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Jan Werner

Risk aversion
Exercises IT Q1 F2008

Let v1 and ve be two twice-differentiable von Neumann-Morgenstern utility functions. Show that
vy is more risk averse than vy (i.e. Aj(x) > As(x) Vz) if and only if, for every deterministic w € R
and every random variable Z,

Elve(w + 2)] < va(w) implies Elvy(w + 2)] < v1(w)

That is, if agent 2 rejects gamble Z, then so does agent 1.

Solution.
Proof.

= Let Aj(z) > As(x), for all z. Then, by Pratt’s theorem v1(-) = f(va(-)) where f is a strictly
increasing and concave function, and if Efve(w + Z)] < va(w) we have

Elvi(w+ 2)] = E[f(v2(w + 2))] < f(Efvz(w + 2)]) < f(v2(w)) = v1(w)
where the first inequality is the result of Jensen’s inequality.

< Let Efva(w + 2)] < va(w) imply Efvi(w + 2)] < vy (w) for all w € R, and every random variable
Z. For a random variable Z for which F(Z) = 0 we have by the definition of risk compensation
Elvg(w+ 2)] = va(w — p2(w, 2)). If Elvg(w + Z)] < va(w) then pz(w, ) > 0, and by assumption
this always implies Efvi(w + Z)] < v1(w) or pi(w,z) > 0. Thus p1(w, 2) > p2(w,z) > 0. By
Pratt’s theorem pq(w, 2) > pa(w, 2) & Aj(x) > Az(x) for all . O

Back to table.

Risk aversion
Exercises 1T Q2 F2008

Consider an agent with expected utility function and suppose that von Neumann-Morgenstern
utility function v is

u(y) = —e”

for some parameter o > 0.
(i) Show that risk compensation p(w, Z) is independent of w, for every Z.
(ii) Show that risk compensation p(w, Z) is an increasing function of parameter c.

You may use the Theorem of Pratt. However, if you use a corollary, you need to show how it follows
from the Theorem.

Solution.

Proof.



(i) By definition E[v(w + £)] = v(w — p(w, 2)). For the given utility function
E[_e—a(w+£)] — _e—a(w—p(w,i)) o e—awE[eaE} _ e—aweap(w,i) PN p(w,%) —a! hlE[eaE]

(ii) We have .
tali) = e~ = —(e=) T = f(em ) = fl0y (@)

where we define f(z) = —((—z)%) If a1 < g function f is a strictly increasing and strictly
concave. By Pratt’s theorem then p;(w, Z) < pa(w, Z). Alternatively,

A(x) _ _11”(33) _ _—0426_0& .
v (z) ae—ox
If ag > oy then As(z) > Ai(x), and so by Pratt’s theorem p;(w, 2) < pa(w, 2). O

Back to table.

Stochastic dominance
Exercises I Q3 F2008

Consider two real-valued random variables Y and Z on a probability space. You may think about
Y and Z as two contingent claims on a state space. You may assume that the state space is finite.
Suppose that Y can take only one of two possible values y1, y2 with respective probabilities m; > 0
and 7o > 0 such that 7; + m2 = 1. Suppose that the expectations of Z conditional on {Y = y;} and
{Y =y} are zero, that is E(Z|Y = y1) = E(Z|Y = y2) = 0. Prove that Y + Z is more risky than Y.

Solution.

Recall that for two random variables X7, X5 on the same probability space, X5 is said to be more
risky than X, if F(X;) = F(X2) and X; second order stochastically dominates Xo; and that X3
second order stochastically dominates X5 if and only if for any nondecreasing, concave, continuous
function g we have E(g(X1)) > E(g9(X2)).

Proof. Suppose that Z takes values z1,..., 2z,
i.

n

E(Y+2Z)=) (1 +2)P(Z =Y =y)m+ Y _(y2+2)P(Z = 2]V = ya)m
=1 i=1

=1 =1

+ 72 (mZP(Z =zlY =y2)+ Y zuP(Z =2V = y2)>
i=1

=1
=m(y1 + E(Z|IY = y1)) + m2(y2 + E(Z|]Y = y2))
=my + meys = E(Y)



E((Y +2))=> g +2)P(Z = x|V =y)m+ Y g(ys + 2)P(Z = z]Y = ya)m
i=1 i=1
=mEQ@Y +2)|Y =y1) + mE(g(Y + 2)|Y = y2)
< mg(E(Y + ZIY = 1)) + mag(E(Y + Z|Y = )
= m19(y1) + m29(y2)
= E(y(Y)) O

Back to table.

Coefflicient of absolute risk aversion
Exercises 1T Q4 F2008

Consider expected utility mv(c1) + (1 — 7)v(ce) defined on (c1,c2) € R? with 7 € (0,1) and v
twice differentiable. Show that the slope of the indifference curve at ¢; = ¢y equals —7=— for each
¢y > 0. Further, show that the second order derivative (curvature of the indifference curve at ¢; = ¢

; ; v (c1)
is proportional to — v,(cll) ).

Solution.

The indifference curve is characterized as wv(c1) + (1 — m)v(ce) = u. Let F(cp, ) = mv(er) + (1 —
m)v(ce) — T, then the indifference curve F(¢q,c2) = 0 defines an implicit function ¢o(¢q). The slope of

the indifference curve is o

oL /
dCQ _ 6(,’1 — ™ (Cl)
— ==
dey o (1 —m)v'(co)
and at ¢; = co this becomes g—if = — (1f7r). The curvature is

dacz_d(dcz>__m"<c1><1w)v'@)m( (1= m" (e2) (1) 2y e
4~ dey \der) (1= m2((c2))?

and at ¢; = ¢ this becomes

Loy T (e1) + 70 (02) 7y T v"(c1)
dC% = (1 —m)v'(ca) B (1-m)2w

Back to table.

Stochastic dominance
Exercises IT Q5 F2008

Give an example of two random variables § and Z with E(g) = E(Z) such that neither § is more

risky than Z nor Z is more risky than g.

Solution.



Let 3 take values (0,3) with probabilities (1, 2) and Z take values (1,4) with probabilities (2, 1)
Then E(§) = E(2) = 2, but

/ Fy(t)dt > / F(t)dt forz € (0,2)
and " "
/ Fy(H)dt < / F(O)dt forz € (2,4)

Thus neither § second order stochastically dominates Z, nor Z second order stochastically dominates .

Back to table.

Risk aversion
Exercises 1T Q6 F2008

Give an example of two von Neumann-Morgenstern utility functions v; and vy such that neither
v1 is more risk averse then vy nor vy is more risk averse than v.

Solution.

oy Y () _ 2273 _2
Mi(w) = vi(x) x—2 x
) e

A= T e

Thus A;(x) > As(z) for x < 2, and Ay(z) > A;(x) for z > 2.

In general, for a CRRA utility function u; (¢) = JA-o_q

—— and a CARA utility function uy(c) = —e=**
we have

uf (z —ox™ ! o

Al(x):_/l():_ P
uf(x) x x
u (x a26—cw:

Ag(r) = — /2( ) — o =
ub(x) —ae

Thus A;(x) > As(z) for x < o/a, and As(z) > Ay (x) for z > o/a.

Back to table.

Risk aversion
Exercises 1T Q7 F2008

Consider an agent whose preferences over risky consumption plans have an expected utility repre-
sentation with strictly increasing and continuous utility function v : R — R. Prove that the agent is

risk averse if and only if Ev(Z) > Ev(g) for every § and Z such that E(g) = E(2) and § is more risky
than Zz.

Solution.



Proof.

= Consider a risk averse agent. By definition this means that E(v(c)) < v(E(c)) for any risky
consumption plan ¢, and so shkler utility function is concave. If g is more risky than z, we know
that E(y) = E(Z) and that Z second order stochastically dominates g. This in turn means that
for any continuous, nondecreasing, concave function g it hold Eg(Z) > Eg(g). Thus this holds
also for v.

< Consider a risky consumption plan ¢, and let 2 = E(§). Then by construction ¢ is more risky
than Z. Using the assumption Ev(§) < Ev(2) = Ev(E(g)) = v(E(g)). Thus the agent is risk
averse. O

Back to table.

Risk aversion
Exercises 1T Q8 F2008

Let y and Z be two normally distributed random variables with the same expected value and with

2

variances o,

and o2. Show that § is more risky than ? if and only if 02 > o2,

Solution.

Proof.

= If § is more risky than Z, for any nondecreasing concave continuous function g it holds E(g(g)) <
E(g(2)). Let g(z) = —(% — E())*. Then —oj = E(g()) < E(g(2)) = —0?.

< Assume that 02 > 02, and that § and Z are normally distributed random variables with same
expected value. We want to show that for any « € R it holds [“_ Fy(t)dt > [*_ F:(t)dt.

UNFINISHED O
Back to table.

Supermodularity
Final Q1 F2008

Consider a firm with production function f : R} — R,. The firm maximizes its profit at prices
w € R’ for inputs and ¢ € Ry for output. The firm’s profit maximization problem is

%%MWWﬂM

Production function f is strictly increasing but need not be differentiable. Let 2*(¢,w) denote the
solution (input demand) and assume that z* is a single valued function of ¢ and w. State the defini-
tion of supermodular f and briefly explain the economic meaning of this definition. Show that if f is
supermodular, then z* is monotone nondecreasing in q.

Solution.

Definition 1. Function f is supermodular if for any x,z’ € R™ it holds
faval) = f(@) > fa') = fla Aa')

where x A 2’ = (min{zy, 21}, ..., min{z,, 2 }) and z V 2’ = (max{z1, 2} }, ..., max{x,, z,}).



Proof. For given w, define F(x,q) = qf(x) — wz. Based on Topkis theorem, since R is a lattice, if F
is supermodular in x and has nondecreasing differences in (z;¢), then 2*(¢, w) = argmax,~ F(z, q)
is monotone nondecreasing in ¢; this is, ¢ < ¢’ and z € x*(w, ¢), 2’ € 2*(w, ¢") imply z A 2’ Eia:*(w, q),
and z V 2’ € z*(w, ).

Function F' has nondecreasing differences in (x;q) if for any x,2’ € R", ¢,¢' € Ry such that
' >z, q >q, it holds F(2',q') — F(z,q) > F(a',q) — F(z,q).

e [ is supermodular in z:

Fxva,q) —F(z,q) =qf(xVa) —w@Va)—qf(r) +wx

=q[f(z V') — f(z)] — w[(max{z), 2}, ..., max{z,, 2}, }) — 2]
> qlf(2") = f(x A 2")] — w[(max{xq, 2} }, ..., max{z,, 2} }) — 7]
=qlf(2") — f(z A2")] — w[z' — (min{zy1, 2} }, ..., min{z,,z,})]

=qf(@) —wr' —qf(x A2') +w(xAz')
:F(x/aQ) 7F(1’/\1’/aq)

where the third line follows from f being supermodular, and the fourth line from the fact that
xVz' +x ANz’ =x+a for any z, 2.

e F has nondecreasing differences in (x; q):
F(2',q") = F(',q) = ¢ f(2') —wa’ — qf(2') + w2’
= (¢ —q)f(z)
> (¢ —q)f(x)
> ¢ f(z) —wz — qf(z) + wz = F(z,q') — F(z,q)
if e’ >z, ¢ >q, thus F(2/,¢') — F(z,q") > F(2/,q) — F(z,q). O

Back to table.

