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function of labor L(p, 1) whether the sectoral profits are bounded or
not. For x,;(ID's must satisfy by construction the equation z Lyx,y (D)
= L(p, 1) , so that =x,(ID)'s , which are nonnegative, are bounded and
eventually tend to zero with IL(p, 1) as any of Il;'s tends to infinity.
Therefore the boundedness in question depends on how rapidly x,;(ID's
approach zero in relation to the growing II;'s .

The above remark suggests that maximum profits, sectoral or aggregate,
can possibly be infinite under circumstances. It is recalled that a maxi-
mum surplus value exists under fairly weak conditions on L(p, 1), as was
seen in Theorem 2. But finite maximum profits may exist only when L(p, 1)
is required to satisfy a more stringent condition. One such additional
condition may be given in terms of the elasticity of the supply function
of labor.

fA.6] L(p, 1) is differentiable and its elasticity satisfies

n
3L
X‘ 5— pj
=L Py 0 = - y< -1 (identically) . (IV.1)
L

If L=20, formula (IV.l) does not make sense. Therefore (IV.1) can

be given in the rearranged form

i3
, %% P; = -YL (identically)

§=1 J (1v.2)

Now, if [A.6] is added to the set of assumptions [A.1] - [A.5], one
has

Theorem 9. If p and I are related by equation (II.1ll) as before,

then
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lim I L(p, 1) =0 (i=1, 2, ..., n) , (1v.3)
HJﬁP”
irrespective of whatever behaviors the other II;'s (i # j) may have.
Proof. First, it will be shown that
< Y
Lt p, 1) =t " L(p, 1) (Iv. 4)
for any scalar t = 1 . To this end, define
f(t) =L (tp, 1)
Then, upon differentiation and using (IV.2), one sees
£°(t) = - X_EESEL (1v.5)
First consider the case where £(1) > 0 . Letting
f (©)
g (t) = Ry (Iv.6)
t £ (L)
and using (IV.5), one obtains
g () =0 . (1V.7)
(1v.7) implies that g (t) 1is nonincreasing, so that
g (t) Zg(l) =1 (tz 1) . (1v.8)

In the light of the definitions of f (t) and g (t), inequality (IV.8)

is nothing but (IV.4).

Now, (IV.5) implies that £(e) is nonpositive because f(t) I 0 .

Hence f (t) is nonincreasing. Thus, if f (1) = 0 , then
F(e) =f (1) =0=¢t"F£() (£=1) . (1IV.9)

(IV.9) is again nothing but (IV.4).

Now, as Il varies in such a way that Il = + ® for any fixed j

3

one sees for [, =1
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Iy L ¢p, D = I L (Iy (p/Ty), 1) (1V. 10)
= 0,V L o(p/my, 1)

The right-hand side of (IV.10) tends to zero as II; tends to infinity,

because of Y > 1 and the known boundedness of L (p, 1) . This completes

the proof. Q.E.D.
Theorem 9 immediately implies

Theorem 10. If the input coefficients matrix A is explicitly assumed

to be indecomposable, then

lim Iy x, (II) = 0 (=1, 2, ..., n)

as at least any one I of the I;'s tends to infinity.

Proof. It is noted that the objective gross demand functions x; (ID

(J 13 2: e .0y 1'1) SatiSfy

Jga 2y %, () =1L (p, 1) (IV.11)

identically for all I . Then, by (IV.11l) and the nonnegativity of <4, x; (II),

one obtains

n

Iy x5 (I = z (Iy74p 4y xy (I (IV.12)
=1

1 s

[
1]
I

& Jgﬁ (I745) L (p, L

Now, L (p, 1) tends to zero as the behavior of Il stated above proceeds,

because of the indecomposability of A and the basic assumptions on L (p, l).M

Hence the j th term on the right-hand side of (IV.12)

{@y/4) L (p, 1)

tends to zero by the convergence of L (p, 1) to zero for bounded ['s ,
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and by Theorem 9 for unbounded Il;'s. Therefore, the both sides of (IV.12)

tend to zero. This proves the theorem, since I x; (II) are nonnegative.

Q.E.D.

Theorem 11l. There exists a positive maximum aggregate profit subject

to _the objective demand functions.

