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U = 1Z"Z(Pj_,j - q“) CP(xi + YJ) (3.6)

6 [p(xy + y1) + @(xp + ¥2) - @(x; + ¥3) - ¢(xe + y1) ]

If ¢ 1is concave, the coefficient of & is negative since

(x; +y2) = a(x; +y1) + (1 - &) (xz + y2) 3.7
(xz +y1) = (1 - A)(x; +y1) + oxz + yz)
where o = - and, by concavity,

X +y1 - X - Y2
P(xy +y2) > @ o(xy +y1) + (1 - ) o(xz + y2) (3.8)
P(xz +y1) > @A - 0) o(x, +y,) + o (%, + ¥2)

and, adding

P(xy +y2) + 9(xg +y1) > 9(xy + y,) + @(xz +y2) . 3.9

Thus if like values of X and Y are more probable than like values of
X and W, & 1is positive and U, negative,.
If the venture being considered is an expansion of the decision maker's
present business, we expect the venture to be positively correlated with
his initial prospect., Thus, if he is a risk averter, we expect that

U, <0, Since Ug <0 for risk averters this would mean that, to be

D
favorable, the venture would have to offer substantial expected gain so
that Ug >0 could overbalance U, U .

On the other hand, for a typical insurance policy, Y <0 and

¥(¥ < 0 (provided the decision maker is not materially more optimistic than

the company's tables would justify) so U, must be sufficiently large to
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able to stake anything within a certain upper limit, expansibility implies
an infinite upper limit, reversibility is illustrated by being able to
take either side of a bet or to either purchase nondividend paying securities
or sell short without cost.

A few results on optimal and favorable ventures will be developed here
as background for the discussion of betting in later sections.

Consider an adaptable family Yy = (dY)aen’ where R 1is the real line,

and let V(@) represent the utility of the venture oY , 1i.e.,
V(o) = E (X + o) - Eo(X) . (4.1)

Thus V(o) >0 ® ¢ Y is a favorable venture. Some relations between prop-
erties of ¢ and properties of V follow. It is assumed that any derivatives
of ¢ which exist are measurable.

Proposition 1. If & integer N 3

(i) ¢(N) is bounded on R
(ii) E[cp(“)(X)]2 exists for n =0, 1, .., N-1
(iii) EY and EY?("~1) exist for n=1, 2, .., N
Then V(o) is finite on R .,
Proof: Note that the assumption that EY exists is redundant when N >1

For an N that satisfies (i), Taylor's formula may be used to obtain
NSt oa (n 1 )
E QX+ a¥) = Eg(X + L HE@)™) (D) + SE@EDVe™) (X + avy(x, V) (4.2)
n=q P! y

where 0 < y(X, ¥) <1

Let B bound |¢(N)| . Then

E[ (a)V o™ (X + ovv(X, ¥))| < Elox|¥B = |o|¥B E|]Y"] . (4.3)
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QX+ ¥ +hY) - XX+ M | .7 yph 40 no

h
then, at the given o,
vi(o) = [ HELID gp o [ SO g (ax, ay) (4.4)
Proof: Let h, =0, {hy} en(©) . Then
.- -'X+dY+hY— X + oY 0p(X + of
Lim V(@ Ba) - V() _ . p ¥ nY) = o( ) - g _CP( o)
b, h,~0 h, o

n n

where the existence almost everywhere (P) of zfszst_ng = Yp'(X + of)

: o
follows from (i) and the last equality follows from (ii) and the dominated
convergence theorem.

Corollary 3-1. If

(i) w(n)(x) exists almost everywhere (F,) for

and
(ii) for a given ¢ , there exists an integrable random

variable Z and a neighborhood n(0) € R such that

") (X + o + hY) - o' ®)(X + o)

<ZV¥hen( |,

h
and n=0, 1, .., N-1, then, at the given o« .
N
v (g = g BeX + o¥) (4.5)

o

Proof: Apply Proposition 3 to successive derivatives.
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Clearly if the conditions of Proposition 3 or those of Corollary 3-1
hold for all « in an open set, which might be R, then the indicated
differentiation under the integral is valid on that set.

Corollary 3-2., If the conditions of 3-1 hold for N =2 and o« in an open

interval & and if ¢" <0 on the ranges of (X + oY) for o e d then
V" <0 on Jd . Furthermore, if ¢" <0 on range (X+@Y), aoed;
then V" <0 on J.

Thus 3-2 gives sufficient conditions for concavity, or strict concavity,
of V when two derivatives exist. Sometimes concavity of V might be estab-
lished without differentiability.

Proposition 4. If the conditions of Proposition 1 hold on aa open interval

4 and if ¢ 1is (strictly) concave on the ranges of (X + o¥) for o ¢ 4,
then V is (strictly) concave on & .

