

Ll — ﬁ% Uit 6@,15
1 N2
12 — ﬁg(vgt—vi,g

e Another measure of distance is the KS test statis-
tic which measures the distance between the CDF

of vie’t and v 4.



6 Nonparametric Regression.

e Suppose that the data generating process is:
yi = m(x;) + &
e; ~ #d[0,0?]

e The most common case considered is where x; is

a scalar or very low dimensional vector.

e In this model, we wish to avoid specifying the

functional form for m(x;).

e Suppose that we wish to construct an estimate
m(xqg) of our regression function at z.



Our strategy will be to overweight observations
that are nearby to xg.

Let w;g (i, To, h) denote a set of weights that
we assign to observation g where h is a smooth-
Ing parameter.

The weights sum up to one.

Our estimators will be of the form:

T/ﬁ(xO) — Z wio,h(xia L0, h)yz

1

A first (naive) weighting scheme would be to put
equal weight on the k& nearest neighbors.



For example, if K =5, we would put a weight of
1/5th on the two observations to the left, 1/5 on
the two observations to the right and 1/5 on yj.

That is, we rank the scalar x's from highest to
lowest and we average by putting equal weight
on these nearest neighbors.

This is obviously a somewhat crude scheme since
it does not take account of the distance between
xg and its neighbors, for instance.

Also, as in density estimation, we might like to
shrink the bandwidth in an appropriate manner
as the sample size grows large.

There is also a boundary problem when estimating
this model near the endpoints.



e A better alternative might be to use kernel regres-
sion where w;q (7, To, h) is defined using kernel
weights.

e As with kernel density estimation, our estimator
will be biased, but consistent if we let h — 0 and

Nh — oco.

e The estimator is pointwise asymptotically normal
but with a slower convergence rate (Nh)l/2

e Analytical forms of the variance may not be very
useful and a resampling procedure may be needed
to actually compute the standard errors.

e The choice of the bandwidth h* is more compli-
cated and is often done using cross validation.



N
h* = argminCV(h) =Y (y; — M_i(x0)) 7 (;)
1=1
D WiihYi/ D Wik

JF1 JF1

m_i(zo)

e In the above, wj; j, denote the kernel weights and
mw(x;) denotes weights for computing the mean

square error.

e In practice, it is common to trim the tails to the
5th and 95th percentiles since they may include
outliers and/or may influence the convergence of

our estimator.

e In practice, researchers may choose a bandwidth
by " eyeball” since estimated bandwidths may not
always give a reasonable answer, especially in higher

dimensions.



e That is, choose the bandwidth so the curve is not
"too wiggly”.

Other Approaches.

e Two other important approaches are local linear
regression and series estimators.

e In a local linear regression, holding zg fixed, we
wish to fit the model:

X, — I
ZK( . - O) (y; — ag — bo;)?
i

e There is a specific set of regression coefficients,
ag and by corresponding to each unique value of
Q-



Unlike ols, we weight the observations using the
: T;—xQ
kernel weights K( 7 ) :

Note that we overweight the observations close
to xg and underweight other observations.

Hence, the estimator corresponds to weighted least
squares which can be expressed in closed form.

Note that this estimator gives us an estimate of
the marginal effect of increasing x at every point,

ZBZ'.

An attractive feature of this estimator is that if
we oversmooth, we are biasing our results towards
ols (hence we know the direction of the potential
bias at least!).



In series estimation, we start with a set of basis
functions, z1(x), ..., 2z ().

In a simple (naive) example, these could be zg(x) =

1, z1(z) =z, zo(x) = 22, ..., zpc(z) = =&

More realistically, we would choose a set of flexi-
ble basis functions.

These might include orthogonal polynomials, fourier

series, etc...

Our estimator is:

K ~
m(z) = ) Brzp(x)
k=0



Bk are estimated by regression.

In series estimation, we let K — oo at an appro-

priate rate as N — oo.

In general, as with other nonparametric techniques
we expect the rate of convergence to be slow com-
pared to parametric models.

However, many linear functionals of m(x) con-
verge at a square root rate with normal asymp-
totics under the regularity conditions stated in
Chen (2006, Handbook of Emet), Andrews (1994,
Emet)

Linear functional are mappings from m(x) to the
reals such as derivatives at a point, xq, elasticites
at xg, [m(x)dxz and so forth.



e In many cases, linear functionals are the main ob-
ject of interest in terms of the results.

e [ his is an attractive feature of these estimators.

e A final useful approach for applied work is quantile
regression.

e In this framework, the regression coefficients are
functions of the quantile of the error term.

e This may be less flexible as the nonparametric
regressions above.

e However, since the model is more parsimoniously
specified, it may be more useful for certain appli-
cations.

e See in particular the Econometric Society Mono-
graph Quantile Regression by Koenker.