Proof. By virtue of Theorem 10 the aggregate profit tends to zero, if
any of Ilyj's tends to infinity., On the other hand x (0) < 0 from (II.12)
in assumption [A.5], so that II” x () > 0 for a small positive I by
continuity. Thus the existence of a positive maximum of I x (II) over

all [I's can be proved in the same way as in the proof of Theorem 2.
Q. E.D.

If the profit of the j th sector is measured along the j th axis

in the n-dimensional Euclidean space, the point
My x (D, T2 x2 @D, ..., L x I (IvV.13)

fills out a set, as the profit per unit output vector Il varies over all
nonnegative vectors. The set may be termed the profit set, and its optimal
frontier is defined to be the set of all points of the form (IV.13) at
which the profit of any sector cam not be increased without some other
sector's profit being decreased.

The profit set is bounded, since it lies in the nonnegative orthant and
the sum of the coordinates of any point in the set does not exceed the maxi-
mum aggregate profit. The optimal frontier is naturally bounded as a subset
of the profit set. It is nonempty, because it contains special optimal points
at which the aggregate profit is maximized.

The [I's whose corresponding points (IV.13) belong to the optimal

frontier form a bounded set in the [l space. Otherwise, there is a sequence
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v
{Hv} such that the point (IV.13) for I = I belongs to the optimal
frontier, while I,y tends to infinity with V for at least one j

v
Then, I, x; (I') converges to zero for all j =1, 2, ..., n by

v
Theorem 10. As was noted in the proof of Theorem 11, x (0) = 0 . More-

over, one has even x (0) > 0 , provided the indecomposability of A 1is

)
taken into explicit account.'® Therefore Iy x, (Ho) > (0 at the same

time for j =1, 2, ..., n for a small positive m . Consequently,
v o ) .
Oyy xy (M) <Iy x5 (II7) (i=1, 2, ..., n) (1v.14)
for sufficiently large Vv . But (IV.14) contradicts the inclusion of the

v
points (IV.13) in the optimal frontier for I =1 with large Vv . The

set of such [I's must therefore be bounded.

IV.3 The Cournot-Negishi solution

The importance of the Negishi solution in the general equilibrium
theory of monopolistic competition has been discussed in I.1 and I.3. His
theory is a noncooperative game theoretic analysis of entrepreneurial be-
haviors, and therefore of a Cournot type. 1In [4] Cournot originated the
by now standard noncooperative oligopoly theory. In the market he considered
each oligopolist tries to maximize his profit calculated in terms of the
demand function for the product by solely controlling his output on the
assumption that the outputs of the rivals are given. The Cournot solution
is the determination of the output and price by the simultaneous realization
of the noncooperative profit-maximizing behaviors of all the oligopolists.
The demand function in Cournot's theory is allegedly an objective demand
function, which enteils no problem just because the theory is of a partial

equilibrium nature.
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Negishi [10] (and [11], Chapter 7) is rightly conscious of the sub-
jective character of firms' perceived demand functions (more exactly,
inverse demand functions). In his world of monopolistic competition
each monopolist tries to maximize the profit calculated in terms of a
perceived inverse demand function. The perception is not completely
arbitrary, but depends more or less on the current state of the economy.
The Negisﬁi solution is a general equilibrium situation where both the
noncooperative profit-maximizing behaviors of all firms and the market
equilibrium in the sense of equality of demand and supply for all goods
are simultaneously realized. It goes without saying that in the Negishi
solution the firms' expected maximum profits evaluated in terms of the
perceived inverse demand functions coincide with the actual realized
profits.

Recall, however, Lange's characterization of a monopolistically
competitive market in distinction from a perfectly competitive market,
which is given in the passages quoted in I.3. The Negishi solution is
not completely in accordance with the characterization, in that "dis-
equilibrium consists in excess demand or excess supply" in the economy
except at the solution., This is due to the lack of objective demand
functions, which represent the current objective state of the markets
always and even when there is disequilibrium in such a sense that the
simultaneous realization of profit maximizations is not achieved.

