











where p is the composite price to the household of market goods and

houschold time. Thus f£/p is real full income and w/p is the real wage.

Because h =1 - 4, it follows from (8) that
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Equation (8) is the household's demand equation for the household time
of its member, provided that the right-hand side of the equation does not
exceed unity., The right-hand side is greater than unity if and only if
0 < gw{agc <y . In that event the correct utility maximizing value of 4

is unity and then
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h=0,x=y, u= (a +y g jo1 , and p(x/4:u) = oy

For values of y, w, and g« such that y = gw/a[c equation (8) holds and
the equation implies that the real full income elasticity of demand for house-
hold time is unity, and the own-price (real wage) elasticity of demand is -0 .
Similarly, equation (9) is the household's hours of work equation if and only
if the right-hand side of (9) is not negati&e -- i,e.,, the right-hand side

of (8) does not exceed unity. If the right-hand side of (9) is not positive,
then the utility-maximizing value of h is zero. But if h 1is zero, the
person is not a labor force participant., It follows directly from (9) or

(8) that the person is not a labor force participant if and only if y =
1

gw[ago > 0 -- that is, if and only if ayo = p(x/4:u, 4=1) =w >0 . But
1

ayo = p(x/4:u, £=1) 1is the marginal rate of substitution between x and

4 in the utility function, or the household's shadow price of household time

in terms of market goods, for a nonparticipant person. Thus the condition



for nonparticipation in the labor force is that this shadow price be greater
than or equal to the market price. For a participant the elasticity of h
with respect to real full income f£f/p is - 4/h and the elasticity of h

with respect to the real wage w/p is gi/h .

In order to focus attention on issues of economics rather than of
statistical inference, I assume that the preceding theory is completely
correct, that though persons may differ in their values of y, w, and o,
they all have the same CES utility function (1) with the same value of o,
and that, except as explicitly noted, precise data are available for each

person on {4 = 1l-h, y, w, and ¢« and thereforeon f =y +w and x =y

+ wh . Under these circumstances the substitution elasticity g can be
calculated easily from the data for any labor force participant with the

help of equation (7) as follows:

_ tn(x/4)
° = An(w/o) (10)
1
Once g has been calculated, the composite price p =~(aﬁh1_o‘+ 1)+ 9 can

be calculated for each person,
Consider now a population of persons some of whom, I assume, are labor
force participants and others are not, so that in the population 0 < § < 1 .

I use as the labor force participation criterion for each person the variable

P = (1D)

v >

where A is a continuous function of £/p and HLEB (or of y, w, and @)
that exceeds zero for a labor force participant and is zero or negative for

a nonparticipant and s 1is the standard deviation of 2 1in the population.

It is clear from the preceding analysis that ) can be expressed as a function

of these variables, but in order to establish some general results first, I



postpone consideration of the specification of the function, 1 denote the
mean of P in the population of P and the corresponding mean of ) by

A . The variance of P 1in the population of course is unity.

Array the persons in the population by their values of the criterion

P and let
N = N(B:B,V) (12)

be the frequency density function for P in the population where y de-

notes any relevant parameters of the density function other than its mean

P . For simplicity in the argument that follows, I assume that the density
function is continuous, Then the labor force participation rate § in the

population
-]

I N(P:P,y) dP = 6(P,y) = e(%,x\) . (13)

o)
1

Thus in general § depends upon the form (normal, rectangular, etc.) of the

density function NgP:F,xg and hence of its cumulative frequency function
0P and upon its parameters P = X(s and y . I assume, however, that

both the form of 6(P,Y) and its parameters vy are fixed. Then 0 1is a
fixed function of E = XZS and it follows from (13) that

_.NO —_NO 3
dind = 2 d B = 22 d (V/s) (14)

where N, 1is the frequency density at P = A/s = 0 . The coefficient N_/©

depends only on § (or equivalently on E) and in the normal distribution
and many other distributions declines rapidly as © increases.