8 Semiparametric Regression.

e In a semiparametric model, there is one para-
metric component and one nonparametric com-
ponent.

e Some examples are:

Partially linear E[y|z,z] = '8+ \(2)
Single Index E[y|z,z] = g(2'8)
J
Generalized additive Efy|z,z] = c+ ) gj(x)
j=1

e Consider our example of testing rationality in an
auction.

e [hat model has the form:



E (gf — Xigf + P(big)|Tr) = 0

In the above, P(b; ;) is the partial derivative of the
"penalty function” associated with the bid b;;.

The term I; is information at time ¢.

This suggests that we could model the relation-
ship between quantities (actual and estimated)
and the penalty function as a partially linear model.

There is a large (and sometimes complicated) lit-

erature on semiparametric estimation.

The text discusses a couple of examples including
the Robison difference estimator.



Suppose:

y =8+ \z) +u

Note that ©u = y — Ely|z, 2]

By conditioning on z note that:

Elylz] = Elz|z]'8 + X(2)

Substracting these two equations yields that:

y — Elylz] = (z — Elz|2])' 8 +u



e Note that we have differenced out A(z).

o Let my; and my,,; be fitted values from a non-
parametric regression of y on z and x on z re-
spectively.

e Robinson proposed estimating 3 by the following
ols regression:

y_myi: (I—mm)/ﬂ—l—v

e Under suitably regularity conditions, N1/2(B—60)
is asymptotically normal.

e Hence, we can estimate the parametric part of
our model at the "regular’ rate even though the
nonparametric first stage will converge at a much
slower ratel



9 The bootstrap.

e Next we talk about the bootstrap.

e In many models, the formulas required to com-
pute standard errors may be quite difficult to im-
pliment empirically.

e We saw examples of this in our last section on

semiparametrics.

e Also, standard errors and test statistics are typi-
cally based on first order asymptotic approxima-

tions.

e In finite samples, we might be concerned about
the reliability of this approximation.



e The bootstrap and other resampling procedures
are an important alternative.

e It is often quite easy to compute and in some
cases has better small sample properties than al-
ternatives based on asymptotic approximations.

e The bootstrap does require regularity conditions
and cannot be used in all cases.

e Subsampling is an alternative when these regular-
ity conditions cannot be met (as in the Bajari and
Hortacsu application with the KS statistic).

0.1 Overview

e Suppose that we have an iid random sample w; =
(yi,xi), = ]., cosy N.



AN

e Let & be an estimator that is a function of the

sample.

e Assume that 0 is asymptotic normal at a rate of
N1/2

e \We will be interested in the standard errors, 55

and test statistics such as the t-stat, ¢ = (@ —
90)/s§ where 6 is the null hypothesis value.

9.2 Simple example.

e Our asymptotic distributions were meant to ap-
proximate the sampling distribution of our test
statistics.



For example, a 95% confidence interval is con-
structed in such a way that 95 times out of 100,
given our sample size of IV, our true parameter
will fall in this interval.

Suppose that we could create B random samples
of size N.

We could estimate 6 using each of these samples
and find an interval where the estimate falls each
time.

In the bootstrap, we do this by sampling from
acutal data set without replacement.

To take a simple example, suppose that we are
interested in the sample mean:
1 N

Nzyi

1=1

m



e Let us draw B samples of size N by sampling
from {y1, v, ..., yn} with replacement.

o Let y( ), ,y§V) denote the sample b =1, ..., B

e Let 11y denote the mean from sample b :

Z y(b)

e \We could then estimate the variance of the sam-
ple mean as:

Varlp] = Z (fp — 1)

Mm
)

b

| = Ud

b=1



More generally, the bootstrap is performed by
drawing B random samples, with replacement, of
size N.

Compute the distribution of the estimator using
the empirical distribution of the statistic.

An advantage of the bootstrap is that it can pro-
vide a better approximation.

In our first order asymptotic approach, the ap-
proximation error was of order O(N_1/2)

In the bootstrap, the approximation error in some
cases (but not all!) is of order O(N 1)

A sufficient condition for an asymptotic refine-
ment is that the statistic is pivotal.



We can use the bootstrap for hypothesis testing.

Suppose that we wish to test the two-sided hy-
pothesis that § = 6y against the alternative that
0 # Og at the 1-a level of signifance.

Using our bootstrap of the test statistic, we com-
pute the a/2 and the 1-a/2 percentile of the
boostrap.

We reject the null if 8 falls outside of this inter-
val.

Outside of estimators that are asympotically nor-
mal, you need to verify that the bootstrap works.

Either consult the literature or do the proof.

Subsampling works under more general conditions
and is an increasingly popular alternative.



