Midterm 1—Suggested Answers

1. (a) Given the following linear program,

min 7 + Ty + w3 subject to
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its dual is given by

max o + o9 + 03 subject to
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Adding the primal constraints, it follows that m + mo + w3 > 1.5. Adding the

dual constraints, it follows that oy + 09 + 03 < 1.5. The vector 7 = (%, %, %) is a

feasible primal solution with value 1.5, and the vector o = (%, %, %) is a feasible
dual solution with value 1.5. By duality, 1.5 <V =W < 1.5, therefore 7 is an

optimal primal solution and ¢ is an optimal dual solution.

(b) If < % then the additional constraint m; + 7y + m3 > o doesn’t affect
the problem, so the solution is the same as before. If a@ > % then the value of
the problem equals a with an optimal solution 7 = (5, %, 5). This is clearly

feasible, since § + § = 2?0‘ > 1.

2. (a) We are given the linear program:

Via) = max 1 + 2z subject to
T + %xz < 2a,
T +x2 <«
211 < 3
r1,T9 > 0



The dual of this problem is given below:

W(a) = min 2ay; + ays + 3ys subject to
Y1,Y2,Y3

y1+y2 +2y3 = 1,

%yl +y2 Z 27

yi,y2 > 0.

Since the slope of the isovalue line lies between the slopes of the first and second
constraints, the optimal solution will solve

1 + %:132 = 2«
T+ 2Ty = «Q,
yielding (27, 23) = (3o, 2a), as long as x} < 3/2, i.e., as long as v < 15/4. If
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a > 15/4 then (27, 2%) = (3,

16
the value are tabulated below.

). The remaining optimal solutions as well as

*

o x V=W y* 2y + Y5
a<0 0 —00 unbounded unbdd
a=0 (0,0) 0 any feasible (y1,¥s,0) +o00

0<a<15/4| (o, 2a) | Ba (2,2,0) 8

a=15t | D | 6 |[DELO0-NG0D e} ]| B8
B/ <a | (3, 229) 353 3.0.0) 5

Therefore, 2y} + y5 coincides with the slope of V(«).
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The remaining graphs can be drawn from the table above




(b) Now suppose that a = 1 is fixed, and vary [ in the linear program below.

V(ia) = max & + 2x5 subject to
x4+ 51y <2,
rrtary < 140,
2z, < 340,
T1,x9 > 0

The dual of this problem is given below:

W(a) = min 2y, + (1 + B)y2 + (3 + B)ys subject to
Y1,Y2,Y3

Y1ty +2y3 > 1,
§y1+y2 > 27

yi,y2 > 0.

Using the same techniques as the previous problem leads to the following table:

s z* V=W Y Y5 + s
g< -1 0 —00 unbounded unbdd
f=-1 (0,0) 0 unbounded unbdd

—-l<fB<—3| (0,1+0) |2(1+0) (0,2,0) 2
G—-1 0.9 L0200 -NEL0 A1 | 22
Bl [(E2 )| E (220
B=1 (2,0) 2 [ {ME2,0) 4+ (1=X)(1,0,0): A€ [0,1]} | [0, ]
1<p (2,0) 2 (1,0,0) 0

Now, the slopes of V() correspond to y;(5) +y5(5), since in this case the third
primal constraint never binds, so y;(5) = 0 for all .