Supermodularity
QII.1 52009

Consider a profit maximizing firm with single output and n inputs, with production function
f R} — Ry assumed strictly increasing, continuous (but possibly nondifferentiable), and f(0) = 0.
Let ¢ € Ry be the price of output and w € R’} , be the vector of prices of inputs. The firm is taxed
at rate t > 0 of its total cost. The firm’s profit maximization problem is

max(gf(z) — we - H(wz)].

Let x*(t) denote the profit maximizing vector of inputs (assumed unique) as function of tax rate ¢.

(a) State a definition of production function f being supermodular. State a criterion for supermod-
ularity of f under an additional assumption that f is twice differentiable.

(b) Show that if f is supermodular, then input demand z* is a nonincreasing function of ¢, that is,
if ¢ > t, then z*(¥') < z*(t). If you use a known mathematical theorem in your proof, make
sure that you state that theorem clearly.



Solution
(a) Definition 2. Function f: R’} — R, is supermodular if for all z, 2" € R}

fxva’) = fz) = f(a) — flz Aaf)
where z A 2’ = (min{z1, 21}, ..., min{z,,z,}) and = V2’ = (max{x1, 2} },..., max{x,, 2} }).

Claim 1. A twice differentiable function f : R} — Ry is supermodular if and only if for all
reRY, alli,je{l,...,n}
of
8xiaxj

() >0

(b) Theorem 1 (Topkis). Let S C R™ be a lattice, let T C R™, let F': S x T — R and consider a
problem maxgzecs F(x,t) t € T. If F is supermodular in x, and has nonincreasing differences
in (x,t), then x*(t) = argmax,cg F(z,t) in monotone nonincreasing in t, that is t < t' and
z € x*(t), 2 € a*(t') imply that z A2 € z*(t') and z Vv 2" € z*(¢t).

Function F' has nonincreasing differences in (x, t) if for any x, 2’ € S, t,¢' € T, such that x < 2/,
t <tz it holds F(a',t") — F(x,t') < F(2',t) — F(x,1).
In our case let F(z,t) = qf(z) — wx — t(wzx).

e Fis supermodular in x

Va') = (1+tw(zVa') —qf () + (1 + thwz
=q[f(zVa') = f(z)] - A+ tyw[(z V') - ]

> qf(2') — f@ Aa')] = (1+ tw|(z V) — 2]
=q[f(@) = fla na)] = (L + w[z" — (z A 2")]
=qf(@) = (1+tywa' — qf (@ na') + (1 + )w(z A2’
=F(2',t)— F(z N2’ t)

Fxva t)— F(z,t) =qf(x
[f(x

where the third line follows from f being supermodular, and the fourth from the fact that
z+2 =xzVa +xzAx for any z,2'.

e I has noincreasing differences in (z,t)

F(' t') = F(a',t) = qf (2') — (1 + t")wa' — qf (') + (1 + t)wa'
-1+ tHwz' + (1 + t)wa'

= (t —tHwa'
< (t—tHwz
= —(1+tHwz + (1 + t)wz
=qf(z) — 1+ twz —qf(x) + (1 + t)wz
= F(z,t') — F(x,t)

ift <tz <da, thus F(z',¢') — F(z,t') < F(a',t) — F(z,t).

Back to table.



Risk aversion
QII.2 S2009

Consider an agent whose preferences over state-contingent consumption plans on a finite state
space S have an expected utility representation with strictly increasing and twice-differentiable utility
function v : R — R and probability measure 7 on 2.

Prove that the agent is risk averse if and only if E[v(2)] > E[v(g)] for every § : S — Ry and
Z: S — Ry such that E(§) = E(2) and ¢ is more risky than 2. Expected value E is taken with re-
spect to probability measure w. Your definition of more risky should be stated in terms of cumulative

distribution functions of § and z. You may use the Theorem of Pratt without proving it.

Solution.

Definition 3. An agent with von Neumann Morgenstern utility function v : Ry — R is risk averse if
for every risky consumption plan é: .S — R, it holds v(E(¢)) > E(v(¢)).

Definition 4. Let g,z be two risky consumption plans y : S — Ry, 2: S — R,. Plan y is more
risky than Z if E(§) = E(Z) and [*__ Fy(t)dt > [ F:(t)dt for every x € R.

Proof. Same as in Exercises II Q7 F2008. U

Back to table.

Theorem of Pratt
QI.1 F2008

(a) State the Theorem of Pratt asserting equivalence of three ways of comparing risk aversion of
agents whose preferences over risky claims have expected utility representation: Arrow-Pratt
measure of risk aversion, risk compensation, and concave transformation of the von Neumann-
Morgenstern utility function. Make sure that you clearly list all assumptions of the theorem.

(b) Prove the following two parts of the theorem you stated: (i) ranking according to Arrow-Pratt
measure implies ranking according to concave transformation of utility function, (ii) ranking
according to concave transformation of utility function implies ranking according to risk com-
pensation.

(¢) Give an example of two von Neumann-Morgenstern utility functions v; and vy such that neither
v1 1s more risk averse than ve nor vy is more risk averse than v; in the sense of the Theorem of
Pratt.

Solution

Definition 5. Let v : R — R be a twice differentiable von Neumann Morgenstern utility function. We

define its Arrow-Pratt measure of risk aversion as A(z) = — Z,,'((j)) ; and for any deterministic w € R the

risk compensation p(w, Z) for an additional risky plan Z with E(Z) = 0, by E(v(w+2)) = v(w—p(w, 2)).

(a) Theorem 2. Let vy, v be two strictly increasing C? vNM utility functions. Then the following
are equivalent

i. Ai(x) > Ag(x), for allz € R



it. p1(w, 2) > pa(w, 2), for all w € R, all plans Z such that E(Z) = 0.

iii. there exists a concave function f: R — R such that vi(x) = f(va(x)) for allz € R
(b) Proof.

(i) Since we are looking for vi(z) = f(v2(x)), let ¢ = vo(x) and let f(t) = Ul(vz_l(t)). Then
-1
) = Plna) = 7o = Sy

and

from which
v (3 1 (8)) = f'(va v ' (1)) 08 (v3 ' (#))
(vh(vy ' (1)))?

/ —1
of (v (1)) — S g (v (1)
vy (vy ()

f() =

I
—~
N
3]
—~
<
N
—_
—~
~—
~—
|
BN
—_
—
<
N
—
—~
~
~
~
~—
<
—_
—
<
N
—_
—~
~
—
AN
o

since by assumption Aj(x) > Ag(z). Thus f is strictly increasing and concave.

(ii) By the definition of risk compensation
vi(w = pr(w, 2)) = E(vr(w + 2))
and since v; () = f(va(x)) we also have
vi(w—=pz(w, %)) = f(va(w—=p2(w, 2))) = f(E(v2(w+72))) = E(f(v2(w+2))) = E(v1(w+2))

where the inequality comes from f being a concave function. Since v;is strictly increasing
these two imply p1(w, 2) > pa(w, 2). O

(¢) Same as in Exercises IT Q6 F2008.

Back to table.

Weak Axiom of Profit Maximization
QI.2 F2008

Consider a finite set of observations {p’,y’}7_, of pairs of price vectors p' € Rﬂr .+ and production
plans ¢ € R!. We say that production set Y C R profit-rationalizes this set of observations if ' € Y’
and p' - y* = maxyey p' - y for every t.

(a) State the Weak Axiom of Profit Maximization (WAPM).
(b) Prove that a set of observations (p',3'),..., (p",y") satisfies WAPM if and only if there exists

a closed, convex production set Y that profit-rationalizes these observations.

10



Solution.

(a) Set of observations {p’,y*}L_, satisfies Weak Axiom of Profit Maximization (WAPM) if piy’ >
piy’ for every i,j € {1,...,T}.

(b) Proof.

Assume that (pt,yt),..., (pT,y") satisfies WAPM.
Consider set Y which is a convex hull of {y' ..., yT}, that is let

T T
Y = {yGRl: ElaERi such that Zat =1 andyZatyt}

t=1 t=1

By construction then, this set is convex. Since Y is an image of a closed and bounded set
A = {a eRL: Ethl ap = 1} under a continuous function f(a) = 23:1 oyt we know
that it is also closed and bounded.

Finally, consider arbitrary y = Zle ajy’ € Y. Since by assumption for any t,j €
{1,...,T} it holds that p* - y* > p -7, then multiplying this by «; and summing across
all j's we obtain

T T
Sapt oyt =D apt -y
j=1 j=1

T
Pyt =t [ Dy
j=1

Pyt =pty
Thus p' - y* = max,ey p' - y for every t.

== Assume that there exists a closed, convex production set Y that profit-rationalizes these
observations.

By the definition of Y which profit-rationalizes {p’,y’}Z_;, it holds that y* € Y and p’ -
t

y' = maxyey p' -y for every ¢t. Then by taking y' = yh, pt = p’ and y = y’ we have
Pyt =ty O
Back to table.

Risk Aversion
QI.1 S2008

Consider two real-valued random variables y and z with the same expectations, E(y) = E(z).
Answer the following question (a):

(a) Show that if y is more risky than z, then var(y) > var(z), where var(y) is the variance of y.
Answer either one of questions (b) or (c), but not both.

(b) Show that, if z is more risky than y and y is more risky than z, then y and z have the same
distribution, i.e., F,(t) = F,(t) for every ¢, where F,, and F, denote the cumulative distribution
functions of ¥ and z. You may assume that y and z take only finitely many values.

11



(¢) Give an example of random variables y and z (with the same expectations) such that neither y
is more risky than z nor z is more risky than y.

Solution.

(a) If y is more risky than z, then by definition E(y) = E(z) and y second order stochastically
dominates z. Also, we know that y second order stochastically dominates z if and only if for any
nondecreasing concave continuous function ¢ it holds E(g(y)) < E(g(2)). Let a = E(z) = E(y)
and g(z) = —(x — a)?. Then —var(y) = E(g(j)) < E(9(2)) = —var(z).

(b) Using the definition of the second order stochastic dominance in both directions we have that y

/; F(t)dt — /; FL()dt

Assume now that y, z take only finitely many values y1,...,y,, and z1,...,z,,. Suppose that

and z satisfy for any x € R

for some 1 < k < min{n,,n.}, it holds that y, # 2z, and y; = z;, j < k, Prob(y = y;) =
Prob(z = zj), j < k. Without loss of generality suppose that y, < z;. Then for z = (yi + 21)/2

[ B0 = Fute)d = G~ ) 2Probly =) # 0
which is a contradiction. Similarly suppose that for some 1 < k < min{n,,n.}, it holds that
yj = zj, § < k but Prob(y = yx) # Prob(z = z), Prob(y = y;) = Prob(z = z;), j < k. Let
x = (yg + min{zgy1,Yx1+1})/2 or x =y + 1 if j = k, then

| (B0t ()t = o = ) (Probly = ) ~ Prob(s =) # 0

which is again a contradiction. A similar contradiction arises if n, # n,.
(c) Same as in Exercises IT Q5 F2008.