It is usually true that data on the wage variable w and hence on the
participation criterion ) are not available for persons who are not labor

e

force participants., Let P" denote the mean of P and )* the mean of



L among the labor force participants in the population. Then P" = A"/s
Furthermore, when the parameters Yy are fixed,
[+ 2]
e[ e @ =2'® . (15)

P =
- 6(p) v0
That is, when the parameters Yy are fixed, E% depends only on E and
inversely E depends only on E% . But then it follows from (13) that ¢
depends only on E% . Differentiate equation (15) and use equation (14) to
obtain

° __ a” 1
6 - N_P¥ : (16)

]

dp =

Substitute this result into equation (1l4):

dinb = sAdP* = sAP*d{nP* = AA*din(A*/s); A = N,/s(P-N_P¥) (17

1.

w
A /s , of course, is always positive, The elasticity coeffi-

The mean P~

cient AL* , like the coefficient §2£g in (14), depends only on § and
in the normal distribution and numerous other distributions declines as ¢
increascs,

0f course, when data on ) are available only for the labor force
participants in the population, the standard deviation s cannot be calcu-
lated and used to "deflate" )* in (17), However, under appropriate cir-
cumstances the standard deviation s* of )\ among the labor force parti-

cipants in the population can be substituted for s . Define

.
©\ 2 K

(3 ) = (ﬁ;;) . ding = 2(dfns® - dins) = 2(d&nP" - MaP ) . (18)

S

it

Pt = }\vr/sv’c; q

By definition

@

o
7

B #\e [ p¥ \= . - %

when the parameters Yy are fixed. Since both 0 and the integral in (19)
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depend only on E and E in turn depends only on gf , it follows'that

q = (P*/P*)2 depends only on E% and hence inversely that P* depends

only on P** = )%/s™ , But then § depends only on P** = )\"/s
Differentiate (19) and use (16) and (17) to obtain

. X LA % Jek
ding = Ngr, dnP™; Tpx = AL [‘P—Lq———q] = AFETY? - 1] (20)

Now substitute 2 (d4nP” - d4nP**) for ding in (20) and solve for dinP™:

2 d{nP**

d&nP* - ,
z-ThP*

(21)

f.

If the elasticity T,pyx ©of ¢ =(P*/P" )2 with respect to P¥ = )%/s is

I

cqual to 2 -- that is, if q = (P*/P*™)® is proportional to (P¥)?,

Tk 3 e . X . . 0
then gﬁ“ = A\ /s  is constant, so that s” is proportional. to )" and

% .
3 In that event s  cannot be substituted

does not depend at all upon s,

for s . Hence I assume that is not equal to 2 . Replace dgnp*

Mgp*
in (17) by the right-hand side of (21)

2M\"
2-my %

ZS*AP**

2o, dn()*/s™) (22)

dino = d&nP** -

where the elasticity coefficient depends only on 6§ and in the normal
distribution and some other distributions declines as § increases,

The preceding results regarding the relation of the participation rate
to the distribution of the participation criterion ) are easily summarized.
The participation rate § is the cumulated frequency over positive values
of ) . Thus the form of the participation rate function is simply that of
the cumulative frequency (or probability) function., Furthermore, when the
form of the function and its parameters, other than its mean and variance,
are fixed, the participation rate §£ depends only on the ratio P = )/s

of the population mean of ) to its standard deviation, or alternatively



on the ratio gf = 1*/s of the mean of A among labor force partici-

pants to the population standard deviation, or on the ratio P** = \¥/g*

of the mean to the standard deviation of ) among labor force participants,

For example, suppose that the distribution of P = )/s 1is normal,

Then

o L
() o=y T e -
®) N, = BT
(d) P* =P + N_/9
(©) Touu = dpags = SB¥ = MF = 'é%l—P? ; $ (23)
(£) q = (?)d = (PP)d - O ;

| 6

(8) P = P
(h) Tars = Mgpa (% - 17
(1) Npses = Mg/ 2omip) y

Tables are readily available showing the values of § and N, for
various values of i and from these the other concepts listed above can
be calculated. Table 1 below shows for selected values of § the corre-

sponding values of concepts (23c) ~ (23i) for the normal distribution.



