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and differentiating with respect to a 1 and b1 yields: 

(Ia) Z1 = u1 _ A 1 = 0 
& & 

(Ib) 

as first order conditions for utility maximization where subscripts 

refer to partial derivatives. It seems reasonable to suppose that 

consumer i ignores the effect his trips have on his own travel time. 

If so, can be ignored. Dividing equation (lb) by equation 

(la) would then yield: 

(2) 

In equation (2), u\/u~, the ratio of the marginal disutility of travel 

time to the marginal utility of dollars, has the dimension dollars per 

hour. It therefore seems reasonable to substitute for this ratio -~, 

the money cost consumer i attaches to his travel time. Doing so changes 

equation (2) to: 

This relationship says that consumer i will equate the ratio of the 

marginal utility of bus trips to that of dollars with the fare plus the 

time cost of a trip. 

Suppose a Lange-Lerner bus authority wishes to maximize a welfare 

function, W(u 1 , ••• un ), subject to the constraint R = A + ex where R 

is the weekly flow of services available from the stock of resources at 

society's disposal, A is weekly consumption of dollars, ~a1, and e 

is the resource service cost of providing a bus hour's services. Setting 
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X (to be optimized) is the number of buses that traverse 

the route segment each hour. 

C dollars per hour is the cost of providing the services 

of a bus. 

Y (also to be optimized) is the number of uniformly spaced 

bus stops per mile. 

~ is the speed at which travelers walk to and from bus stops. 

] times the headway between buses is the average length of 

a passenger's wait for service once he reaches a stop. 

V dollars is the value each passenger places on an hour 

spent aboard a bus while 

aV is the value he attaches to time spent walking to and 

from bus stops and waiting for buses to come. Empirical work 

noted in the appendix suggests g to be substantially greater than 1. 

S miles per hour is the overall average speed of a bus while 

S* is the speed at which it travels when not engaged in 

stopping and starting manuevers. 

t hours are required to board or unload a passenger once the 

bus has stopped and its doors have been opened. 

~ hours are added to the time required for a bus to traverse 

the route segment by each stopping and starting manuever. 

The total hourly costs of providing service to an ~ mile segment 

of this route can be broken into four components: bus company oper­

ating costs, and the costs to passengers of walking time, waiting time, 
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and time in transit. It takes M/S hours for the average bus to 

traverse the route segment. Since X buses per hour do so at C 

dollars per bus hour, total bus company costs are CXM/S and the 

cost per passenger served is CX/BS. The distance between stops 

is l/Y miles. The maximum walk for any passenger is half this dis-

tance. Since origins and destinations are assumed to be uniformly 

distributed between stops, the average passenger would walk 1/4Y 

miles both to and from a stop or a total of 1/2Y miles. The cost of 

such a walk is aV/2yY dollars. The per passenger cost of time 

spent waiting at a stop is aVS/x dollars, while that of time in tran-

sit is MV/S dollars. Summing these four cost components gives the 

total cost per passenger for the steady state route: 

[lSJ Z = CX/BS + aV/2yY + aVS/x + MV/S 

Suppose, for the moment, that overall bus speed, ~, is inde-

pendent of X, the rate at which service is provided. Differentiating 

equation (15) with respect to X, setting the result equal to zero, 

and rearranging terms would then yield 

[16J ~ 
X = [aVSSB/C]2 

as the cost minimizing value of X: If speed were independent of level 

of service, the optimum service frequency would be proportional to the 

square root of the demand for service.? 

In fact, if allowable stops per mile and passengers per mile-hour 

are held fixed, a reduction in the number of actual stops per mile 
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and hence an increase in realized speed would result from an increase 

in the number of buses per hour. That is, X and ~ are positively re-

lated. Thus, the optimal response to a doubling of B would be to in-

crease X by a factor somewhat in excess of the square root of two. 

Determining optimum service characteristics and hence minimum 

costs, then, requires specifying the relationship between realized 

speed, ~, on the one hand and, on the other, X, X, s* and the remain-

ing parameters of the system. In each route mile, a total of B travelers 

per hour board and ~ leave X buses at Y or fewer stops. Hence, the 

average number of passengers that board or leave anyone bus at any 

one stop is ~ = 2B/xY. Suppose that people make travel decisions 

independently of each other. Then the probability that E people 

would board and alight at anyone stop is given by the Poisson distri-

bution with parameter~. That is, perl = e-~~r Ir! The probability 

that a given stop will be made, then, is one minus the probability 

that no one will be at that stop when the bus arrives, i. e. , 1 - -~ e . 

