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(7) 

Equations (6) and (7) reduce to 

Under the assumptions in (1), (5) and (8) have a unique solution in kl 

and k2 • 4 

The path of m(t) ,k(t) is described by the following dynamic equations 

cH (m, k) c > 0 (9 ) 

. 
k = (l-m)fa - nk (10 ) 

We assume that H is continuously differentiable, and the system (9) -

(10) has a unique and continuous solution for every initial conditions 

(0 < mo < 1 , ko > 0). Moreover Inada conditions insure that the 

sulution stays in the nonspecialization region (k(t) > 0 , 1 > m(t) > 0) . 

Expressions for 

Define a 1 (m,k) as 

are derived in A-I of the Appendix. 

a1 (m,k) = Wi , elasticities of substitution. 
uW1 k1 

It is clear that the steady states of the model (5) - (10) coincide with 

the steady states of the model (1). Suppose (ffi,K) is a steady state. 

For short let " x 0= 
" ,., 

(m,k) • We will study now the stability properties 

If at (m,k) . 
0 then: x = , m = , of this model. 

a) [ i;)m ] < 0 
-x 

Proof: In x 

4. In the (k1 space (8) gives a monotonic increasing relation 
starting at the origin and (5) a decreasing one. 
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From (8), if U>t = tva 

m = s (w + kl (w» + (1-s)(w + k:a (w» 
(1-s)(W + ka (w» (11) 

From Uzawa [7] we know that, if wt = W:a = w, k is a function of w 

and 

dk > 0 
dw 

Combining (11) and (12) and manipulating: 

sign [:]~ = 0 = sign 
x 

where all the terms are functions of (m,k). 
r~l 

r.a~ L _ _ jjlli 
lamJx - [~]x m = 0 

However 

and sign [~]x = sign [~ ~ dWe ~k:a]_ 
- cn<; n-: x 

Referring to Lemma 1 in the Introduction we can already conclude 

(2) 

(13) 

(14) 

(5) 6 

that if x is a locally stable steady state in the I.M. (1) it will be 

locally stable in the N.I.M. (5) - (10) for c high enough. Since 

[~] m = 0 > 0 conditions for Lemma 2 are fulfilled. Therefore, in 

an appropriate compact rectangle, if x is globally stable in the I.M. 

(1) it will be globally stable in the N.I.M. (5) - (10) for c high 

enough. 

b) or 

then 
where x = (m,k) 

is a steady state. 

5. Since, when m = 0, sign :: = sign a (~ - ~) 
aa 

6. For example: al(m,') ~ a:a(m,k) and k1(m,k) ~ ka(m,k) • 
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Proof: From (0), 

From A-3 in the Appendix, 

[;~ = [(s(-m-,-k-)-m-k-1--=:~+';"'0"';;~.;jIm"")-k2-+-(-I--m-)-~ l, 
where cs(m,k) 

and CB<m,k) ~ 1 or 1£ 

Therefore, under these conditions, and taking (5) into account, 

rakJ < 0 
L~k " x 

Combining Lemma 1, a) and b) we can state the following proposition. 

Proposition 1: 

(6) 

on 

(8) 

If the steady state k corresponding to the model (1) with uniform 

saving rate and instantaneous adjustment of labor is locally stable and 

either 1) or the 

steady state (m(k),k) corresponding to the model (5) - (10) will be 

locally stable. 

In particular, using the results of Uzawa [8J and Drandakis [lJ, we 

can say that the steady state " ,. (m,k) in the model (5) - (10) will be 

locally stable if 

" '" 0'1 (m,k) ~ 1 or 

2) and 

As the following example shows, the stability of an I.M, steady state 

does not necessarily yield its stability in the N.I.M. (5) - (0). 
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Let f,<k,l = [1 ; 2 • .-J" 3. L :3: •• k~'· + 1 ! 2.'] ~"'. 
fa (Ita) = 3/2 kat 

s = t n = 9/14 

A steady state for this economy is given by: 

k = 7/5 m = 2/5 

corresponding to: 

,.. ,.. 
The capital intensity condition is fulfilled, kl > ka , however if we 

substitute those values in (17) we find: 

[:~~ = 6/5 + 24~26 • 1/5 > 7~5 = w ~ ka 

By (16) [:~] > 0 
(qt 5,7/5) 

Therefore the behavior of the system at (2/5,7/5) is cyclic. There is 

always a value of c for which the trace of the Jacobian at (2/5,7/5) 

is positive, i.e. the cycles will be divergent • 
. 

We remark that the m = 0 and k = 0 locus do not have a simple 

behavior outside of the steady state. It seems that to obtain results 

analogous to Proposition 1 with respect to global stability would require 

more specific forms of the H function. 