TABLE 1

COEFFICIENTS IN THE NORMAL PARTICIPATION RATE FUNCTION

10

Participation Rate ¢
Coefficient
0.10 0.30 0.50 0.70 0.90 0.95
dgno N
(23e) =2 1.76 1,16 0.80 0.50 0.20 0.11
(23d) P* =P + N_/6 0.47 0.63 0.80 1.02 1.48 .75
(23e) T 4 = N, P*/(6-N,P™) 4,91 2,78 1.75 1.03 0.40 0.24
(23f) q = (8-N,P¥)/0 0.17 0.26 0.36 0.49 0,71 0.8l
(23g) P*F = 2%/ [q 1.15 1,23 1.32 1.45 1.75 1.95
2 2

(23h)  Tpx = pr*[(P”*) -1] 1.59 1.45 1.32 1.15 0.83 0.66
(238) T, = 2T, 5/ (27T, 24,1 10,2 5.13  2.42 0.69 0.35
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Notice especially how rapidly the coefficients N_ /6, and

neP R4

Ty, % decline as § 1increases, The table indicates that one should not
P

be surprised to observe much larger coefficients, N_ /6, N and

e‘k:

Mgp %% 5 of the response of 8 to changes in the participation rate

= Fok
variables P, g%, and P respectively for populations with relatively

low participation rates (such as married women and other "secondary' labor
force participants) than for populations with high participation rates
("prime age" males). Such differences, of course, depend on the form of
the frequency distribution of the participation criterion P and have

no implications whatsoever for differences among populations in the under-
lying income and substitution elasticities of the hours of work analysis.

The preceding analysis assumes that not only the form of the distri-
bution of the criterion ) , but also all of its parameters y (y excludes
the mean and variance) are fixed. Of course, if these parameters vy change,
in general the participation rate § also will change. For example,
suppose that the density distribution of P = )/s is triangular with a
fixed mean P ., Then the participation rate § depends only on the skew-
ness of the distribution. In the extreme cases of skewness, the density
distribution is a right triangle., Each line of Table 2 -- E varies
between lines ~-- compares the participation rate S in the symmetric
triangle (hence no skewness) with 9, the participation rate in the pos-
itively skewed right triangle and with 82 the participation rate in a
less highly positively skewed triangle. Skewness, as measured by the third
moment of the distribution of P , 1is 0,57 in the right triangle and 0.31
in the less highly skewed triangle. The table shows that for triangular

distributions, increasing the amount of skewness raises 6§ when 6 is
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low or high and reduces § for values of § <close to 0.5. Although the
differences, in decimal poiﬁts, in the participation rates associated

with differences in skewness are not large, the table suggests that
substantial differences in skewness among populations may have nonnegligible
effects on the population participation rates.

I turn now to the specification of the function relating the participation
criterion ) to the variables affecting hours of work. It is only through
such a specification, of course, that participation rate equations and hours
of work equations. can be related to each other. In principle, the form of
the )-function and the variables entering it surely should be derived
from the underlying hours of work analysis.

I return then to the hours of work analysis. Denote by W the shadow

price of household time to a person when he devotes all of his time to house-

hold activities (4 =1, h =0) . The person is a labor force participant

if and only if w exceeds W . Hence one possible specification, call it

Ao » of A is A=A = La(w/W)° = otn(w/W).* Furthermore, according to

the admittedly oversimplified theory presented earlier W% = yof , so that

A=A, = 0dn(w/W) = odaw - olne - tay . (24)
Moreover, equations (4), (5), and (7) imply that

olnw - odna = {nx - dnl = In(y+g) - wl | (25)

for labor force participants.

Denote the geometric mean of a subscripted variable among the labor force
participants in a population by g” and the corresponding variance or

covariance by yf . Then it follows from (24) and (25) that



EFFECTS OF SKEWNESS ON THE PARTICIPATION RATE §

TABLE 2

13

8o 8, 85 P

.05 0.07 0.06 -1.67
.10 0.12 0.11 -1.35
.30 0.29 0.29 -0.55
.50 0.44 0.46 0.00
.70 0.63 0.67 0.55
.90 0.97 0.92 1.35
.95 1.00 0.97 1.67




14

A Y Jo e o - % .
Ao o=, = olnG, - G&nGa - InGy, = - {nGy,x &nG& ;
Sy R *w - _By* DT % -9 -‘,V*:'c -2 O'V* ") V-,':
(s™) (s,) ol V'ﬁnw + 0 V/(,noz + V{/ny o fn,, fna Lowy 20y 2V e, dny
Je kS ¥
= + V42V
Vi) T ar T Vet a0 (26)

where y/x 1is the ratio of "other'" income y to conventionally measured
income x =y + g. Now substitute these results into the labor force

participation rate equation (22) to obtain

B o 0 * *% * — 2sAP * .
(a) d,flne = —S}—*—— (Gd/f/nG; - O'd{znGd - d&nGy) - %P** df{’/nso 5 ﬂep*‘k" z_Th b s
_ne p %% % * 3
(b) dind = —%— (dlnGy,, + dInG}) - T wxdinsg . (27)