The expected number of stops per mile is X times this fraction. The 

expected time to travel one mile, lIS, can therefore be written as 

the sum of the time actually absorbed in travel, l/S*, the time 

required to board and unload 2B/x passengers and the time absorbed 

by the expected number of starting and stopping maneuvers: 

[17 ] 
lIS = 118* + 2BE/X + 6Y [1 - e-~J 

Equations (15) and (17) incorporate the normal bus company 

operating procedure of requiring travelers to walk to more or less 
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widely spaced bus stops. An alternative procedure that is sometimes 

followed allows passengers to hail a passing bus at the point along 

its route at which they may happen to encounter it. The prevalent 

procedure serves to reduce the number of stops a bus makes and hence 

to reduce both time in transit and the number of bus hours required 

to provide any specified number of bus trips. At the same time, 

however, this procedure requires passengers to incur walking costs. 

It seemed possible that, on lightly traveled routes, the frequency 

with which more than one passenger boards or alights at a given stop 

might be so small that the resulting savings in transit time and 

bus operating costs would not offset the loss in increased walking 

costs. On such routes, cost minimization would call for stops to be 

made on demand. To determine the circumstances under which this pos­

sibility might eventuate, the model summarized by equations (15) and 

(17) was altered to allow for an infinite number of possible stops. 

As Y approaches infinity, it can easily be shown that equations (15) 

and (17) respectively approach 

[15' ] z = C X/BS + cN~/X + MV/S 

and 

[l7' ] 
1/ S = 1/ s* + 2B (E + 6 ) / X 

The second cost model studied deals with a "feeder" bus route: 

Along each of the route's ~ miles, ~ people per hour board buses. All 

passengers dismount at the route's terminus, downtown. Using the same 

notation as that specified for the "steady state" route (except that 
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Table 1: Optimum Service Levels and Implied Scale 

Economy Coefficients 

Peak Period Cost Conditions Off Peak Costs 

Unbalanced Flows Balanced Flows 

Passengers/ 
Hour - Mile Stops / Mile Stops / Mile Stops / Mile 

8 • 8 co 8 • 

Steady State Route 

150 21.3 45.1 21. 2 39.0 41.3 56.6 

E 0.57 0.89 0.54 0.86 0.68 0.78 

90 15.9 28.6 16.1 25.1 29.1 37.9 

E 0.53 0.81 0.54 0.77 0.63 0.77 

30 8.9 11.7 8.9 10.8 14.6 16.3 

E 0.52 0.67 0.53 0.63 0.57 0.63 

9 4.8 5.2 4.7 5.0 7.3 7.6 

Feeder Route 

150 25.2 35.4 24.7 31. 2 40.9 47.0 

E 0.65 0.83 0.66 0.79 0.71 0.79 

90 18.0 23.1 17.7 20.8 28.4 31.4 

E 0.61 0.74 0.60 0.69 0.64 0.69 

30 9.3 10.3 9.1 9.7 14.1 14.7 

E 0.55 0.61 0.55 0.59 0.56 0.59 

9 4.8 4.9 4.7 4.8 7.2 7.3 
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Table 2: Comparison of Optimum with "Current" Service Characteristics 

Peak Period Off Peak Period 

Main Haul Back Haul 

Allowable Stops Per Mile 

16 CD 16 16 

Steady State Route 

Headway (min. ) 6.0 min. 5.1 min. 6.0 min. 5.1 min. 8.0 min. 7.9 min. 

Optimum Fare 17.6¢ 28.1¢ 15.5¢ 16.8¢ 8.8¢ 10.1¢ 

Subsidy/Trip 15.1¢ 12.8¢ 15.1¢ 12.8¢ 20.1¢ 19.7¢ 

PriceITrip 63.4¢ 70.0¢ 51.9¢ 47.4¢ 50.8¢ 48.7¢ 

Feeder Route 

Headway 6.2 min. 5.8 6.2 min. 5.8 8.3 min. 8.3 min. 

Midpoint Fare 13.0¢ 16.4¢ 9.0¢ 9.4¢ 5.3¢ 5.6¢ 

Subsidy 15.5¢ 14.6¢ 15.5¢ 14.6¢ 20.8¢ 20.7¢ 

Midpoint Fare 53.4¢ 55.0¢ 43.1¢ 43.4¢ 37.2¢ 36.2¢ 

"Current" Conditions 

Headway 9.3 min. 9.3 min. 15.6 min. 