Proof: Vo Bed

v (%—B) - V(@) + V(B = Elpx + HP) - Ho + o) + o(x + BN} 2 0

where the inequality follows from the concavity of ¢ and the consequent
nonnegativity of the integrand. If ¢ is strictly concave, the integrand
and therefore the integral are strictly positive.

In later sections we shall sometimes be interested in detecting favorable
ventures (ventures which raise expected utility). If, for an adaptable family
with base Y, V'(0) is positive then there is a neighborhood of 0 in
which positive values of « correspond to favorable ventures of oY and
negative values of ¢ correspond to unfavorable ventures (see e.g., Theorem

5-7, Apostol [2, page 91]). Assuming differentiability,
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Proposition 9. (a) If ¢" <0 on R and ?x is strictly increasing’

then D'(0) <0 .
(b) If " <0 and §x is nondecreasing, then D'(0) <0 .
(¢) If ¢" <0 and ?x is strictly decreasing then D'(0) >0 .
(d) If ¢" <0 and ?x is ronincreasing then D'(0) = 0
Proof: Proving (a) will sufficiently illustrate the proofs.
Consider the disjoint sets A, = {xl?x > ?}, Ay = {xl?x < ?} . Since

Y, is strictly increasing and ¢'(x) is strictly decreasing, ¢'(x;) < ¢'(x2)

for any x, € A;, x, € Ap . Let w'(g) = inf {1V(x)|x € Ay} . X exists by
the mean value theorem since w' is continuous and x cannot be in both A,

and A, . Suppose x ¢ A, . Then o'(x) < w'(;) ¥V x € Ay and
[ G - D o' By (@0 <o'® [, Gu =D F (@0 . (418
1 1
It is also true that o'(x) 2¢@'(X) V x e A
J“AB (I, - ¥) 9'(x) Fx (dx) S @'(%) j’Az(?x - Y) Fy (dx) (4.15)
It is well known that I Y, F, (dx) = Y so
jA (Y, - ¥) F, (dx) + jAB (¥ - ¥) F, (dx) = 0 (4.16)

1

Using (4.14) - (4.16) and noting that the integral over {xIW}x = Y} is zero

consider,

D'(0) = [ (T - ) o'(x) F (dx) (4.17)

=] G D@ R @+ ][ G- D e Fy (@
1 2

A

‘P'(’-‘)[IA (Y, - V) F (dx) + J"A (Y, -9 F, (dx)] = 0
1 2
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Propositions 5 - 7 illustrate the way in which the initial contribution
of the venture, V'(0) , contains information about favorable and optimal
ventures. Since the initial contribution of spread is zero, initial contri-
bution of the venture is the sum of the initial contributions of expected
gain and dependence, V'(0) = G'(0) + D'(0) . From (4.9), the sign of
G'(0) always agrees with Y , the subjective actuarial value. From
Proposition 9, the sign of D'(0) for a risk averter can be determined
if the conditional expectation ?x is monotonic and of known direction.

If the influences of these terms coincide, the sign of V'(0) 1is clear;

if not one would have to make quantitative approximations which, hopefully,
we can learn to do as we learn more about utilities, probabilities, and the
total array of coatingencies faced by people whose behavior we hope to

understand.
5. Bets

For an event A with 0 <PA<1l, Y 1is a bet on A if

Vo for weA

Y(w) = c with y, >0, y, <0. (5.1)
Vi1 for weA =B
Equivalently,
Y =y I, + y,15 (5.2)
where I,, Iy are indicators.
For convenience let PA=a, PB=b, Note a+b=1, % is some-
times called the subjective odds on A; - ;l the market odds. For Y a
o

bet
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Ep(X+Y) = [oX+y,) dP + [ (X + y,) dP (5.3)

A B

]

a [ o(x + y5) Fyia(dx) + b [@(x+ v,) Fyip(d)

Employing the decomposition introduced in Section 3,

EoX+Y) - EogX) =Uy =U, +Ug + T (5.4)
where
Ug = E X+ Y) - EX) = $(¥) = y(ay, + by,) (5.5)
Us = E o(X + W) -Eg)(x+'§) (5.6)
=a [px+ y)Fy(dx) +b [ ox + y;) Fr(dx) - $(D)
= a {(yo)+b §(n1) - ¥(ay, + by,)
Up =Ep(X+Y) - EoX+W . (5.7)

Utility of deépendence will be discussed presently (see pages 28-34), First
we temporarily assume that the bet Y 1is independent of X . Under this
assumption U, = 0 and one need not distinguish between W and Y . For
a risk averter, ¢ 1is concave and Ug < 0 since the definition of concavity
of { directly implies that the last line of (5.6) is negative.