Equations (27) imply that the independent variables in the labor force

participation rate equation should include not only the means (G: , G; s

" or alternatively G?:x and G*) of the underlying variables

b

and G

~

|

(w, @ and y or alternatively y/x and 4) but also the standard

L3 K3 w« - - -
deviation s, -- that is, the variances and covariances of fnw, J{ing,

and &31 or alternatively 4n(y/x) and inf{ . I do not know of any actual
empirical participation rate equations in which the variance of the partic-
ipation criterion was included as a control variable, Moreover, Table 1
suggests that partial elasticities of © in equation (27) with respect to

% %

% % ) 7 *
the means Ei’ Eﬂ’ and EL , or alternatively Gy/x and G& , hot only

are not constant, but may be substantially higher numerically for populations
with low participation rates than for populations with high participation
rates.

Equation (27a) implies that the partial elasticities of § with respect
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. 3 .
to G, G’, and Gt are neither equal nor proportional to the corre-

sponding elasticities in the hours equations (8) and (9) even when the

. A o fe * .
latter elasticities are evaluated at w =G , a= G;, qnd y = G; . This

proposition may be verified by differentiating equations (8) and (9):

dnh = - ;I-L dinl = % [odn(w/p) - odina - dln(f/p) ]

(28)

ﬁ% {[(y+g)o - gldinw - (y+g)odina - ydiny}

and comparing the elasticities with those in (27a). Indeed, the wage
elasticity, which is positive in the participation rate equation (27a), may
be negative in the corresponding hours equation (28) in which thé elasticity
is calculated holding "other" income y , rather than full income f =y + w,
constant, Thus if the specification A, of A 1is correct, the question
asked at the oﬁtset of the paper must be answered negatively.

However, if the hypothesis that A\ = is correct, it is possible to

Ao
interpret the participation rate equation in terms of underlying "substitution
and income" effects -- that is, it is possible to go from the participation

rate equation to the corresponding hours equation., Let me be more precise.

Define the following partial elasticities:

! : of h with respect to w/p holding o and

f/p constant;

Ii : of h with respect to f/p holding EL&B
constant;

IEELE.‘ of 0 with respect to E; holding EZ’ E§’
and Ez constant in (27a);

Moy, o of 0 with respect to EE holding i’ GZ’

% .
and s; constant in (27a).
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Then if the hypothesis that ) =i, = odn(w/W) = olnw - ono - dwy is

correct, it follows from (27a) and (28) that

Joweo _ Thv _ 29
- n = - C Ky ( )
ney'o h

which is a testable implication of this hypothesis,
The formulation of the participation rate equation suggested by (27b)

is, I think, unusual in that it includes the (geometric) mean household

s

I G
0urs Iy

Gf_h , an independent variable and does not require data on the

"taste or technique" variable g . An empirical participation rate equation
according to this formulation, of course, would not provide an estimate of
the substitution elasticity ¢ . Rather the purpose of this formulation

is to provide an additional test of the hypothesis that )\ = Ao - Assume

that the hypothesis is correct. Then it follows from (27b) that

T%G§’= Mge* (30)
v7x

where ner "is the partial elasticity in (27b) of § with respect to G:‘

and e » 1s the corresponding partial elasticity with respect to c*
— ¥/ L

The hypothesis ) = )\, , of course, is only one of many possible hypoth-

eses about the \A-function. Each alternative hypothesis about ) 1leads
to an alternative pair of hypotheses about the participation rate equation

comparable to (27) for the specification A= and these in turn lead

Ao
to an alternative way of relating the participation rate equation to the
hours equations (8) and (9), comparable to (29) and (30). The specification

A=A = ak, , where a 1is a positive constant such as 1/o , of course,

is the same as the hypothesis A = A, . The following specifications



17

fo} (o}

A W w/ o
}\=>\2=6°-1=(ﬁ) -1=(T)-1
>\=>\3=e)‘°/0-1=%-1=—ﬂr-1

o
oy
= = _aThe - i} ° = -
A=A, =1l-e’=1 (W) =1 (;ﬁ)v
&
ey, =1 o hdOo_ 7 W _,
A=12is =1 e =1 - 1 -
Ao/2 _ 1

and a number of other obviously similar ones such as A = A, = e
are not the éame as L = Ao » but, because they rank the persons in a
population in the same way as does \ = Ao » I suspect that in empirical
work it will be difficult to distinguish between any of them and the speci-
fication A = i, .