Back to table.

Generalized Weak Axiom of Revealed Preference
QI.2 S2008

Consider a finite set {p’, 2!} ; of pairs of price vectors p' € Rﬂr 4 and consumption bundles
2t € RY . Utility function u : R}, — R is said to rationalize this set if u(z') > u(z) for every x € R,
such that p'zt > plz.

(a) State the Generalized Weak Axiom of Revealed Preference (GWARP) for {p, z'}]_,.

(b) Show that if a locally non-satiated utility function u rationalizes {p’,x'}1_;, then the GWARP
holds.

(¢) Show that the assumption of local non-satiation in (b) cannot be dispensed with. That is,
provide an example of a utility function that is locally satiated and rationalizes a set of pairs of
prices and consumption bundles that violates the GWARP.

(d) State the Theorem of Afriat providing necessary and sufficient conditions for a set of pairs of
prices and consumption bundles to be rationalized by a locally non-satiated utility function. A
proof is not asked for.

12



Solution.

(a)

(b)

The set of observations {p, z'}I_; satisfies the Generalized Weak Axiom of Revealed Preference
(GWARP) if for all s,t
pt(ES < ptl't = psxs < psl,t

Since utility function u rationalizes {p’, 2'}7_,, u(z') > u(z) for every x € R} such that p'z* >
p'z. Consider now z € RY, such that p'z’ > p'z. By local nonsatiation 3¢ > 0, 3y € Be(x) such
that p'z' > p'y and u(y) > u(z). Hence u(z?) > u(y) > u(z), and we have shown that if u
rationalizes {p’,z'}7_, u(z') > u(x) for every x € R! such that p'z’ > p'z.

t

Suppose now that p'z* < p'z® but p*z® > p*z’. Then by previous results u(x?) > u(z®) and

u(z®) > u(z?), which is a contradiction.

Consider the example with [ = 2, u(x) = 1 and the set of observations with 7' = 2, 2 = (1, 2),
pl = (1,2), 22 = (2,1), p? = (2,1). Then p'a! = p?x? =5, pla? = p?2! = 4, hence p'a? < plat
but p2z? > p*x!, and so GWARP does not hold even though trivially u(z?) > u(z) for all =
such that p'z < p'z?.

Theorem 3 (Afriat). A set {p',x'}]_, is rationalized by a locally non-satiated utility function
if and only if these observations satisfy the Generalized azxion of revealed preference (GARP);
forallty,... t,,e{l,...,T}

' Ra'? g2 Ra's .. 2" Raln = (2! Pa™t)

where 2* Ry if ptat > ply, and 2* Py if ptat > ply.

Back to table.

Risk aversion
QI.2 F2007

Consider two real-valued random variables Y and Z on a probability space. You may think about

Y and Z as two contingent claims on a state space. You may assume that the state space is finite.

Suppose that Y can take only one of two possible values y1, y2 with respective probabilities 73 > 0

and 73 > 0 such that m +m3 = 1. Suppose further that the expectations of Z conditional on {Y = y;}
and {Y = ya} are zero, that is E[Z|Y = y1] =0 and E[Z|Y = y3] = 0.

(a)
(b)

Prove that Y + Z is more risky (in the sense of second-order stochastic dominance) than Y.

Prove that Y + 27 is more risky than Y + Z.

Solution

(a)

Same as in Exercises II Q3 F2008.
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(b) We need to show that E(Y +2Z) = E(Y + Z), and that E(g(Y + Z)) > E(g(Y +22)) for every
nondecreasing continuous concave function g.

n

E(Y+22)= Z(yl +22))Prob(Z = z|Y = y1)m + Z(yg + 22;)Prob(Z = z;|Y = ya)mo

=1 =1
=mEy +2Z|Y = y1) + mE(y2 + 2Z|Y = ya)
=m(y1 +2E(Z)Y = y1)) + m2(y2 + 2E(Z]Y = y2))
= T1Y1 + T2Y2

— B(Y)=E(Y +2)
Note that Y + Z = (Y +2Z) 4+ (Y +0), then
Blg(¥ + 7)) = B(g(5(Y +22) + L (¥ +0)))
> E(%g(Y +272)+ %g(Y 1+ 0))
= SE(9(Y +22)) + 3 E(g(Y))
SE(o(Y +22)) + SE(g(Y +2))

Y

thus 2E(g(Y + Z)) > SE(g(Y +2Z)) or E(g(Y + Z)) > E(g(Y +2Z)). The second line uses
the fact that ¢ is concave and the last line results from part a.

Back to table.

Risk aversion
QI.2 S2007

Consider an agent whose preferences over state-contingent consumption plans on a set of S states
(S > 1) have an expected utility representation E[v(c)], for some probabilities of states and a von
Neumann-Morgenstern (or Bernoulli) utility function v : R — R. Assume that utility function v is
strictly increasing and twice-differentiable. Let p(w, z) denote the risk compensation for risky claim
z € R¥ with E(z) = 0 at risk-free initial wealth w. Let A(w) denote the Arrow-Pratt measure of risk
aversion at w.

(a) Prove that A is a weakly decreasing function of w if and only if risk compensation p is a weakly
decreasing function of w for every z with E(z) = 0.

(b) Prove that the negative-exponential utility function v(x) = —e™*® for a > 0 is, up to an
increasing linear transformation, the only von Neumann-Morgenstern utility function for which
risk compensation p(w, z) is independent of w for every z with E(z) = 0.

If you use the Theorem of Pratt, you need to state it clearly, but you are not asked to prove it.

Solution.

Definition 6. Let v : R — R be twice differentiable von Neumann Morgenstern utility function. The
_U//(w)

Arrow-Pratt measure of absolute risk aversion is A(w) = —= Wy

14



Definition 7. Let v : R — R be a von Neumann Morgenstern utility function. For a fixed determin-
istic wealth w € R, the risk compensation for an additional risky plan z with E(z) = 0 is defined by
olw = p(w,2)) = E(u(w + 2)).

Theorem 4 (Theorem of Pratt). Let vy, vs be two twice differentiable strictly increasing von Neumann
Morgenstern utility functions. Then the following are equivalent

(i) Ai(z) < Ag(x) for allz € R
(i1) p1(w,z) < p2(w, z) for all w € R, any risky consumption plan z with E(z) =0

(#ii) there exists a concave, strictly increasing function f : R — R such that va(x) = f(vi(x)) for any
reR

(a) Proof. Fix z > 0 and consider vy (w) = v(w + z), and vy (w) = v(w).
= Assume that A is a weakly decreasing function of w. Then

_ w) _ vwta) () e (w) w
A (w) = ol () v (w+a) < v (w) vh(w) Az (w)

By Pratt’s theorem this implies p1(w, 2) < pa(w, 2).

< Assume that the risk compensation p is a weakly decreasing function of w for every z with
E(z) =0. Then w < w + z and using the assumption

pr(w, z) = p(w + 1, 2) < p(w, 2) = p2(w, 2)

By Pratt’s theorem this implies A;(w, z) < As(w, z).

O
(b) Proof. Since p(w, z) is independent of w we have that Jo € R, such that A(x) = —1;/,/((;”)) =«
for all x € R. This can be rewritten as a differential equation % Inv’(z) = —a, the solution to

which can be found from

Inv'(z) = —az + C4

’l)l(l‘) — e—am+C1

1
v(z) = ——e @+ 4 O,
e!
Cy

€ _
e 4+ Cy
«

Thus by choosing different C7, Co we obtain different linear transformations of the utility function

u(x) = e~ **, which all have coefficient of risk aversion independent of w. O

Back to table.

Profit maximization
QI.1 F2006

Consider a competitive, profit-maximizing firm with production set Y C R™. Assume that set Y is
closed and bounded, and that 0 € Y. Let 7* be the profit function and s* the supply correspondence
of the firm.

15



(a) Show that function 7* is continuous and convex.

)
(b) Show that correspondence s* has closed graph.
(c) Assuming that 7* is differentiable at p € R™, show that Dn*(p) = s*(p).
)

(d) Assuming that 7* is differentiable at p € R™ and also that s* is differentiable at p, prove the
following comparative statics property of supply:

852-

Op;

(p)>0

for every i =1,...,n.

You may use known results in mathematics without proofs, as long as you clearly state these results.

Solution

Definition 8. Let Y C R"™ be a production set of a profit maximizing firm. The profit function is
defined as

7 (p) =supp-y
yey

and the supply correspondence as
s'(p)={y"€Y:py >py VWeY}

Theorem 5 (Theorem of Maximum). Let X C R", TC R™, f: X x T — R, I': T — 2X. Consider
a problem
h(t) = max f(x,t
(6) = max f(z.0)
and let
Git)y={x € X: zeT(t), f(z,t) =h(t)}
If f is a continuous function, and I" is a nonempty, continuous, compact-valued correspondence, then

h is a continuous function and G is a nonempty, u.h.c., compact valued correspondence.

(a) Proof. Since Y is compact set and p -y is a continuous function, the supremum in the profit
function is attained for some y € Y for every p € R™. From the Theorem of Maximum it also
follows that 7* is continuous function.

Let p1,p2 € R", and « € [0,1]. Then

7 (ap1 + (1 — a)p2) = (ap1 + (1 — a)p2)  Yop, +(1—a)ps
= P1Yap,+(—ayps T (1= 0)P2 Yop +(1—ayp,
< apiy,, + (1 — a)pay,,
=ar*(p1) + (1 — o) (p2)

where y;, € s*(p), i.e. it is some y € Y that attains supremum in profit function for price p. O
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(b) For any sequence (pn,yn) C {(p,y) € R xR™ : y € s*(p)} such that (p,,yn) — (P,7) € R} xR"
we have that for all y € Y it holds
PnYn = PnY

Taking the limit on both sides

n—oo

and since the dot product is continuous

( lim pn) ( lim yn) > ( lim pn) -y
or p-§ > p-y. Thus s*(p) has a closed graph.
(c) If n* is differentiable, s*(p) is single valued. By definition

7 (p) =p-y*(p) =maxp-y=p-s*(p)
yey

Then
Dr*(p) = D(ps™(p)) = 5™ (p) + pDs"(p) = 5™ (p)
since pDs*(p) = 0 is the optimality condition for the supply correspondence.
(d) From part c¢. we know that D7n*(p) = s*(p). Thus if both 7* and s* are differentiable
Os} 3] (87r* )) e

;") = ap; \ o ) = apia,

()

Since from part a. we know that 7* is convex Ds*(p) = D?7*(p) is a positive semidefinite

matrix, and so all its diagonal elements are nonnegative. Therefore g;'i (p) > 0.

Back to table.