10 Application Revisited.

e There has been a recent growth in the use struc-
tural econometric modelling approach to analyze
data on firm and consumer behavior.

e One of the most active research areas in this line
of work has been on the analysis of auction data.

e Laffont and Vuong (1996) auction models appear
especially well-suited “because of the availabil-
ity of many data sets and the well-defined game
forms associated with auctions.”

e Examples: Paarsch (1992), Donald and Paarsch
(1993, 1996), Elyakime, Laffont, Loisel and Vuong
(1994), Flambard and Perrigne (2001), Campo
(2001), Guerre, Perrigne and Vuong (2000) and
Hendricks, Pinkse and Porter (2002).



Many economists are uncomfortable with the ra-
tionality assumptions.

This lack of comfort is not unwarranted.

The equilibrium bid function in a first-price auc-
tion game is the solution to a complicated differ-
ential equation.

Our goal: Which, if any, methods for estimating
structural auction models yield reasonable esti-
mates.

Approach: Estimate the models using experimen-
tal data Dyer, Kagel, and Levin (1989).

The four models we estimate are: 1) risk neutral
Bayes-Nash 2) risk averse Bayes-Nash 3) Quantal
Response Equilibrium (QRE) and 4) an adaptive
model of learning.



11 A Simple Adaptive Model

e |t is possible that the bidders “learn,” rather than
“know” Q(b), the probability that a bid of b will
win the auction.

e Let h;; denote the history of bids observed by the
bidder 7 who submits the bid b(t)-

e Assume in this model that bidders estimate G(b)
using previously submitted bids.

e We denote this estimate as G(b|h¢).

e Bidders choose their bids in order to maximize
expected profit Wi(bi;’l)i,é(blht)) which is equal
to



i (bs; vi, G(blht)) = (v; — b;)G(blhe)N 7L (13)

e [ he first order condition for maximization in the
learning model is then

G(bit|hit)
g(bitlhit)(N —1)

where 0 is the valuation that rationalizes the t*" bid.

Vjp = bj + (14)

12 The Logit Equilibrium Model

e In this logit equilibrium model, let 7(b;;v;) be
the utility that the agent 7 receives from bidding
b when she has a valuation v;;



This is a sum 7(b;; v;) and €(b;, v;) :

T(b; v;) = (vi—b;)*Q(b;)+e(bi, vi) = w(bs; v;)+e(bs, v;) -
(15)

The logit equilibrium model generalizes the Bayes-
Nash model by including the term ¢(b;,v;) in an
agent’s payoffs.

One can interpret e(b;,v;) as the agent's opti-
mization error.

Let o(b;;v;, B) be the probability that agent ¢
bids b; conditional on a value draw v; and that
the N — 1 other agents bid using the strategy B.

By well known properties of the extreme value
distribution, it follows immediately that:



eXp(Aﬂ-(bi; Uiy B))
> e exp(An(b;v;, B))

o (bi; v, B) = (16)

12.1 Structural Estimation

e Let p(b|6) denote the probability of the bid b given
0. Given Q(b),

p(016,5Q) = [ (b} F(v]6)do (17)

[T ool b))
v Yyepexp(A(v —b')Q(b))

c

f(v|6)iB)

e Our approach for estimating the logit equilibrium
model can be summarized as follows:



1. Given a data set of T bids, b(l), . b(T), form an
estimate Q(b) of Q(b).

2. Estimate 6 and A using maximum likelihood.

e Goeree, Holt, and Palfrey (2002) find that a QRE
model with risk aversion seems to fit laboratory
experiments in first-price sealed-bid auctions well.

e We attempted to estimate this model, a very poor
fit resulted.

13 Results

e Data from IPV first-price auction experiments con-
ducted by Dyer, Kagel, and Levin (1989).



e There were 3 experimental runs with 6 different
subjects selected in each of them.

e In these experiments, bidders were assigned i.i.d.
valuations drawn from a uniform distribution on
[$0, $30], and, in the event they won the auc-
tion, they were paid their assigned valuation mi-
nus their bid.

e Each subject participated in 28 auctions, during
the course of a two hour experimental run.

e Following Kagel's suggestion, data from the first
5 runs of the experiments are excluded.

e [ his leaves us with 3 runs of 23 auctions.



e A novel feature of this experiment was that the
bidders were faced with two possibilities as to how
many competitors they were going to face: with
probability 1/2, the market they competed in con-
tained N = 3 bidders and with probability 1/2,
N = 6 bidders.

e Bidders were asked to submit two ‘“contingent”
bids and one “non-contingent” bid.

e After the bidders submitted their three bids, a
coin was tossed, first, to determine whether the
“contingent” or “non-contingent” bids would be
used in determining the winner.

e A second coin toss determined whether N = 3
or N = 6. If the “contingent” treatment was
selected, the first “N = 3 contingent” bid was
used if N = 3, and the “N = 6 contingent” bid
was used if N = 6.



e After each auction, bids and corresponding pri-
vate values were posted on a blackboard for the
bidders to see.