B) Classical Saving Assumption 

Given m and k , the momentary equilibrium of the economy is 

determined by: 

m kl + (l-m) ka = k 09 ) 
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(20 ) 

(21) 

Under the assumptions in (1) the model (19) - (20) has a unique solution 

in k1 and ka . 

The paths of m(t),k(t) are described by (9) - (10) above. 

Under the condition m = 0, W1 = Wa = w. (19) and (20) can be 

expressed as (see Uzawa [7J, Inada [3J>. 

k cp (0,1) 
w+ ka (w) 

kl (w) = = kl (w) w + 

and m = w 
w + k1 (w) 

-Suppose that at x m = 0 Then: 

a) If [cp I (w)] _ > 0, then raml < 0 • 
x la~j-x 

(22) 

(23) 

Proof: We assume that Cil(X) "" 1 The proof when Ol(X) = 1 is given 

in A-5 of the Appendix. 

Differentiating (22), it is easily checked that: 

sign [£!!!l. = sign (I - 0 1 (x» . 
dwJm=O 

x 

sign [~;]~O = sign [1 - 0 1 (x) J • 
x 

Therefore if [cp I (w)J x > 0 and 0 1 (x) "" 1 k is, locally, a 

function of m and, 

x 

However it is proved in A-6 of the Appendix that 



sign 

yielding ~J _ < 0 
x 
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[~:]_ = sign 
x 

q.e.d. 

[l-al(x)] = sign r.dU?l. lduiJf!1=o 
x 

We note that for the steady state k corresponding to the I.M. 

to be (even locally) stable we need cp' (w) > 0 for all w. Otherwise 

the momentary equilibrium may not be uniquely defined (see Inada [3]). 

In the model (19) - (21) the momentary equilibrium is always uniquely 

determined. Therefore cp'(w) > 0 is sufficient for local stability. 

We can apply Lemma 1 and Lemma 2 as in the case examined before. 

In order to apply Lemma 2 we need cp'(w) > 0 for all w. 

Suppose 
,. ,. ,. 

(m,k) -- for short x -- is a steady state of the system. 

(It is in fact unique.) Then: 

b) 

Proof: By (20), 

rak] < 0 
[ak i 

f~(k2) k - nk 

at x , sign ak 
&k = sign 

o (i<lk) _ i f" (lr) ~ka ak - s gn 2 .~ ~ < 0 , since in 

A-S of the Appendix it Is proved that :ta > 0 In fact, b) is a 

necessary and sufficient condition. Since, in turn, cp'(w) > 0 is a 

necessary and sufficient condition for the stability of the instantaneous 

adjustment model (see Drandakis [1]) we conclude, in view of a), b) and 

Lemma 1: 

Proposition 2: 
,. 

If a steady state k corresponding to the model (1) with classical 

savings assumption and instantaneous adjustment of labor is locally stable, 
,. ,.. 

the steady state (m(k),k) corresponding to the model (9) - (10) and 
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(19) - (21) is locally stable. 

The steady state will be stable if (see Drandakis [1]) 

or 

2) 

PART II 

In this part we will assume that capital does not move instantaneously 

or that it is not shiftable at all. Competitive conditions prevail in each 

sector. The short-run rate of return on capital, rl , may differ between 

sectors. We will assume that investment functions are such that the 

relative amount of capital in each sector varies in direction according 

to the current rate-of-return differential. Under those conditions the 

steady states of the model coincide with the steady states of a model 

with perfect mobility of capital.? 

In order to make the treatment quite simple we will use a notation 

which will bring out 

IC, 

the formal analogy with the models treated in Part I. 

Call u = r ' 

Observe that: 

L " = r., f,<t,) = F,(1, 'i) , , 
w. = p f~ • 

dk, w d" i a, = ~ -k = ~ 
QII/ 1 dw" 

u and t (= 11k) are state variables. 

(25) 

7. With classical saving assumption and elasticity of substitution 
greater than one in the first sector, lnada [4] has established the global 
stability of a model with non-shiftable capital. Except for differentiability 
his specific investment functions yield the restrictions we impose. Therefore 
the following can be viewed as a generalization of some of the stability 
results of lnada with respect to saving behaVior and the admissable class 
of investment functions. 



- 14 -

A) Uniform Saving Ratio 

For given 0 < u < 1, t > 0 the momentary equilibrium of the 

economy is determined by: 

(26) 

(28) 

(27) and (28) reduce to: 

(29 ) 

The path of u(t) , t(t) is described by the following dynamic equations: 

u =cH (u,t) ; sign u = sign {r1 -ra J , c > 0 (30) 

(31) 

We assume that H is continuously differentiable and (30) - (31) has a 

unique and continuous solution for initial (uo,to)' 0 < Uo < 1 , to > 0 • 

Suppose 
.. ,.. 