Risk aversion
QI.1 F2005

Let X and Z be two real-valued random variables on some probability space (€2,.%, P). Suppose
that F(Z) = 0.
(a) Consider the following statement: for every X and Z with F(Z) =0, X 4+ Z is more risky than
X. Show that this statement is false.

(b) Under what additional condition(s) on Z and/or X is the statement from part (a) true. Your
conditions should not restrict X to be deterministic. Be as general as you can. Give an example
of non-deterministic X and Z that satisfy your conditions.

(¢) Prove your statement from part (b).
Solution

(a) Suppose that E(X) =0 and Z = —X. Then E(Z) = E(X) = 0, moreover since X +Z =0
we have E(X + Z) = 0, and E(9(X + Z)) = E(g9(0)) = ¢(0) = g(E(X)) > E(g9(X)) for
any nondecreasing, concave, continuous function g. Thus X + Z second order stochastically
dominates X, and so actually X is more risky than X + Z, not the opposite.

17



Claim 2. If X,Z are two random variables with E(Z) = 0 and X, Z are independent, then
X + Z is more risky than X.

(¢) Proof. First, if E(Z) = 0, then E(X + Z) = E(X) + E(Z) = E(X). Second, if X,Z are two

random variables which are independent, then the joint probability distribution function is the
product dFx (z)dFz(z) and for any nondecreasing, concave, continuous function g we have

B(o(X +2)) = [ [ oo+ 2)dPx(@)aFz(2
_ / </g(m + z)dFX(a:)> dFy (%)
~ [ Blota + Doyirx (o)
< [ 9B + Aoy (o)
~ [ @)drx(@) = E(g()
where the third line is the result of Jensen’s inequality. 0

Back to table.
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Beth Allen

Pareto optimality
QI.1 S2009

Consider a pure exchange economy with two traders (indexed by subscripts 1 and 2) and I commodi-
ties. Suppose that both initial endowment vectors, e; and ey, are strictly positive (e; € Rﬂ_+,i =1,2).
Let F = {(x1,72) € R?|z14+x2 = e; +e2} denote the set of feasible allocations (with no free disposal).
Suppose that each trader i = 1,2 has a preference relation ’=; defined on F' which is representable by
a utility function u; : FF — R.

(a) Define what it means for u; to represent =;.
(b) If there is a utility u; : ' — R that represents =;, what assumption must }=; satisfy?

(¢) What additional assumptions (be very precise) are needed for the first welfare theorem to hold
in this economy?

(d) What minimal additional assumptions on 3; and = guarantee that u; and ug can always
be chosen to represent =; and =2 respectively such that at any Pareto optimal allocation
& e RY ui(2) < ua(2)?
Can you find an example of »>; and 5 on F such that there is a utility 4; : F — R representing
=1 for which there is no @z : F — R representing =2 such that @;(2) < uz(Z) for every Pareto
optimal allocation #. Hint: Consider linear preferences of F' such that ' ~; 2 if and only if
xhy + @y = xfy + 275 and 2’ ~g 2" if and only if xh, + x5, = x4, + 25, where z € F is written
as ¢ = (211,12, Ta1, Tog) but suppose that person 1 is indifferent between consuming all of the
economy’s resources and consuming nothing.

Solution

(a) Definition 9. Function w; : F' — R represents i=; if for any z,y € F, z =; y if and only if
ui(z) = ui(y).
(b) If there is a utility u; : F' — R that represents =;, then »=; is a complete preorder.

(c¢) For the first welfare theorem to hold in this economy we only need 3=; to be a complete preorder
which is locally nonsatiated.

(d) UNFINISHED.

Back to table.

Nonconvexities
QI.2 S2009

In general equilibrium theory, changing from a model with a finite number of traders to one
with uncountably many (in fact, an atomless continuum of traders) can lead to better results on the
existence of competitive equilibrium and its welfare properties.

Consider a pure exchange economy in which there are [ commodities and each trader ¢ has con-
sumption set X; C Rﬂr and e; € intX;, so that e; > 0. For each complication below, explain whether
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changing from a finite number of traders to an atomless continuum leads to either better results or
simpler/easier proofs for the existence of competitive equilibrium and the first and second fundamen-
tal theorems of welfare economics. Explain your reasoning briefly. You may assume that preferences
>, are strictly monotone complete continuous preorders defined on X;.

a) Preferences that are convex but not strictly convex.

(
(b

Nonconvex preferences.

(¢) Nonconvex consumption sets that are closed (and bounded from below since X; C R).

)
)
)
(d) Consumption externalities.

Solution

(a) Existence theorem. If preferences are convex excess demand is a correspondence, not a single
valued function. This however does not cause a problem, as there are theorems to prove that
equilibrium exists even if excess demand is a correspondence.

First welfare theorem. First welfare theorem does not require any convexity assumption. With
strictly monotone preferences the proof does not need to be changed significantly. We only need
to introduce some technical measurability assumptions if there is a continuum of agents.

Second welfare theorem. If preferences that are convex but not strictly convex, the second any
Pareto optimal allocation can still be supported as equilibrium with transfers.

(b) Existence theorem. If preferences are not convex excess demand is not convex valued. Thus
existence theorem proof no longer works, since it is based on Kakutani’s fixed point theorem, and
the correspondence constructed in the proof will not be convex-valued if Z is not convex-valued.
Changing the model to one with continuum of agents ”convexifies” aggregate demand.

First welfare theorem. Same as in part a. First welfare theorem does not require any convexity
assumption. With strictly monotone preferences the proof does not need to be changed sig-
nificantly. We only need to introduce some technical measurability assumptions if there is a
continuum of agents.

Second welfare theorem. With nonconvex preferences and finite number of consumers the second
welfare theorem does not hold. We can construct an example where a Pareto optimal allocation
in an economy with finite number of consumers can not be supported by any price vector.
Changing the model to a continuum of consumers solves this problem.

(¢) UNFINISHED.

(d) In the case of a negative consumption externality, the competitive equilibrium in the economy
with finite number of agents may not be Pareto optimal.

Back to table.

First welfare theorem
QIIL.1 F2007

This question applies to pure exchange economies with [ commodities and n traders, i = 1,...,n,
each having initial endowment vector e¢; € R! and preferences 3=; which are assumed throughout to be
continuous complete preorders on the consumption set X; C R%.
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(a) State the first welfare theorem.
(b) Prove the first welfare theorem.

(¢) Does the conclusion of the first welfare theorem hold when the following complications separately
(one at a time) are present?
Justify each answer by one of the following methods: pointing out that it doesn’t affect your
proof, explaining how your proof can be modified to encompass the complication, providing a
counterexample to the conclusion of the first welfare theorem when this one complication is
present, or explaining precisely how the complication prevents your proof from being modified
to demonstrate that the first welfare theorem holds despite the complication. The complications
are as follows:

(i) preferences that are convex but not strictly/strongly convex
(ii) preferences that are weakly convex but not convex
(iii) preferences that are nonsatiated but not locally nonsatiated
)

(iv) preferences that are strictly monotone but consumption sets X; are not necessarily convex

(d) Briefly discuss (i.e., in an essay of 50-300 words) the economic significance of the first welfare
theorem.

Solution

(a) Theorem 6. Consider a pure exchange economy & = (I, (X, =i, €i)icr) where for alli € I =
{1,...,n} =; is a complete, locally nonsatiated preorder on X; = RL. If x* € R™ s allocation
in the competitive equilibrium (z*,p*), then x* is strongly Pareto optimal.

(b) Proof. Suppose not, then there exists a feasible allocation & € R'™ such that for all i € I,
#; »=; 7 and 3’ € I such that &, >4 x3. Since =; are locally nonsatiated we know that
for all ¢ € I it holds p*x} = p*e; and also p*Z; > p*e;, p*T» > p*ey. Taking the sum for
across i we obtain ) ., p*®; > Y .. pFe; or p* Y i & > p* ) ;e But since 2 is feasible
Yoier®i <D creiand so pt Y. &y < p* Y. e, which is a contradiction. O

(c) If preferences i=; are

(i) convex but not strictly convex - this does not affect FWT in any way, convexity assumption
is not needed, as long as preference are nonsatiated, if they are convex they are also they
locally nonsatiated.

(ii) weakly convex but not convex - this may cause a problem since convex preferences allow
for ’thick indifference curves’, and in that case Je > 0 such that z ~ y for || — y|| < e.
Thus preferences are not locally nonsatiated. As result p*z} = p*e; may not hold, and also
not p*x; > p*e; for x; »=; x7. But this is necessary for the proof to go through.

(iii) nonsatiated but not locally nonsatiated - as above, 3¢ > 0 such that = ~ y for ||z —y|| < e.
Thus preferences are not locally nonsatiated. As result p*z; = p*e; may not hold, and also

*
3

not p*x; > p*e; for x; »=; x¥. But this is necessary for the proof to go through.

(iv) strictly monotone but consumption sets X; are not necessarily convex - first welfare theorem

might not hold. For example consider a two goods, two consumer economy with X; = N?‘_,
endowments e; = (1,0),ea = (0,1), and Cobb-Douglas preferences u;(x) = x9-529° for
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i =1,2. Then for any p* > 0, (e, e3) is equilibrium allocation, but is not Pareto optimal.
Utility of one agent can be increased by giving him (1,1) without decreasing the utility of
the other agent since u;((1,1)) = 1 and u;((0,1)) = u;((1,0)) = »;((0,0)) = 0.

Another example would be an economy with one good and two consumers with X; = N,
endowments e; = 0.5,e5 = 0.5, and preferences on X; represented by a utility function
u;(x) = z. The equilibrium here is again not Pareto optimal since u; = us = 0, and the
utility of one agent can be increased by giving him 1 without decreasing the utility of the
other agent since u;(1) = 1 and u;(0) = u;(0.5) = 0. (Notice however that in this example
we assume that the commodity set is R, and only consumption set are not convex.)

UNFINISHED

Back to table.

Sonnenschein conjecture
QIIL.2 F2007

Consider a pure exchange economy with [ commodities and n consumers, i = 1,...,n, each having

initial endowment vector e; € R! and preferences »=; defined on the consumption set Rfk. Each »=; is

assumed to be a continuous complete preorder which satisfies strict convexity and strict monotonicity.

(a)

(b)

()

What can be said about the aggregate excess demand Z of this economy? (i.e., state the theorem
of Sonnenschein et. al. and be sure to specify the domain and range of the mapping Z.)

For each property of Z you state in part (a), identify which assumption(s) on preferences are
needed for the property and then prove that the assumption(s) you identify imply the property.

Briefly discuss (i.e., in an essay of 50-300 words) the economic significance of the characterization
of aggregate excess demand.

Solution

(a)

Theorem 7 (Sonnenschein-Mantel-Debreu Theorem). Let A, = {p € A : pp > eVk €
{1,...,13}. Let Z : A — R! be a function which is homogeneous of degree 0, continuous
and satisfies Walras law pZ(p) = 0. Then for any € > 0 there exists a pure exchange economy
&=, (Rﬂr7 =i €i)ie{1,....1}), where e; € Rl+ and %=; is a complete, monotone, strictly convex and
continuous preorder on Rﬂ_, such that the aggregate excess demand of this economy on A, is Z.