On the other hand, the specification A =), = WAz = wi, will tend to
rank the persons in a population in a different way than do the preceding
specifications, so that the differences between Ay and the preceding speci-
fications in implications for the participation rate equation may be quite
enough to be distinguished in the empirical data. The same is true of a
specification suggested by equation (27b). Suppose that in the empirical

test of the hypothesis )\ = )\, indicated by equations (27b) and (30) the

. s . * .
elasticity e * of ©§ with respect to G . consistently were to be
y/*%
estimated as equal to zero. This would imply that the correct specification

(o)
- =] +w A
£ o y+w |, (W oo yet w
2)\8—-&“.[;(—.) }=-nwd = 4n vy + w = p/n v + (31)
(—)+w
o,

( 1 )
Furthermore, for labor force participants A = Ag = - fgnf = 4n 1-n) S° that
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¥ w {nG; . Thus, equation (27b) implies,
Mg ek * * :
. d&ne = - :?;— d’f/nG& - nep** d&nse (32)

where sg is the standard deviation of 4{nf{ = fn(l-h) among the labor
force participants in a population. The obvious implication of the hypoth-
esis that A = A is that the partial elasticities in the labor force

participation rate equation with respect to the wage, income, and taste

or technique variables are proportiomnal to the corresponding elasticities

in the hours equations (8) and (9). The factor of proportionality with

respect to (8) is pr**/{nGz , which is negative because 4nG, is nega-

2

which is positive, Notice

¥
& ]

( =h for labor force partic-

%
tive, and that for (9) is T%Px*(Gzﬂl)/G{;nG

that the specification‘ A=1id =1 - e")‘s

ipants) is very similar to ) = A so that the two specifications may be
difficult to distinguish empirically.

It may be argued that the hypothesis A = \g and similar ones such as
A = iy already have been shown to be false. I have the impression that
wage elasticities typically have been found to be negative in empirical
hours of work equations and positive in participation rate equations, while
"other income" elasticities typically have been negative in both equations,
Indeed, it was this impression that initially set me to work on the subject
of this paper. There are several problems, however, in using the existing
stock of equations to test hypothesis about the )\-functions, First, none

o

of the participation rate equations that I know of has included s* , the

standard deviation of ) among labor force participants, among the ex-

planatory variables and this omission may lead to biased estimates of the
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wage and income elasticities. Second, many of the hours equations have no

"matching"5

participation rate equations, and conversely. Third, in many
of the hours equations errors of measurement in the dependent hours of
work variable may very well be negatively correlated with the errors of
measurement in the independent wage variable and this may lead to estimates
of the wage elasticity that are negative even though the true elasticity
is positive. (This negative correlation of errors of measurement may
arise when the wage is estimated by dividing earnings by the estimate of
hours of work used as the dependent variable,)

The task of testing hypotheses about the relation of the participation
criterion ) to the underlying economic variables in the hours of work
analysis remains to be done. Until it is done, the relation of partic-

ipation rate equations to hours of work equations will remain ambiguous

This is the chief negative conclusion of this paper.
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FOOTNOTES

This paper corrects and extends my two earlier papers on the same
subject (Lewis, 1968, 1969). See also the recent (1971) paper by

Professor Yoram Ben-Porath,

See Kosters (1966, 1968) and Cain (1966), for example., Bowen and
Finegan (1969), however, answer the question negatively, though
without stating their view of the correct relation between the

ne's and the Th's .

This conclusion is one in which Ben-Porath concurs.

The elasticity THP* is equal to 2, for example, in a rectangular

density distribution and in several other linear distributions,

In the first of my two earlier papers (Lewis, 1968, 1969) I used
the specification ) = w/W - 1 and in the second A= fn(w/W) ,

both of which are quite similar to the specification ) = gn(w/W)° .

The equations do not match in the sense that they pertain to different
population groups, different dates, include different independent

variables, and so on,
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