(u,t) = x is a steady-state equilibrium of the system (26) - (31). 

Suppose that at x = (u,i) , u = o. Then: 

a) r~] < 0 [au -x 

Proof: Equations (26), (29) and (30) are formally identical with equations 

(5), (8) and (9). Taking into account (25) and that 

dt elk 
sign ~ = sign dW 

a simple relabelling of symbols in A-I and A-2 of the Appendix yields 

the result. 

b) 
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\ 

Proof: Since at i, ,= 0 , 

by differentiation of (31). By A-l of the Appendix, after relabelling, 

Therefore ~] .. < 0 q.e.d. 
X 

Combining a), b) and Lemma 1 we may state (recall that ,= 11k) the 

following. 

Proposition 3: 
.. 

If the steady state. k corresponding to the model (1) with a uniform 

rate of savings and instantaneous shiftability of capital is locally 
... ... 

stable, then the steady state (u(k),k) corresponding to the model (26) -

(31) is locally stable. 

Therefore, using the results of Uzawa [8J and ~andakis [1], this 

will be the case if 

or 

2) 

B) Classical Savinas Assumption 

For given (u., ) the .a.entary equilibrium of the economy is 

determined by 

(32) 

(33) 

(34) 

As in Part 1, (32) - (34) have. unique solution in '1 and '.. The 

dynamic path is described by (30) - (31). 
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When u = 0, ~ = w. • wand we can define, manipulating (32) -

(33) , -If at x, U = 0 , then: 

[~]_ < 0 if nP'(w)Ji > 0 
x 

a) 

The proof follows step by stepS the proof given in Part I and A-S and 

A-6 of the Appendix. We note that in this case it is aa (not a l ) 

which plays the crucial role in determining the sign of [~~6:0 If 
... 
x 

(u,i) = i is a steady state of the econoay, relying again on the formal 

analogy of the system (30) - (34) with the system (9) - (10) and (19) -

(21), we conclude 

b) ~Ht<O 
Combining a), b) and Lemma 1 and taking into account that sign ~I(W) 

= sign ~I(W) , we can state the following proposition. 

PrOPOSition 4: 
... 

If the steady state k corresponding to the model (1) with classical 

savings assumption and caaplete and instantaneous shiftability of capital 
... ... 

is locally stable, the steady state (u(k),k) corresponding to the model 

(30) - (34) is locally stable. 

Therefore, the steady state will be locally stable if 

or 

2) 

As in Part I for c high enough the steady states of both modelS 

are locally stable if they are so in the I.K. Applying Lemma 2 one may 

conclude the corresponding global results.· 

8. After substituting 0'. for i 0'1 
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PART 111 

In this part we will combine the Qnalysis of the two preceding 

parts. We will assume that both capital and labor do not move in-

stantaneously between sectors. Therefore the capital-labor ratio k 

and the proportions of labor and capital in the first sector, m and 

u respectively, are treated as state variables. 

The results will formalize some aspects of the common contention9 

that labor adjusts quickly relative to capital which, in turn, has a 

high speed of adjustment relative to the pace of capital accumulation. 

In order not to be repetitive we consider only the case with uniform 

saving ratio. 

Let x = (" u, m) be state variables, Given x the 

momentary equilibrium is determined by: 

I-m '2 = , l-u (35) 

(36) 

As before we assume 0 < mo < 1 , 0 < Uo < I. The dynamics of the 

model is given by: 

. , = n , - (I - u) f2 , 

sign 6 = sign (rl - r 2 J (38) 

• 
m = ca Ha (" u, m) , ca > 0 , sign m = sign (wI - wa J (39) 

We assume the H1 's are continuously differentiable and that the 

system (37) - (39) has a unique and continuous solution x(t) for given 

9. See, for example, Inada [4]. 
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~ • Inada conditions will guarantee that x(t) stays in the feasible 

region. The steady states of this model, 

of the I.M. 

Observe that 12 > 0 am (from (36». 

coincide with the ones 

Assume that the Inada conditions hold. Then from (35) - (36) and 

(39) : 

- -a) If t ,u are given (0 < u < 1) there is a unique m such 

that m (x) = 0 • Moreover 

represent a compact rectangle Given a steady state 
,. 
x 

containing x and such that if x e A,. then Xl > 0 , 0 < Xa < 1 , x 

0<x3 <1. 

We can state the following. 