Claim 3. If for all i € {1,...,n} preferences =; are a complete preorder with closed upper
contour sets U;j(x) = {y € X; : y = «}, then Z is homogenous of degree 0 on A..

Proof. Budget set B(p,e;) is a compact set if p > 0 and e; > 0. Then, if =, are a complete
preorder with closed upper contour sets U;(z) = {y € X; : y »=; x}, the demand correspondence
xf(p,e;) is well defined. Then, if © € z(p,e;) it holds that pr < pe; and = »=; y, for all
y € B(p,e;), and so for any A > 0, Apx < Ape;, and z 3=, y, for all y € B(Ap,e;) because
B(p,e;)) = {z € X; : pr < pe;} = {zx € X; : A\px < Ape;} = B(Ap,e;). This means that
zf(p,e;) —e; is HODO in p on A, for all ¢ € {1,...,n} and thus also Z is HODO on A.. O

Claim 4. If for all i € {1,...,n} preferences =; are a complete, continuous, strictly convex
preorder then Z is continuous on A..
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Proof. If »=; are a complete, continuous preorder they can be represented by a continuous utility
function. It can be also shown that B(:,e;) is correspondence which is continuous, (it is both
uhc and lhe), and for p € A, it is also compact valued and nonempty valued. By the Maximum
Theorem, x}(-,e;) is then an nonempty, uhc, compact valued correspondence. If in addition $=;
are strictly convex then z7(-,e;) is also single valued, which combined with uhc implies that it

is continuous. This means that x}(,e;) — e; is continuous on A, for all ¢ € {1,...,n} and thus
also Z is continuous on A.. O
Claim 5. If for alli € {1,...,n} preferences =; are a complete, Ins preorder with closed upper

contour sets U;(x) = {y € X; : y »=; x}, then Z satisfies Walras law that is pZ(p) = 0, on A..

Proof. If »=; are a complete, preorder with closed upper contour sets U;(z) = {y € X; : y =; x},
the demand correspondence z (p, e;) is well defined on A.. With Ins for any x € 2} (p, e;) it also

holds that pz = pe;. Then pZ(p) =p> i, (z} (p,e;) —e;) = Dy p(z}(p, €) — €;) = 0. O

Recall also that if =; are strictly monotone = }=; are monotone = }=; are lns.

UNFINISHED

Back to table.

Generic approach
QIIL.1 S2007

This question concerns smooth pure exchange economies with n traders, i = 1,2,...,n and [

commodities. Each consumer i has preferences ’=; (assumed to be complete preorders) and initial

endowment e; € Rﬂ_.

What additional assumptions on preferences and endowments guarantee that aggregate excess
demand Z : A — R' is continuously differentiable (C'), where A = {p € R}, : 22:1 pr = 1}7

Define the generic approach and discuss its economic interest.

If Z is C', what properties does the equilibrium price correspondence satisfy? Briefly discuss
the economic implications of these properties.

If the economies satisfy your assumptions in (a) so that Z is C'', what properties are satisfied
for generic profiles e = (eq,...,e,) € R of initial endowments? Briefly discuss the economic
implications of this.

How would your answer to (a) be changed if Z were merely required to be continuous (C?)?
Then how would your answer to (c) change if Z were assumed only to be C°? Prove your claim.

Given your answer to (e) [in place of (a)], how would your answer to (d) be changed if Z were
assumed to be C° but not necessarily C1?

Solution

(a)

Claim 6. Suppose that for alli € {1,...,n} preferences =; are such that they can be represented
by a utility function wu; : Ri wich is
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(a) twice continuously differentiable on RY,

(b) strictly differentiably monotone i.e. Va € R, Du;(z) > 0

(c) strictly differentiably concave i.e. Vo € R', vT D*u;(z)v < 0 for allv # 0, D(z)v =0
(d) satisfies boundary condition i.e. if u;(x) > u;(&) for some & >> 0, then x >0

and
(e) e;>0

then the aggregate excess demand function Z in this economy is continuously differentiable.

(b) UNFINISHED

(c

)

) UNFINISHED
(d) UNFINISHED
)

)
)

(e) UNFINISHED

(f) UNFINISHED

(g) UNFINISHED

Back to table.

First welfare theorem
QII.2 S2007

This question concerns the first fundamental theorem of welfare economics. First consider a classi-
cal pure exchange economy with [ commodities and n traders, ¢ = 1,2,...,n, with initial endowment
e; € Rl_|r and preferences >; assumed to be a continuous complete preorder on the consumption set
Rl

+

(a) State the first welfare theorem.

(b) Prove the first welfare theorem.

(c) Briefly interpret and discuss the economic significance of your assumptions in (a).
)

(d) Now suppose that, instead of n traders, the economy has a continuum of traders. Define feasible
allocation and Pareto optimal allocation. State a version of the first welfare theorem that holds
in such economies and explain your reasoning, including the changes (if any) that are required
to the theorem you stated in (a).

(e) Finally, suppose that instead of uncountably many agents as in part (d), we consider the first
welfare theorem with countably many agents. Specifically, consider an overlapping generations
pure exchange economy. It is known that the first welfare theorem fails to be true in classical
overlapping generations economies. What assumptions (relative to your answers to (a) and (d))
are violated in this case (beyond the obvious fact that now we have countably many traders)?

Explain your answer.

Solution

(a)
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Theorem 8. Consider a pure exchange economy & = (I, (X, =i, €;)icr) where for alli € T =
{1,...,n} =; is a complete, locally nonsatiated preorder on X; = Ri, If z* € R™ is allocation

in the competitive equilibrium (z*,p*), then x* is strongly Pareto optimal.

Proof. Suppose not, then there exists a feasible allocation & € R!™ such that for all i € I,
&; »; xf and 3’ € I such that &, >, z},. Since =; are locally nonsatiated we know that
for all ¢ € I it holds p*x} = p*e; and also p*Z; > p*e;, p*T» > p*ey. Taking the sum for
across i we obtain )., p*@; > Y. p¥e; or p* Y & > p* Y, e;. But since 2 is feasible
Yoicr®i <) creiand so p* Y &y < p* .. e;, which is a contradiction. O

Completeness assumption means that for any two bundles z,y agents is able to tell, whether
shklee likes one or the other more, or likes both of them equally.

Local nonsatiation assumption means that for any bundle z we can find a budle y, that is
arbitrarily close to z and is preferred to x. Thus satiation is never reached.

Definitions based on Aumann (1966):

The commodity space is X = R, the set of consumers is closed unit interval I = [0,1]. An
allocation is a Lebesgue integrable function z : I — X. Initial endowments is a function
e: ] — X, and we assume that [} e(i)di >> 0. An allocation x is feasible if [, z(i)di < [, e(i)di.

For any ¢ € I preferences }=; are a binary relation on Rﬂr, which is strictly monotone, continuous
and measurable, i.e. for any allocations x,y, the set {i € I : (i) =; y(i)} is Lebesgue measurable
in [.

Definition 10. An allocation x is Pareto optimal, if there does not exists any feasible allocation
', such that 2'(i) »; x(¢) for all i € I, and 2/(4) »; x(¢) for all i € S, where S C I has a nonzero
Lebesgue measure.

Definitions based on Hildenbrand (1969), adopted for a pure exchange economy:

Definition 11. A commodity space is R'. Let (A, .27, 1) be a measure space, where element of
A are called economic agents, &7 are coalitions of agents, and p(M) is the measure of agents in
M, for any M € o/. Let X : A — R! be the consumption set correspondence. To all a € A
assign a binary relation 3=, over X(a). Let w € R! be the total resources of economy. Then
E={(A, &, u), X, w} defines a pure exchange economy.

Definition 12. Denote #x the set of p-integrable functions f : A — R! such that f(a) € X(a)
for p-almost every in a € A. Then f a Jdp is the commodity vector allocated to coalition M
under f, and {[,, fdu : f € Lx} is the set of all commodity vectors that can be allocated to
coalition M. For w € R! denote further Lx, = {f € ZLx : fA fdu = w} the set of feasible
allocations of w over A.

Definition 13. Consider a pure exchange economy & = {(A4, <, u), X, =, w}. An allocation
f € Zx,., is Pareto optimal, if there does not exists any allocation g € #x ,,, such that there
exists a coalition M C & with p(M) > 0 for which g(a) >, f(a) for alla € M, and g(a) =, f(a)
for almost every a € A\ M.

Definition 14. Consider a pure exchange economy & = {(A, &, u), X, = ,w}. Given a price
vector p € R!, an allocation f € #x, is said to be an equilibrium relative to p, if almost
everywhere in A, z € X(a) and z >, f(a) imply p-z > p- f(a), that is f(a) is maximal of 3=,
in the set {x € X(a) :p-2 <p- f(a)}.
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Theorem 9 (First welfare theorem). Let £ be a pure exchange economy where for almost every
a€ A z€ X(a) and {x € X(a) : x >4 2} # 0 implies {x € X(a) : x =4 2} C cl{z € X(a) :
X =4 2}. Then an equilibrium f relative to a price vector p where almost all consumers are not

satiated is Pareto optimal.
Theorem 10 (Second welfare theorem). Let £ be a pure exchange economy where

i. for each B € of with u(B) >0, AM € o such that M C B and p(B) > p(M) > 0,
ii. for almost every a € A, z € X(a) and {x € X(a) : x =, 2} # 0 implies {x € X(a) : z =,
z} Cc{r € X(a): x4 2},
iti. for all f € x 0
a. {(a,z) e Ax X(a): x>, f(a)} € ), x B
b. {(a,2) € Ax X(a):x =, f(a)} € ), x B
where BB, is the Borel o-algebra in R!, and o), 15 the completion of </ relative to p.
iv. almost everywhere in A, X (a) is convez

v. almost everywhere in A, for every z € Z(a) the set {x € X(a) : & =, 2} is open in X (a)

Then, if f%Lx .. is such that f(a) is non satiated for almost every a € A, there exists a price
vector p € R!, p # 0 such that (f,p) is an equilibrium.

(e) The competitive equilibrium in an overlapping generations model may not be Pareto optimal,
there is double infinity problem - there is infinite number of traders and also infinite number of
commodities, and the proof of first welfare theorem does not go through since >, ; >,/ piea
is not finite.

When going from a countably many agents to a continuum of agents the definition of Pareto
optimality is changed. In the case of a continuum of agents an allocation can be Pareto optimal
even if a countably infinite number of agents (e.g. represented by rational numbers on the
interval A) can be made better off - this set has Lebesgue measure zero.

Back to table.

Nonconvexities
QIIL.1 F2006

Consider a pure exchange economy with commodity space R! (so that there are | perfectly divisible
commodities) and n traders ¢ = 1,...,n, each having consumption set X; C Rﬁr (assume that each X;
is closed), initial endowment vector e; € X;, and preferences =; (defined on X;) which are assumed
to be a complete continuous preorder.