Now that the well determinate objective demand functions have been
constructed, it is possible to reconsider the Negishi solution in the
presence of these functions in more concordance with the characterization

of Lange.
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Suppose that each sector has a perceived inverse demand function, by
which it perceives an inverse demand schedule representing the price of
the product of the sector as a function of its output, depending on the

current state of the market. Explicitly, let
qJ (p’ X, YJ) (j = 1, 2) v ey l'l) (IV.].S)

be the perceived inverse demand function of the j th sector, representing

the expected price of the j th good, where

p = current price vector
X = current gross output vector
yy = planned gross output in the j th sector

The perception is so compatible with the current state of the market

that (IV.15) satisfies

pJ = qj (P, X, XJ) ’ (IV.16)

where p; and x; are the j th components of p and x , respectively.
For simplicity's sake, the functions (IV.15) are assumed to be linear in

Vi o that 1is

q; (p, %, y5) =py - My (p, XV(yy ~x%x) (J=1,2, ..., n) ,L(IV.17)

iy
o

where T, (p, x) are functions defined for p> 0 and x = In general,

they are downward sloping, so that
Ny (p, x) >0 (i=1, 2, ..., n) . (1v.18)
However, when perfect competition prevails, (IV.18) may be replaced by

Ny (p, x) =0 (i =1, 2, ..., n) . (1v.19)
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Now, in the presence of the objective gross demand function x(II)
= (x3(ID)) , the current state of the economy may be represented by
(p, x (ID). This means that currently the grosé output which is exactly
equal to the current demand x (II) is supplied. Whence the markets are
always currently cleared.

The perceived inverse demand functions corresponding to the actual

current state of the economy takes the form
q; (p, x(ID, yyp (j =1, 2, ..., n) . (Iv.20)

Taking p and x(II) as given data, the j th sector maximizes its ex-

pected profit

{1 -ay) q (p, x(M, vy - 1\51 a;y Py - 4y} g (Iv.21)

Il
—

(J

by controlling the planned output y;.

It is noted that (IV.21) equals the actual profit HJ x; (II) when vy,
is set equal to x; (I[) . Then, the Negishi solution is defined as such a
situation that the j th sector's expected profit (IV.21) is a maximum
over all nonnegative yj; at y,; = x; (II) . Thereby the legishi solution
singles out specific values of 1[I and the corresponding x (II) and p as
a monopolistically competitive equilibrium,

Theorem 12. If m; (p, x) are continuous and m; (p, x (ID) are

bounded (j =1, 2, ..., n) , there exists a Negishi solution.
Proof. For each j the function (IV.21) is quadratic in y, » since

(Iv.17) and (IV.18) are assumed. The coefficient of the quadratic term in
it is negative. (IV.21) vanishes at y; = 0 . On the other hand, the ex-

pression in the parentheses in (IV.21) equals HJ at yy = xy; (I) . 1f
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Iy = x; (ID =0, then y, =0 is maximizing (IV.21) with the vanishing
derivative of (IV.21), Otherwise the expression in the parentheses in
(Iv.21) vanishes at a positive value of y; . Hence (IV.21) takes on an
interior maximum at y; = a half of the positive value with its vanishing
derivative. In conclusion, for any given II 2 0 (IV.21) always takes a
maximum at some nonnegative value of y; , with the vanishing derivative.
Differentiating (IV.21) with respect to y, and setting the derivative

equal to zero, one gets

(1-ay;) qy (p, x(ID, yy) - iz: aj;y Py =4y + (ayy - 1) v, 53; q; (p, x(p), vy)
(j=1, 2, ..., n) . (1v.22)

Therefore the Negishi solution is determined by the system of equations ob-

tained by substituting x,(Il) for y; in (IV.22) and taking (IV.16) into

account, That is

n

Py - L ayy p =4y + (ayy - 1>xj(n>§y—J q (@ =(D,x,(D)

i=1 (1Iv.23)
(j =1, 2, ..., n)
But (IV.23) reduces by the definition of II; to
My = (ay, - 1) x; (D= qp (py x(D, xg(D)
. 3
(IV.24)
(J = 1’ 27 . b n) Y
which, in the light of (IV.17), becomes
HJ = (1 - ajj) n (p, x(1)) X (ID
(1v.25)

(3=1, 2, ..., n)

(Iv.25) is the final form of the system of equations determining the

Negishi solution, and the proof of existence of the solution will now be
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taken care of by the Brouwer fixed point theorem again. To this end de-

fine the mapping X:Ri - R: by the formula

x (ID = (xy (D)

(1IvV.26)
the right-hand side of (IV.25)

X3 (ID

where naturally p is determined by 1l through equation (II.11).

xJ(H) is bounded, as was noted. N (p, x(II)) is also bounded by
assumption. Whence the image x(R:) of R: under the mapping is bounded.
Therefore one can enclose X(R:) in a sufficiently large compact convex
subset A of Ri , be it a cube or a simplex. One can thereby obtain a
continuous mapping X:A - A ., By virtue of the Brouwer fixed point theorem
there is a fixed point ﬁ = X(ﬁ), and ' is a solution of (IV.25). This
completes the proof. Q. E.D.