Proposition V: 

Suppose u (k) , m is a globally stable steady state 

of the I.M. For every A,.. there is M>O such that if cl > M and x 

> c l M 
,. 

is a globally stable c:a , x steady state of (37) - (39) in the 

region A,. (i.e., if Xo eAx, lim x t--
x(t) ,.. 

where x(t) is the = x , 

solution corresponding to Xo ). 

Proof: Condition a) above and Aa) in Part II guarantee that all the 

assumptions of Lemma 2 are fulfilled. 

Referring to local stability a stronger result may be given. 

Proposition VI: 
,.. 

If k is a locally stable steady state of the I.M., there is 

C:a ~ 0 such that if ca > ca the steady state (', u (k) , m (k» is 

locally stable in the system (37) - (39). 
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Proof: The system (37) - (39) plays the same role as system [B] in 

the Introduction. By Part II local stability in the I.M. yields local 

stability of the model with non-instantaneous adjustment of capital, 

which corresponds to system [Bl] in the Introduction. By a) above 

Lemma 3 can be applied and the conclusion follows. 

PART IV 

We will assume that the wage rental ratio is rigid in the short 

run and that its rate of adjustment is inversely related to the quantity 

of labor unemployed and directly related to the quantity of unused capital. 

The state variables are k and w. This model has been briefly con-

sidered by Uzawa [7] whose general approach we use. 

A) Uniform Saving Ratio 

Let L 
m1 = r- given 0 < w < • , k > 0 the momentary equilibrium 

is determined by: 

s (m1 f1 +~ fa) = p rna fa 

f1 = (w + k,) fl 1 i = 1 , 2 

fl 1 = p f~ 

k1 m1 ... lea IDe ~k 

The model is closed when either (43) or (44) holds with equality. 

(40) - (42) reduces to: 

1 - S <AI + !sa (w) = !!!.l 
s w + k1 (w) rna 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 



- 20 -

Let k (w) designate the -- uniquely determined -- capital labor 

ratio that makes expressions (43) and (44) to hold with equality, 

(Uzawa [8]). If k < k (w) there is labor unemployment (m1 + ~ 

dk > 0 
d:.u 

<1). 

If k > k (w) there is capital underutilization (m1 kl + ma ka < k) • 

The dynamic path of the model is described by: 

w = c H (w, k) sign w = sign (k - k(w» , c > 0 (46) 

We assume (46) - (47) have a unique solution for every (~ko) , 

which is continuous with respect to initial conditions. 

Define 
1 

few) = - s f~ (ka (w» (k (w) + w) 
n 

When k ~ k (w) n V (w) = rna fa and (47) may be expressed as (see 

Uzawa [8]): 

. 
k = n • (w) - nk k ~ k (w) (48) 

k = n , (w) k ~w) - nk if k < k (w) (49 ) 

The stea~states of this model are the same that the steady states 

of a model with instantaneous adjustment of w. Let X be a steady 

state of (46) - (47), 

a) [~l a:Jx < 0 • 

then: 

This follows from the fact that dk(w) > 0 
dw 

Since the system (46) (47) is not differentiable at 
,. 
x , in order 

to study local stability at x we will rely on phase-diagram analysis. 

It can be drawn as in Figure 1. In a steady state • (w) = k (w). We 

observe at once that if ,(w) intersects k (w) from above the cor-

responding steady state will be locally stable for c high enough, and 

for any c > 0 if [d lw <w)] w > 0 • 
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If X is locally stable in the loM., (48) (for k = k (w)': yields 

that ~ (w) intersects k (w) from above. 

k 

k 

,. 
w 

Figure 1 

k (w) 
(w) 

We can therefore state the following Proposition. 

w 

Proposition VII: 

'" A steady state (w, k) of the model (40) - (47) is locally stable 

if: 

,. 
i) 0'1 (w, k) ~ 1 or 
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Proof: Both i) snd ii) are sufficient conditions for stability of the 

I.M. We need only prove [d 3w (w)] w > 0 • 

1) If 01 :c: 1 
dk (w) :c: k (w) (50) 

dw w 

(See Drandakis [11) 

The logarithmic differentiation of ,(w) gives: 

by (50), completing the proof of i). 

ii) k1 ~ ka and 01 > 1. • (w) intersects k (w) from above 

so that in a small enough neighborhood around "" w , if WI < w then 

(51) 

Differentiating (48) taking (51) into account we find: 

~wo =[" Cl 

dk 
- ma)(l + ~) - (I - s) Dla° 
(I - sHka + w) + s (k1 + w) 

The numerator reduces to (after using (48»: 

which is positive if 01 > 1 and Og ~ 1 • 

In this case,lO since: 

10. By the assumption in (1) • (w) is continuously differentiable. 
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where the minus sign in the middle term means left hand derivative. Therefore 

f~ !J tV > 0 follows. The case 01 ~ 1 and 0:a ~ 1 has been covered 

in i). The °1 = 1 case follows by a judicious use of £'s and 6's 

in the argument above. 