(a) Define competitive equilibrium for this economy.

Assume that, for all i = 1,...,n, »=; is locally nonsatiated.

(b) Define locally nonsatiated. The remainder (and major portion) of this question concerns the
statement ”Nonconvexities cause problems for the existence of competitive equilibrium because
they result in discontinuities.” It is essentially a ”true or false and explain why” question, but
you are asked to give a precise explanation.
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(c) Identify the various ways in which the nonconvexities can arise in this economy. Briefly discuss
the economic interpretation of each.

(d) For EACH possible type of nonconvexity, is the statement true or false?

e If it is true, clearly explain why: show (perhaps by a clear example or a clearly drawn
picture) how the discontinuity arises AND then explain how the discontinuity can lead to

nonexistence of equilibrium.

e If the statement if false, explain why: state and prove your continuity claim (or give a
counterexample, clear picture, or precise explanation) and then either explain where this
continuity is used in a standard proof for the existence of equilibrium or explain why
existence of equilibrium doesn’t require such continuity.

(e) For EACH possible type of nonconvexity, do the resulting problems (if any) with nonexistence
of equilibrium disappear in a large economy? Explain.

Solution.
(a) Definition 15. A competitive equilibrium is (p*,2*) € R, x R such that

(i) =7 € ml(-p*7el-) for all ¢ € {1,...,n} where zf(p*,e;) = {z; € X; : p*x; < pes,xy =
x}, Vol € X; such that p*z} < p*e;}

(ii) 22;1 r; < Z?:l e;

preorder 3=; on X; C R! is locally nonsatiated if Vo € X;, Ve > 0 Jy € X; such that ||z —y|| < €
and y >; .

(b) Definition 16. A preorder =; on X; C R! is locally nonsatiated if Vo € X;, Ve > 0 Jy € X;
such that ||z — y|| < e and y >; .

(¢) Nonconvexities in the pure exchange economy can be a result of either noncovex preferences
or nonconvex consumption sets. Nonconvex preferences can arise for example as a result of
consumption goods that can not be consumed together, thus the agent prefers extremes rather
than combinations of goods. Noncovex consumption sets reflect the nondivisible goods.

(d) i If preferences are not convex excess demand is not convex valued. Thus existence theo-
rem proof no longer works, since it is based on Kakutani’s fixed point theorem, and the
correspondence constructed in the proof will not be convex-valued if Z is not convex-valued.
Consider a two agent economy where one agent has preferences represented by a utility
function wq (21, z2) = 2% + z3 and the other one uj (21, z2) = ming, 4,, with initial endow-
ments e; = e = (1,1). Then the demand of the first agent is

(1%1,0) if p1 < po
.’,Eik(p,el) = {(270)7 (0v2)} if p1 = po
(0, p%) if p1 > po

and the demand of the second agent is

z3(p,e1) = {(1,1)}

For any p = (p1,p2) then 0 ¢ Z(p) = Y2, (27 (p, e1) — €5).
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ii. UNFINISHED

(e) If preferences are not convex, changing the model to one with continuum of agents ” convexifies”
aggregate demand, thus solving the problem with nonexistence of equilibria.

The problem with nonconvex consumption sets is not affected and is still present even in a model
with a continuum of agents.

Back to table.
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Ichiro Obara

Second welfare theorem
QIIL.1 F2008

For a pure exchange economy with [ commodities and n traders,

(a) State the second welfare theorem (also known as the second fundamental theorem of welfare

economics),

(b) Prove the theorem

(c¢) Briefly compare its statement and proof to the analogous part of the Debreu-Scarf Theorem.

Solution

(a) Theorem 11. Consider a pure exchange economy £ = (I,(X;, =i, €;)icr) where for every i €

I ={1,...,n} =; is a complete, strictly monotone, strictly convex and continuous preorder on

X, = Ri. If 2* € R'™ is a Pareto optimal allocation, then if e* = x* is a redistribution of

endowments, there exists p* € Rﬂ_, p* # 0 such that (e*,p*) is a unique competitive equilibrium

given these endowments.

(b) Proof.
Step 1. Construct a price vector p* given x*.

i

ii.

iii.

let V; = {zx € R} : 2 >; ]} which are open and strictly convex sets (since -; are continuous
and strictly convex)

let V=>3",Vi={z¢€ RQ_ cx =" x;, x; €V, i=1,...,n} which is also open and
strictly convex set

let e = >""" , 27 which is a trivially convex set

. {e} NV =0, if this was not the case and & = e for some & € V, then this would imply

that there exists (Z1,...,4,) such that Y | & =& =e= Y., «f and &; =; ] for all i,
which is a contradiction since x* is Pareto optimal

be separating hyperplane theorem, Ip* € Rﬂr, p # 0 and r € R such that p*z > r > p*e for
allz e V

Step 2. Show that p* > 0

Consider &; = =} + ux/n where uy = (0,...,0,1,0,...,0) is the k-th unit basis vector in
Rﬂ_. By strict monotonicity of »=; we have #; >; = and for & = 25:2 Z;, & € V so that
p*& > p*é from which p; >0 for all k € {1,...,1}.

Step 3. Since z;* € B(p*, z;*), to finish the proof we only need show that &; =; xf = p*z; >

* 0k
prxy.

i.

If 2; >, =} then p*Z; > p*z}:
Since 3=, are continuous and strictly monotone, 3¢ > 0 and k € {1,...,l}, such that for
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*

T; = &; — eu, we have &; >=; T; >=; x]
we also have z; =>; z} forjel,j#i. Thenz;, €V, == Z?Zl Z; € V and so

. By strict monotonicity of i=; for T; = &; + —Sux

n

n
p*Zx;:p*eSp*j:p*ij:p* gﬁi—euk+2(m;+ﬁuk> —p ﬁﬁ-zx-

Jj=1 Jj=1 J#i J#i
from which p*z} < p*Z;.
ii. If £; >; x} then p*z; > p*a:
Suppose that 3z; such that &; >; «} and p*%; = p*x]. Then by continuity of =;, IA < 1
such that \z; =; xI.

K2

From part i. above then p*(A#;) > p*af. But if p*%; = p*z}, then
Ap*; < p*x} since A < 1. A contradiction. O

UNFINISHED

Back to table.

Pareto efficiency

QIL.2 F2008
Consider an economy with N consumers and L goods £ = (Ri, =i,¢i,t =1,...,N). The preference
of consumer 7 = 1,..., N can be represented by a differentiable function u; : Ri — R that satisfies

Du;(x;) > 0. Answer the following questions.

(a)

If u; satisfies an additional assumption, then z* € A, x* > 0 (A is the set of feasible allocations)
is Pareto efficient if and only if x* solves the following maximization problem

TEA 4

N
max Z aiui(xi)
=1

for some a € Rf 4. What is this assumption?

Define competitive equilibrium with transfer in this economy. Also derive a system of equations
such that (z*,p*) > 0 is a competitive equilibrium with transfer if and only if (z*,p*) > 0
solves the system of equations for some multipliers (again state any additional assumption you
used).

Using the results from (a) and (b), prove the following version of the second welfare theorem
in this economy (with an appropriate assumption on utility functions): "If 2* € R%Y is Pareto
efficient, then there exists a price vector p* € Rfr o such that (z*, p*) is a competitive equilibrium
with transfer”.

Solution
(a) Claim 7. Consider economy & = (Ri,ki,ei,i = 1,...,N). If the preference of consumer
i=1,...,N can be represented by a concave function u;, then a feasible allocation x* is Pareto
efficient if and only if z* solves
N
i—

where A is the set of feasible allocations.
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Definition 17. (z*,p*) is a competitive equilibrium with transfers if 3w € REXN

i. z* is feasible, ie. YN zr <3 e
ii. 2} € argmax,, c gy w,;) Wi(Ti)
N— « N
i, p* D> il wi <p*Y e
UNFINISHED

(¢) UNFINISHED

Back to table.

Core
QIIL.1 S2008

Consider a pure exchange economy with n consumers i = 1,..., N, each having initial endowment
e; € Rf_ and preferences »=; assumed to be complete preorders on Rf_

(a) Define the core of this economy.
(b) State and prove the Equal Treatment Property for the core of a pure exchange economy.
(c¢) State the Debreu-Scarf Theorem and discuss its economic significance.

Solution
(a) Definition 18. Let & = (I, (Ri, i, €i)icer={1,..,N}) be a pure exchange economy. Its core is

core(§) ={z:z; e REVie I, Y, 2, <X e
and 3S C I for which 33 € RYY, &; = a; Vi € S,and 3, g8 < 3 jcg€it

(b) Theorem 12. Let & = (I, (Ri, i, €i)ie{1,..,.N}) be a pure exchange economy, where i=; is com-
plete, strictly converx, strictly monotone and continuous preorder on RJLr for eachi€ {1,...,N}.
Let % = (NR, ((RJLF,>;ir,eir)ie{L__.’N})TE{L___7R}) be an R-fold replica economy of £. If x* €
core(ER), then zf. =z}, for alli € {1,...,N}, allr,s € {1,...,R}.

Proof. Suppose not, let z* € core(EX), and (without loss of generality) assume that for i = 1,
r =1 we have x}; # zj,, and z7, = #}, for all s € {2,..., R}. Denote Z; = Zle z5,.

Because x7, =1 z3; and = are strictly convex, Zj =1 z};. Consider now a coalition S =
{11,21,...,N1}. By continuity of =1, 3¢ > 0 and k € {1,..., L} such that &1; = T — euy, >1
x%;, where uy is the k-th unit basis vector in RL. By strict monotonicity of i=;, we have

Tj = x%) + ySguk = T + youk =5 7 forall j € {2,..., N}. Moreover,
N N .
;mu =T —euk-i-; (a:j+7N_ 1Uk)

AN 1 L1 .1
:;xj:ZEZxWZEZ xW:EZ eiT:Zeﬂ

i=1 r=1 r=11i=1 r=1i=1 i=1

Thus allocation Z is feasible in coalition S and is preferred to x* by each member of S. Therefore
S is a blocking coalition, which is a contradiction since z* € core(E™). O
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(¢) Theorem 13. Let & = (I, (Ri, i, €i)ie{1,..,N}) be a pure exchange economy, where =; is com-
plete, strictly convez, strictly monotone and continuous preorder on RJLr foreachie {1,... N},
and Zf\il e; > 0. Let (E®)%5_, be a sequence of replica economies. Then CE(E) = N¥_,core(ER).

UNFINISHED.

Back to table.

First welfare theorem
QIIL.2 S2008

Consider a pure exchange economy with N consumers (i = 1,...,N) and L commodities. Con-
sumer ¢ has an initial endowment vector e; € RJLr and a rational preference »=; (complete, reflexive,
and transitive binary relation, i.e. complete preorder) on the consumption set X; C Ri. You may

assume that the preferences are continuous.

(a) Define competitive (Walrasian) equilibrium and Pareto efficient (optimal) allocation in this pure
exchange economy.