On the other hand, if perfect competition prevails so that (IV.19)
holds instead of (IV.18), the expected profit can be maximized over all
y, only for Iy =0 and p; =0, (j=1, 2, ..., n). This special
situation of the Negishi solution can also be characterized by equation

.

(1v.25).

Finally, it is just noted that a dynamic process of monopolitically

competitive price formation will be
11
St = 8 - ag) M (e, x(D) xy (M - 1)

€, = positive constant representing the (1v.27)
speed of adjustment

(=1, 2, ..., n).

This process (IV.27) is not a tatonnement, but proceeds with the current
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market transactions subject to the objective demand functions. The process
is set in motion by the expected profit-maximizing entrepreneurial behaviors.
It can be reformulated in terms of a system of difference equations for
discrete time. However, the stability property of the process (IV.27) has

not yet been explored.

IV.4 Provisional epilogue
The present work is only a prelude to a theory of monopolistic compe-
tition in terms of objective demand functions, and should be followed by

a further study in the line set forth here.

University of Minnesota
and

Hitotsubashi University
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FOOTNOTES

The study resulting in this publication was made under a faculty
research fellowship granted by the Ford Foundation. However, the
conclusion, opinions and other statements in this publication are
those of the author and are not necessarily those of the Ford
Foundation. The research was carried out at the University of
Minnesota. The author is much indebteded to H. Atsumi, J. S. Chip-
man, L. Hurwicz, M. K. Richter and the participants in a Bag Lunch
Seminar at Minnesota. He also benefited from discussion with J.
Silvestre.

Also see Nikaido ([13], page 90, Theorem 5.1; [14], page 14,
Theorem 3.1).

See Dorfman, Samuelson and Solow ([5], Chapter 10, 10.2).

For two n-dimensional vectors x = (xy) and y = (y;), xZ vy
means x; = yy (i=1, 2, ..., n), x2zy means x =y but
x ¥y, and x>y means x; >y, (i=1, 2, ..., n)

For example, see Nikaido ([13], page 107, Theorem 7.4; [14], page
137, Theorem 20.2).

For example, see Nikaido ([13], page 95, Theorem 6.3; [1l4] page
14, Theorem 3.1 and page 113, Theorem 15.3).

0 need not be a constant, but can be a function of p in the
reasoning below.

d need not be a constant vector, but can be a vector-valued
function of p and the sectoral profits in the argument below.

This equation is a counterpart of equations studied by the author
in connection with the determination and propagation of multi-
sectoral incomes in Nikaido ([12]; [13], Chapter III, Section 11).
The main difference is that no homogeneity hypothesis is assumed
here as in the latter.

Reference to J. B. Say is made on account of the fact that supply
creates demand for it in its aggregate value in this case.
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It is meant by differentiability that each component function
G, (p, si1, sz, ..., Sy) has a total differential

dG, = (3G, /8sy) ds,

L0

J

such that the difference between G; (p, s; + dsy, sz + dsp, ...,
spn + ds,) and G, (p, si1, Sz, ..., Sy) + dG; is an infinites-
imal magnitude of order higher than

/ y (dsy)?
J=1

See Gale and Nikaido [6] and Nikaido ([13], Chapter I, Section
5.3)

The author is indebted to H. Atsumi for letting his attention to
this result of Karlin.

It is noted that the stability theorem of Karlin alone can not
imply the convergence of x(t) to a single gross output vector
in a competitive choice. The stability theorem, in conjunction
with the existence (Theorem 4) and uniqueness (Theorem 6) of
competitive choice, can establish this theorem.

See (II.Z20).

(I - A)™' >0 by indecomposability (for example, see Nikaido
([13], page 107, Theorem 7.4; [14], page 137, Theorem 20.2)).
Hence x(0) = (I - A)"! F(o, 1) >0 .
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