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178 THEORY OF LINEAR ECONOMIC MODELS

d2) = 2, d(4) = 4, d(5) = 2. The numbers next to the edges are
unit shipping costs, assumed the same in either direction. Find the
cheapest shipping schedule compatible with the given supplies and
demands.

8=5

19. Consider a transportation problem in which there is a capacity
ki as well as a cost v;; from the plant P; to the market M;. Show that a
feasible shipping schedule £;; is optimal if and only if there exist prices
MY « o o ) Tm,y q_.‘r iy e At s.“. such that

if #; —m > v;  then & = xy (1)
if 7 —m <75  then &; 2

I
=}

(Hint: See Exercise 16 of Chap. 3.)
20. In a network N with source s and sink s’ let z; and z. be any
nodes of N. Suppose

If capacity k(s, 1) is increased by 8, then the value a)
p of the maximum flow is increased by A:

If k(s, ) is increased by &, then u is increased by @)
A,

If k(s, x1) and k(s, x2) are increased simultaneously @)

by 61 and &, then u is increased by Aj,

Prove that Az < A; + As.

INTEGRAL LINEAR PROGRAMMING 179

21. As in Exercise 20 suppose

If k(s, 1) is increased by 8, then u is increased by

Ay &
If k(z,, s’) is increased by §, then u is increased
by A, @)

If both capacities are increased simultaneously @
by 4 and &, then u is increased by A;» )

Prove that Aj, = Ay + A,

22. An airline must make n flights, Fi, . . . , F,, in a certain year.
We say that F; precedes F;, written F; > F;, if it is possible for a plane
to make the flight F; and subsequently the flight #;. From the mean-
ing of the problem it is clear that the relation > satisfies

mmm—mvw\@ﬂ&m‘mvwfﬁvmbﬁmV.ﬁdn AHV
mﬁ@mvﬁugermﬂmﬁvﬁvm‘m AMV

Two flights are called noncomparable if neither precedes the other.
Prove: the minimum number of planes needed to meet a given schedule is
equal to the maximum number of mutually noncomparable Jlghts.

Hint: Consider the n X n simple-assignment problem with qualifi-
cation matrix A = («;), where a;; = 1 if and only if F; > F;. Suppose
the maximum number of assignments and therefore the minimum cover
of A is k (see Exercise 5).

a. Using the k assignments, show that all flights can be made by
n — k planes.

b. Show that if a cover of 4 includes both the ith row and the ¢th
column of A it is not minimal. Hence show that the flights I, for
which neither the ¢th row nor column lies in the minimal cover form a
set of n — k noncomparable flights.
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