(b) State and prove the first welfare theorem. If you need any extra assumption(s), make sure to
state all of them formally and clearly.

(c) Present one example of pure exchange economy where the first welfare theorem fails to hold.
Explain which assumption you used in (b) is violated.

Solution

a) Definition 19. Let &€ = (I, (X, =s,€i)ici1... be a pure exchange economy. (z*,p*) is a
) ) ) ie{l,...,N} p g Y y P
competitive equilibrium
i. 2* is feasible, ie. S ar < SN e
ii. xf € xf(p*,e;) for all i € I, where

3

xf(p*,e;) ={x; € X; : p*a; < p*e;, x; = v, Vo, € X; such that p*a) < p*e;}
Definition 20. Let & = (I, (X, =i, €i)ieq1,....n}) be a pure exchange economy. Allocation
z* € RYN is weakly Pareto optimal if
ioxf €X;

ii. Zi\;l z; < Zivzl €i

1ii. ﬂi € RE_N such that z; € X, Zf\il T; < Zf\il e; and &; »=; =}

2

forallie {1,...,N}
Allocation z* € RV is strongly Pareto optimal if

ix;eX;

i. YN 2 <N e

iii. A2 € REN such that &; € X;, YN 2 < o8 ei, & =i @

fforall i € {1,...,N}, and
&; = xf for at least one ¢ € {1,..., N}

(b) Theorem 14. Consider a pure exchange economy & = (I, (X, =i, €;)icr) where for alli e I =
1,...,NY = is a complete, locally nonsatiated preorder on X; = RE. If 2* € REN s allocation
{1 plete, y P il
in the competitive equilibrium (x*,p*), then x* is strongly Pareto optimal.

32



Proof. Suppose not, then there exists a feasible allocation & € REN such that for all i € I,
#; »=; xf and 3’ € I such that &, >4 x3. Since =; are locally nonsatiated we know that
for all ¢ € I it holds p*x} = p*e; and also p*Z; > p*e;, p*Ty > p*ey. Taking the sum for
across i we obtain ), ., p*®; > Y .. pFe; or p* Y i & > p* ), ;e But since 2 is feasible
Yoier®i <D creiand so pt Y. &y < p* Y. e, which is a contradiction. O

(c¢) First welfare theorem may fail to hold if

i. %=; are locally satiated (e.g. two goods, two consumer economy with X; = Ri, endowments
e1 = (1,1),eo = (1,1), and preferences u;(z) = 1 for all x € Xy, ug(x) = 1 + x4 for all
S Xz)

ii. N, L are infinite (e.g. OLG model without storage technology and money),

iii. X, are not convex sets (e.g. two goods, two consumer economy with X; = Na_, endowments
e1 = (1,0),ea = (0,1), and Cobb-Douglas preferences u;(x) = x9.529.5 for i = 1,2)

Back to table.
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Aldo Rustichini

Linear games
QIII.1 S2009

An extensive form game (EFG) is said to be linear if every information set is crossed at most once
by every history.

(a) Give an example of an EFG which is not linear.

(b) Compare linear games and games with perfect recall. Is one of the two a subset of the other?

Prove your answer.

Solution

(a) UNFINISHED

(b) Definition 21. An extensive form game I" has perfect recall if Vi € I, Vu € U?, Vz € Z it holds
that #{x € X :x € P(z) Nu} <1

Claim 8. IfT has a perfect recall, then T is linear.

Proof. Suppose that I" has a perfect recall, but is not linear. Then 3i € I, v € U;, 1,29 € u
such that z5 = 21 and x5 < x; for some a € A*. Since T has a perfect recall 1,25 € u
implies that Jx3, such that z3 = xo, x3 2 x5 and since T1,T2 € u also x3, T2 € v'. But then
u = u, x1,T2,T3 € U, T3 = To = v1 and T3 L 29 % 1. We can continue this way to get

Tp = ... = To = T1, Tp — ... — 9 — x1 for any n. Since I is finite with K nodes, for
n > K this implies that 3k such that z — Tp_1... — X, Tk = Th_1 = ... = T which is a
contradiction. O

Back to table.

Correlated equilibria
QIII.1 F2008

(a) Define the correlated strategies and correlated equilibria;

(b) Prove that the set of correlated equilibria and the set correlated equilibrium payoffs are closed

and convex.
(c) Give an example of a game where correlated equilibria and Nash Equilibria are the same.

(d) Give an example of a game where the set of correlated equilibria is not the convex hull of the
set of Nash equilibria.

Solution

(a) Definition 22. Let I' = (I, (A;)ier, (u;)icr), be a normal form game. The set of correlated
strategies is A(4) = {u € RfA : Zk#fl ur = 1} where A is the set of pure strategy action
profiles A = x}; A;.
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Definition 23. A correlated equilibrium is a correlated strategy p € A(A) such that Vi € I,
Va' € A" with p(a’) > 0 it holds that Vb € A

Z ui(a’,a Yu(a™a’) > Z u; (b, 0" Hu(a™a?)

a"t€A? a—icA—i

Claim 9. The set of correlated equilibria and the set correlated equilibrium payoffs are nonempty,
closed and convex.

Proof. Since any game has a mixed strategy NE equilibrium, and a mixed strategy NE equilib-
rium s defines a correlated equilibrium Prg the set of correlated equilibria is nonempty.

_ pla'ah)
u(la?)
linear inequalities which p has to satisfy

Z [u;(a’,a™") — u; (b, a (e, a') >0

a—icA=i

Using p(a™%|a’) we can rewrite the definition of a correlated equilibria as a set of

for all i € I, all a’,b* € A*. The subset of R#4 given by the system of linear inequalities above
is closed, and convex.

The set of correlated equilibrium payoffs are
CEPG)={z Rl :ax =3, u(a)u(a), n € CE(G)}

Since 4 u(a)u(a) is continuous in p and CE(G) is a nonempty, closed and convex set, also
CEP(G) is a nonempty, closed and convex set. O

UNFINISHED

Based on Aumann (1974). Consider the following game of chicken, with two players whose
action sets are A® = {chicken out,dare} and with payoffs

| ¢ D
Cl22 03
D |30 -1-1

There are three Nash equilibria NE; = ((1,0), (0,1)), NE; = ((1,0),(0,1)), NE3 = ((3, 3), (

N
~—
~—

)

(SIS

If the probability distribution over action profiles is

C|pu pi2
D | pa1 p22
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the set of correlated equilibria has to satisfy the following constraints

9 p11 >3 b11 _ P12
D11 + P12 P11 +pi2 P11+ P12
3 D21 _ D22 > b21
P21 + P22 P21+ P22 P21 + P22
g P11 >3 D11 !
P11 + P21 P11 +p21 P11+ P2
P12 D22 P12

_ > 2

P12 + P22 P12+ P22 P12 + P22
P11 + P12 + P21 +p22 =1
D11, P12, P21, P22 = 0

and the inequalities can be simplified as p1s > p11, P21 > P22, P21 = P11, P12 > Po23-

Then for example p1; = p12 = p21 = % satisfies there constraints and gives payoffs (%, %), which

is outside of the convex hull of Nash equilibria.
Back to table.
Never a best response
QIII.2 S2008
For a finite normal form game:

(a) Define the following property: an action is "never a best response”.

(b) Prove that an action is never a best response if and only if it not strictly dominated by a mixed

strategy.
Solution
(a) Definition 24. A strategy a’ € A is never a best response, if
B € A(A=H) Vb € A uy(a®, 1) > (b, ), or alternatively if
Vi€ A(ATY) b € AL (b, ) > ui(al, p)

(b) Claim 10. An action is never a best response if and only if it is strictly dominated by a mized

strategy.

Proof.

= We will prove the contraposition. Let @' € A? be an action which is not strictly dominated

and introduce the following notation

u'(at,a]®) ... ui(az#Ai,afi) u'(a’,ay")
U= : u = :
u'(at, a;“,i) . ui(a;Aﬂa;A,i) u'(a, a;ﬁi‘,i)

Since @' is not strictly dominated fz € R™, n = #A° such that

Ux>u

In-r 2 O’IL

T

e,x =1
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By the theorem of alternative this is equivalent to 9u € R™ A € R*, v € R, 4 > 0, A > 0,
where m = # A7, n = #A?, such that
ptU + M1, +vel =0
pTu+AT0, +v1>0
pF(u+en) + AT0, +v1 >0

or
p'U = —(\" +vey)
pru>—v
T
BTt en) > —v
Since A > 0 from the first two we get
pluel > —vel > — (AT +vel) = yTU = pluel > 1 TU

The choice of (A, i, V) is not unique, i.e. if (A, p, v) satisfy the above constraints then so do
(a), ap, av) for any a > 0. Thus we can normalize so that u”e,, = 1. But then p can be
interpreted as a belief on A~% and pTuel > pTU implies that this belief rationalizes the
choice of action a‘, and so @' is not never a best response. By contraposition, if a® € A? is
never a best response then a’ is strictly dominated.

< Suppose a’ € A? is strictly dominated by a mixed strategy s € S%, ie. Va=' € A7Y,
ui(a®,a™?) < u'(s’,a”%). Then for any belief 4 € A(A™?) since necessarily p(a=*) > 0 for
some a~' € A7¢

S e < S wi(sa ()
a=ieA~? a=ieAT?
It must be also that 3b* € support(s') C A such that
> e < Y W ua)
a"t€AT? a"t€AT?
and so Vu € A(A™%) Jb* € A’ such that
di = 3w a e < S wtha (e = Wb, p)
a"t€EAT? a="i€AT?

which means that a* is never a best response. O

Back to table.

Nash equilibrium
QIIT.1 F2007

(a) Show that every finite game possesses a Nash equilibrium in which no player places a strictly
positive probability on a weakly dominated strategy.

(b) Improve this result from (a) by showing that every finite game possesses a Nash equilibrium o
in which for every player ¢, o; is not dominated.
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(¢) Show by an example that the result in the previous point (b) requires finiteness.
Solution

(a) Proof.
Step 1. Show that PE(G) # 0 and PE(G) C NE(G).

Consider (e,,), a sequence of perturbations. For every ¢,, NE(G) ={§ € S,, : §, € BR, (5,
where BR., (8,) = x!/_BR! (8,), BR! (3,) ={s" € S : vt' € S ui(si,sn ) > wi(t 8¢
and S! = {s' € RfAi st > ent, Zk#:Al st = 1}. Using Kakutani’s fixed point theorem
can show that NE(G) # ) in the same way the existence of NE(G) was proved.

)}
)}

we

Since S is compact and 3, € S for all n, there exists a convergent subsequence §,, — § with
§€ S. Thus 8§ € PE(G) and PE(G) # 0. For all ny, all i € I, all t* € A*, for §,, € NE(G**)

it holds
> uz(tl "—7;)

ul(s .

ng? nk)
Taking the limit k¥ — co on both sides and using the fact that
= Z Z si(ai)Hsj(aj)ui(ai,afi)
at€Aia i€ AT VE]
is continuous in (s?, s7%) we have u;(8%,87%) > u;(t!,57%). Thus 8§ € NE(G).