Fare 30.0¢ 30.0¢ 30.0¢ 

Subsidy ? ? ? 

Price 

Steady State 79.3¢ 66.8¢ 74.8¢ 

Feeder 68.9¢ 60.5¢ 67.4¢ 
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Appendix: Derivation of Cost and Related Parameters 

Explanations are in order for some of the parameter values used 

in optimizing bus route service characteristics and in describing 

current operating characteristics. 

A variety of studies [see, e. g., Beesley, Gronau, and Lisco] 

have concluded that the amounts travelers appear willing to pay to 

save time aboard mass transit and other vehicles vary with their wage 

rates. The fraction varies from about 25 percent for low income trav­

elers to about 50 percent for middle and upper income groups. In 

turn, people appear willing to pay between 2-3 times as much to save 

walking and waiting time as to save time aboard conveyances. [See, e. g., 

Lisco, pp. 79-88J. Bus travelers largely come from low income groups. 

The $1 and $3 an hour used for time in transit and walking and waiting 

time respectively therefore seem reasonable albeit perhaps a bit on 

the high side. 

$12.75 and $5.60 are approximately the marginal costs to the 

Twin Cities Metropolitan Transit Commission of standard 55 passenger 

bus hours during peak and off peak periods. These estimates were 

determined as follows: A new 55-passenger bus costs approximately 

$37,000 and is depreciated over a l2-year period. Applying a 10% 

interest charge to $37,000/2 and adding depreciation of $37,000/12 

yields an annual capital cost of $4933. Dividing by 1~60 peak hours a 

year -- 6 peak hours per weekday times 5 weekdays per week times 52 

weeks per year -- yields a peak hour capital cost of $3.16. 
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Bus driver costs account for about 70% of total system costs. 

Taking into account fringes, overtime, etc., the average cost of a 

driver hour is currently about $6. Adding a peak bus driver hour 

involves overtime and other premia that would not be paid for an off 

peak driver hour. The Transit Commission's labor contract is extremely 

complex. It involves, inter alia, guaranteed minima of 6 hour days 

and 40 hour weeks and time and a half for both hours in excess of 8 

per day and beyond 11 hours from starting time. It is therefore im­

possible to determine the exact marginal cost of a peak hour driver. 

Eight and four dollars for peak and off peak hours respectively seem 

as reasonable guesses as any. Allocating fuel, tire, maintenance, 

administrative, and overhead costs on a per bus hour basis adds $1.58 

to the above figures. 

Twin City Lines <the predecessor of the Metropolitan Transit 

Commission) bus trips had mean and median lengths of about 3.5 and 2.3 

miles respectively in 1962. For the system as a whole during the aver­

age weekday, ~, passengers per mile-hour, appeared to be approximately 

11 between 9 a.m. - 3 p.m. and about 30 between 3 - 6 p.m. (Derived 

from Minnesota Department of Highways, pp. 25, 40.) Back haul travel 

during the peak hour appears to take place at the level characteristic 

of off peak hours. 

In both London and New York, the time required to decelerate, 

open doors at a stop, and accelerate, ~, averages approximately 21 

seconds. £ is approximately 1.5 seconds for unloading in New York and 

for both loading and unloading in London. In New York, the time absorbed 
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by fare collection results in a 2.6 second value for i in loading. 13 

The estimates of current service characteristics employed in 

Table 2 and in inferring the magnitude of scale economies under a 

"service proportional to demand" policy were determined as follows: 

A sample of points was drawn from the 28 traffic analysis districts 

covering Minneapolis and its immediately adjacent suburbs that were 

employed in the 1958 Twin Cities Area Transportation Sludy. Almost 

all (95 percent) of the bus trips taken during the survey period had 

"home" as either origin or destination. The number of observations 

drawn from each district and the weights attached to each observation 

were therefore based on the number of trips originating at home that 

did not have "school" as a destination. School destination trips 

were eliminated because the majority of them are taken in· other than 

mass transit buses. 

Approximately 65 percent of all non-school trips taken in the 

survey area had an origin or destination in either the St. Paul or 

Minneapolis central business district and most bus routes either ter­

minate in or go through one of the CBD's. Peak and off peak service 

frequency estimates for each sample point were therefore based on the 

number of buses scheduled toward the central business district during 

the period 6-8 a.m. and 8 a.m.- 4 p.m. respectively on the nearest 

street having bus service. In the few cases where the nearest bus 

route did not provide service to the Minneapolis CBD, the buses counted 

were those heading away from the nearest terminal. See Minnesota 

Department of Highways, pp. 4, 9 - 14, 73 - 74. 
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FOOfNOfES 

* Professor of Economics, University of Minnesota and York University. 