B) Classical Savings Assumption 

The uniquely determined momentary equilibrium is given by 

f~ = pf~ (52) 

(53) 

(54) 

(55) 

Equations (52) - (53) reduce to 

(56) 

Let k (w) be the uniquely determined capital-labor ratio corresponding 

to the full employment of labor and capital at the wage-rental ratio w. 

The dynamic path is given by (46) - (47). 

If k ~ k (w) labor is fully employed. From (56) and m1 + ~ = 1, 

we get Swbstituting in (47) we obtain 

~ = k1(W)f:a(~(w» _ nk = n ~ (w) - nk , k ~ k (w) 
k1 Cw) + W 

Similarly, 

~ = k faCka(w» _ nk 
w + kg (w) 

k < k (w) 

(57) 

(58) 
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The steady state x is unique. From (22) and (57) follows that 

~ I (w) < k I (tV) • 

When ~,. > 0 
~x 

the phase diagram -- in the vicinity of "" x 

has the same form as that corresponding to the steady states of Figure 1. 

k ----.... - ... ... 
" ... .. .r/ " , 

\ 
I ell = 0 I 

I 
I I 
I , 

I 
I 

~ .-... , ... .. 
~- '" 

w 

Figure 2 

We can state the following proposition. 

Proposition VIrI: 

The steady state (w, k) corresponding to the model (46) - (47), 

(52) - (56), is locally stable if a1 (~, k) ~ 1 

Proof: rf a1 (w, k) ~ 1, [dkd~W)]X > 0 (see Drandakis [1]). 

Following the same steps as in the proof of Proposition V, we only 

need to show that the slope of ~ (w) (defined by (57» is positive at 

w fa and k1 are bounded in a vicinity of .~ • 



- 25 -

From (57), if w* < W 

sign ~ sign [f~ ~ 0+ ~> - fa 
d (w/k1 >] 

dw U1* = kl dw * w 

and for arbitrarily small e > 0 we can find CJik such that 

q.e.d. 
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APPENDIX 

Differentiating totally the system (5) - (7) and using (8) we 

find: 

1 
= A 

1+ IDa 
a. + lea 

UIa+l; 

~ = ~ {-f~ (l-m)(l-s) fa + smf~ f~} 

1 1 + !!:!J,/a;ak:a - -- A ~ + kl 

Where m (l-m) 

6 = f" 1 - pf; 

I (l-m)( l-s)pf I -smfl a 

and 

taking into account that 

Clearly 

A-2 

1 

Substituting the expressions from A~l, we get: 

= 

0 

-f~ 

(l-m)(l-s)fa 

>0 

1 w fIt f I W f" f I = -A {-a k (- ~ + !J.) - -- (- -! + l)} 
1 1 Xli fa aak:;a f1 r,: 
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Manipulatin& this expression reduces to: 

which establishes the claim. 

W + O'aka 

W + k,a 

Taking the expression for in A-I and substituting A 

it we have: 

I 
= 

+ (I - m) 

In 
,. 
x ~=Wa=W, yielding: 

= w + Ita 
Itm, k) mk1 + (I - m) kri + (I .;,:. m) w 

A-4 

This is immediate. Differentiating totally (19) and (20), 

where A = (I-m)f~ - f~ k > 0 

Case 0'1 (t) = I 

Differentiating totally (19) and (20): 

into 
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_ ~{k - kl W:a k} 
-6 kQ 0'2- 1 = 

k1 f~ {~- kl _m } 
= ---r- k8 a. - 1 

Therefore, 

sign [l!!J -am x - sign 

= sign 

rm (k - k1 ) mk ] 
= sign [(l-m) a2k8 - O-m)0'2~ - 1 x < 0 

where use has been made of (19), (20) and (23). 

A-6 

sign [:~ ~ = sign 

Substituting from A-4, 

[ dUIJ. kf" due mf ,] = sign - dk; iii - ~ iii 
1 '"'fa X 

= 

= 

, using (20) 

using (20) 

, using (19) 

, using (19)and (23 

= 

= sign [o,~, 0'1iI~ O-m) - O':~ m] X = sign [a1~1 (1 -m) - m] X 

But by (23), 

Therefore 

w m 
k1 = r:;; 

Sign[:~ A = sign ( lla, )m 
x 
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