Step 2. Show that weakly dominated strategies are not played in PE(QG)

Let § € PE(G) and suppose that 3i € I, a}, € A’ such that §'(al) > 0, and 3" € S* for which

Va=t € A7 wul(al,a™) <ul(t,a™") and Fb~F € A7, wi(al,b™?) < ui(th,b7).

Since §'(a}) > 0, st (al) — §'(al), €, (a}) — 0 there exists N € N such that Vn > N it holds

that st (ai) > €’ (al). Let v, = st (a}) — €, (a}).

Construct a mixed strategy of, € S as

Then

w0y, 5,") = ulsyss,")

= 2 2 Isut@)oneu'@sa™ = 37 37 []shle)si @) (a,a™)
a~ €A~ atEAT jF£i a~t€A~tal€ Al jF£i

> N[5 a)leia)) = siy(a')ul(a,a™)

a"t€EATtat €Al jFI

a—t€e A=t j#i at€Alat#al

Z H st (a) Z Tutt(a)ut(at, a™") + v, (t(al) — Du'(al,a™)

a"tEAT jFAL at€Alat#al
> Tl (X et ot
a—i€A=i j#i ai€ Al
Z H st (a) (ui(ti, a”") —u'(al, a_i))
a~it€AT jFL
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()

Since s, (a?) > €l (a?) > 0, v, > 0, u'(t',a™") > u'(al,a™?) for all a=* € A%, and u’(t',b") >
u'(al,b~") for some b=% € A" we have

u(ol, s;,%) —u(sh,s;,") >0

n’°n n’»°n

But this is a contradiction with s, € BR(s,,). Hence it must be that if a} is weakly dominated
then §‘(al) = 0. O

Claim 11. If 0* is a perfect equilibrium, then for every i, o} is not dominated.

Proof. Suppose not. Then 3 € I, € S%, such that

Vo=t € A7 w0}, a7t < ul(ti,a™?) (1)

I e AT ut(of, b7 < ul(t, b (2)
Because o™ is a perfect equilibrium, there exists a sequence of completely mixed strategy profiles
On, 0 — o* and AN such that for all n > N, for all i € I, 0f € BR'(0,,). Since o, are fully
mixed Pr,, (a=%) > 0 for all a=* € A~%. Thus by multiplying (1)-(2) with Pr, (a~%) and
summing across A~*
u'(of, o) = Z u'(o},a ") Pr,, (a™") < Z u'(t;,a ") Pry, (a™%) = u'(t;, 00)

a"t€AT? a"t€AT?

we get

which is a contradiction since then o} ¢ BR'(0,,) for any n. O

UNFINISHED

Back to table.

(a)
(b)

()

Correlated equilibria
QIII.2 F2007

Define the set of correlated strategies and correlated equilibria for a finite game.

Define an augmented game, and show how the Bayesian-Nash equilibrium of the augmented
game and the correlated equilibrium are related.

Prove that the set of correlated equilibrium payoffs is a closed, convex, non-empty set.

Solution

(a)
(b)
()

Same as in QIII.1 F2008 part (a).
UNFINISHED

Same as in QIII.1 F2008 part (b).

Back to table.

Extensive form games
QIIT.1 S2007
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Consider extensive form games that are finite (that is, that have a finite set of nodes).

(a)
(b)

()

Define an extensive form linear game.

Prove that for any linear game, any player in the game, and any behavioral strategy of the player
there is a mixed strategy of the same player that induces the same probability distribution on
final nodes for any pure strategy of the other players.

Give an example to show that in a linear game for a mixed strategy of the player there may be
no behavioral strategy that induces the same distribution on final nodes for some pure strategy
of the other players.

Solution

(a)

()

Definition 25. An extensive form game is I' = (I, X, =,0,Z, P,U,C,u) where I is the set
of players, X is the set of nodes which is partially ordered by =, O is the initial node, Z is
the set of final nodes, P = (P%);cs is the partition of X \ {O, Z} into nodes controlled by
players, U = (U%);¢1, where U’ = (U;-l7 ..., U}) is the partition of sets P’ into information sets,
C = (Cy)uev is the choice partition, and u : Z — R’ is the assignment of payoffs on final nodes.
Partial order = is reflexive, antisymmetric, transitive, and satisfies: for all x € X, O = x, for all
ze€Z, xreX, x#z2 % 2

Definition 26. For any z € X denote h(z) = {y € X : y = x}. An extensive form game T is
linear if #{h(z)Nu} <1,forallz € Z,allu e U.

Claim 12. For any linear game G, for any player i € I, and any behavioral strategy b® € B*
of the player there is a mized strategy o; € 3; that induces the same probability distribution on
final nodes Z for any pure strategy s~* € S™% of the other players.

Proof. Let b € Bt = X A(C,: ) be the behavioral strategy of some player ¢ € I in a linear

i
i i k
uy €U

game G. Define o?(s’) =[] bi(ul,st). Then of € XF = A(S)) = A( X Ci)

Leut I
"k ui €Ut Tk
i. for all s* € S%, o%(s") > 0 since b*(u}, st) > 0
i ) ies o'(s") = Dsiesi Hu}’cEUi b (uj, sp,) = 1
and we need to show that b and o induce the same probability distribution on Z for any
st e S7% For any 2z € Z, h(z) = {x € X : 2 = 2} defines the actions that lead to z. Denote
this set of actions a = (a’,a™"), a’ € S, a=% € S~°.

UNFINISHED 0

UNFINISHED

Back to table.

Perfect equilibria
QIII.1 F2006

Consider the set of perfect equilibria of a normal form game.
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(a) Prove: a perfect equilibrium is a Nash equilibrium.

(b) Prove or disprove: the set of perfect equilibria is a closed set.

Solution

(a) Definition 27. A mixed strategy profile § is a perfect equilibrium, if there exists a sequence

of perturbations (e,)! and sequence of mixed strategy profiles (3, ), such that €, (a*) — 0 for all
i€l alla’ € A%, 3, — 3, and for each n, 5, € NE(G**) where G is a game obtained from G by
restricting each player i to the set of mixed strategies S!, = {s’ € S : s'(a") > €},(a), Va' € A'}.

Claim 13. Ewvery perfect equilibrium is a Nash equilibrium, PE(G) C NE(G).

Proof. Let 8 be a perfect equilibrium, then 3(e,), (3,), such that €,(a’) — 0 for all i € I, all
a' € A, 5, — §, and for each n, 8, € NE(G*"). Thus Vn, Vi€ I, Vt' € S!

ui (84, 8.0) > wi(th, 8,%)

n»“n ’ n
Since S? is compact and €,(a’) — 0, for any t* € S* we can find a sequence (t}), such that
ty, € S¢,, and &, — t'. Then Vn, Vi € I, Vt;, € St
wi (88, 570) > wy(th 5.9

n’°n n’»°n

Taking the limit as n — oo, and using the fact that u; is continuous we get Vi € I, Vt' € S°
ui (8,870 > uy(t',87°)
which means that § € NE(G). O

Claim 14. The set of perfect equilibria PE(Q) is closed.

Proof. Consider a sequence of perfect equilibria, §, € PE(G) for all n and 8, — §. Then

(€M) men; (8™)men, such that as m — oo, €m(a’) — 0 for Vi € I, Va' € A%, ¥n and 8™ — §,,.

Since as m — oo, €™ (a’) — 0 we have €”(a’) — 0 as n — oo.

UNFINISHED O

Back to table.

Nash equilibrium
QIIL.1 F2005

Let G = (S*,..., 87, u', ..., ul) be a normal form game.

(a)
(b)
()

State (but do not prove) Kakutani’s fixed point theorem.
State the definition of a Nash equilibrium.

Taking Kakutani’s theorem as given, prove that GG has a Nash equilibrium.

Solution

((}ii)e. en = ((en(a®))qicai)ier, enla’) 20, for alli € I, all a* € A%, Y i gi en(a®) < 1forallie I
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Theorem 15. Let S C R™ be nonempty, convex, compact set and let F : S — S be a nonempty
valued, convez valued correspondence which has a closed graph. Then s € S such that s € F(S).

Definition 28. Let G = (S',..., 5%, u!,...,u!) be a normal form game. A Nash equilibrium is
a strategy profile § € § = X g7 = _>€<IA(Ai) such that Vi € I,Vt' € S? it holds that u®(§%,57%) >

o iel
ut (', §7°).
Claim 15. FEvery normal form game G has at least one Nash equilibrium in mized strategies.

Proof. The proof is based on Kakutani’s fixed point theorem. For any s € S denote
BRi(s) ={t' € S; : Vt!' € 8" Wi(t!,s7) > u'(t",s7")}
and let BR(S) = ><IBR1(5) Then BR': S — S*, BR: S — S, and we will show that BR has
1€
a fixed point.
Set S € RXicr #4i ig nonempty, convex a compact since it is a product of I nonempty, convex
a compact sets S? = A(A?) C R#4:,

Correspondence BR? is

i. nonempty valued:
S is a compact set and u’(-, s7%) is linear and thus continuous on S®. Therefore BR'(s) =
argmaxyicgi u;(t, s7%) is well defined.
ii. convex valued:
Fix s € S, i € I and let t*,1* € BR'(s). Then for all t* € S
Z t:i(ai)ui(ai,s—i) — Z fi(ai)ui(ai,s_i) > Z ti(ai)ui(ai,s_i)
ateAl ateAl ateAl

and so for any \ € (0,1)

A < Z t:i(ai)ui(ai,s_i)> +(1-2X) ( Z fi(ai)ui(ai,s_i)>
at€ Al aic Al
> A Z t'(a)u'(a’,s7") + (1 — ) Z t'(a)ui(a’, 577
ateAl atc Al
or
Y (@) + (1 =N (@) (@' sT) = Y #(a')u'(a’ 5T
alg Al aleAl
which means that M\’ 4 (1 — \)#* € BR/(s).
iii. BR'(s) has a closed graph
Consider a sequence (s,), s, € S, s, — s, s € S and let (t}) be a sequence such that
ti € S', t!, € BR'(sy,) and t!, — t*, t* € S*. We want to show that t* € BR'(s).
By definition, for all ¢ € §!

u(t, s, ") Z Ut 5, ")
taking the limit on both sides and using the fact that u(-,-) is continuous we have that for
all ti' € §°

u'(t 57 =o' (lim ¢4, lim s,%) = lim u'(t},s;")

> lim (£, s = u' (¢, lim s;%) = u'(t",s77)
n—oo n—oo

which means that t* € BR'(s).
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Since BR is a product of BR' it is also nonempty valued, convex valued and has a closed
graph. All assumptions of Kakutani’s fixed point theorem are satisfied for BR : S — S, and
so 35 € S such that § € BR(8). By definition of BR then Vi € I, Vt' € S® it holds that
ut(8%,57%) > u(t*,87%). Thus § is a Nash equilibrium. O

Back to table.
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