I am indebted to Lynn Gerber, Director of Scheduling, Twin City Lines, 

and to John Jamieson, Director of Transit Development of the Twin 

Cities Metropolitan Transit Commission for providing data, to Marvin 

Kraus for very helpful comments, to Myrna Wooders for computer pro­

gramming and checking algebra and, for financial support, to a grant 

from the Departmenmof Transportation and Housing and Urban Develop­

ment to the University of Minnesota Center for Urban and Regional 

Affairs. 

1. Some important second best justifications for mass transit subsidies 

also exist. These are not dealt with here. 

2. The first part of this section is a modest modification of Robert 

Strotz' "First Parable." 

3. Implicit in this formulation is the assumption that the cost of a bus 

hour is independent of its carrying capacity. While clearly unreal­

istic, this assumption is not as bad as may at first blush seem to 

be the case. An increase in the capacity of a bus results in a less 

than proportionate increase in its capital, fuel, and related costs. 

More important, driver wages and fringe benefits account for about 

70 percent of the total costs of a typical urban bus operation. The 

cost of a driver hour is independent of the size of the bus he operates. 

4. Excluding trips to school and home, just over 50 percent of all bus 

trips in the Twin Cities area had "work" as a destination in 1958, 

while an additional 25 percent involved social-recreational or personal 
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business purposes (see Minnesota Department of Highways, p. 26). 

Many trips in these three categories require being at the desti­

nation point at a specified time. To the extent that bus schedules 

do not fit in with such time constraints, a wait at destination is 

necessary. 

5. If the effect additional bus travel might have on highway congestio~ 

and hence on travel time can safely be ignored. 

6. These data and the numbers which follow are derived from Minnesota 

Department of Highways, pp. 4, 9 - 14, 40, and 73 - 4. See the Appendix 

for a discussion of how they are developed. 

7. William Vickrey first propounded this square root principle to me. 

I presume that he based his assertion on a similar analysis. Actually, 

Section II of this paper turns out to be merely an elaboration on the 

middle paragraph of his 1955 article. 

8. For such a route, it is quite likely that optimum stop spacings and 

service frequencies would vary with distance from downtown. These 

possibilities are ignored in what follows. 

9. For reasons suggested by Figure 5, it was impossible to solve simul­

taneously for the optimizing values of ~ and~. The procedure finally 

settled upon was that of using Newtonls method to determine the optimum 

service frequency for each of a variety of stop spacings and trip 

output levels. The long run marginal costs of providing ~ trips an 

hour was approximated by finding the cost minimizing values of ! 

associated with Band 1.05 B and then dividing the difference between 

the two cost levels by .05 B. Costs determined in this fashion typic­

ally differed from short run marginal time costs under optimal con­

ditions by less than half a mil. 
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10. It is perhaps worth noting that, if 16 rather than 8 stops per mile 

are allowed under the conditions dealt with in this paragraph, the 

paradox would disappear: Marginal cost fares would then be 17.6 

and 15.5 cents respectively in the main and back haul directions. 

11. For reasons suggested by the Appendix discussion of the derivation 

of the $12.75 and $5.60 peak and off peak period costs of a bus hour, 

an increase in the off peak fleet utilization rate from 35 to 70 

percent would result in both a reduction in the cost of a peak period 

bus hour and an increase in the cost of an off peak hour. These 

changes, in turn, would make optimal somewhat better peak hour ser­

vice and somewhat poorer off peak service than levels indicated in 

Table 2. 

12. The alternative estimates of current trip prices equal the current 

fare for a trip plus the time costs that would result from the steady 

state and feeder route models given current travel rates, 9.3 and 

15.6 minute headways, and 16 allowable stops per bus mile. 

13. I am indebted to T. M. Coburn of the United Kingdom Road Research 

Laboratory for these data and also for noting that two-door operation 

characterizes most American bus services. As a result, total loading 

and unloading time at a stop is approximately equal to the greater 

of 2.6 seconds times the number of boarding passengers and 1.5 seconds 

times the number of dismounting passengers. This complicating fac­

tor is ignored in what follows. 
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