Now consider a family of bets 1 = (aY)aER* where R* is a subset,

possibly improper, of the real line. Then

V(e) = E (X + o¥) - E o(X) (5.8)

afop(x+ ayg) Fy(dx) + b [ o(x + ay;) Fye(dx) - E o(X)

a y(ayy) + b y(ay,)
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(v) » >0
(vi) A' <0
(vii) Q(“) <0=>Am1Y) ©0 and > or =
can be substituted for <« on both sides.

(viii) ¢(“) constant = A{") = ¢

(viii) implies that if ¢ 1is a polynomial of degree n , then A is
a polynomial of degree n - 1 . I suspect many readers would agree with a
presumption that @(3) is positive, i.e., m(z) becomes closer to zero
as x 1increases. It may be observéd that @(3) > 0 for both the constant
absolute and coanstant relative risk aversion functions. By (vii) this would
imply A" >0 . That A" approaches 0 £from above is then implied by
(vi).

It seems reasonable to say that an event C 1is more adverse in mean

than an event D, written C ; D, if
X = Ex|0) = [ xF,,c(dx) <X = EX|D) = [ x5 (dx) (5.14)
and to say that C is fundamentally more adverse than D, C * D if
Forc(x) 2F,p(x) VxeR  with > for some xER . (5.15)

From Theorem 1 of Hanoch and Levy [1I, page 337] (see also Hadar aad

Russell [107]).
CxD=C%D . (5.16)

We shall also say that C is more adverse than D, C % D, |if

X

X
J_ Fxic(dax) 2] Fyo (d%) Vx €R and Fyic# Fepp (5.17)

= -0
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Proposition 12, Suppose Y is a beton A, ¢" <0 and o' >0 .

Then
AeQ=U, (p, X, Y) >0

Proof: By the remarks on page 30, o"' >0 = A" >0 so -A(x) is
nondecreasing and concave. Writing U, as in Proposition 9, the con-
clusion follows from Hanoch-Levy Theorem 2 [11l, page 338].

An insurance policy that pays a stated amount if a specified event
occurs satisfies our definition of a bet. Some other policies can be
regarded as combinations of bets. A typical property that would usually
distinguish insurance policies from what we ordinarily call bets is that
the insurance policy is based on an event that pertains to the personal
affairs of the insured and involves a clear loss for him. Thus most
events on which insurance poiicies are based would seem to be fundamentally
adverse or at least adverse.

Now consider an adaptable family of bets, Y = (aY)asa with
V() = E (X + oY) - E 9(X) . Recall, from Section 4, that V'(0) >0
implies that favorable ventures occur with o >0 and V() <0=>a<0

for favorable ventures. V'(0) = G'(0) + D'(0) with G'(0) = (ayy + by;) *'(0)
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Since one expects in an application to usually know the sign of G'(0) and
sometimes be able to approximate the magnitude, one is interested in similar
information for D'(0) . Here we briefly consider the sign, deferring possible
approximation to another investigation. |

One can proceed along the lines of Propositions 11 and 12.
D(@) = Up (9, X, o¥) = a [ [o(x + ay,) - @(x + ayy)IFy, s (dx) (5.21)
- a [ [o(x + ayy) - o(x + ayy) IFy (dx)
Whence
D'(0) = a (yo - vy o' (X)Fy a(dx) - [o'(x)Fx (dx)] (5.0

By reasoning similar to Propositioas 11 and 12,

Proposition 13. Suppose Y is a bet on A, (oX) is an adaptable

Q/ER
family based on Y , and ¢" <0 . Then

Ae0=D'(0) >0

Proposition 14. Suppose Y is a bet on A, (QN)QER is an adaptable family
based on Y, ¢" <0, and ¢"' >0 . Then
AeC=D'(0) >0

Alternatively, one can use the approach of Section 4.
D(a) = E @(X + oY) - E @(X + oW) (5.23)

D'(¢) = EY ¢"(X + oY) -~ EW @' (X + oW) (5.24)
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D'(0) = EY 9'(X) - YE 9'(X) = (¥, - ¥) P (x)F, (dx) . (5.25)

By Proposition 9, page 23, if Y,  is monotonic and the decision maker is a
risk averter, the sign of D'(0) 1is opposite to the monotonicity of ?x .

For a family of bets,

Yx = ayyo + bxyl =y, + ay(yo - Y1) (5.26)

where a, = P(A|X = x) or a, is the conditional expectation of I,
evaluated at we(X = x) . b, = P(BlX =x) =1 - a, ., Thus, assuming risk
aversion and monotonic ay , the sign of D'(0) is opposite to the mono-

tonicity of a, .

6. To bet or not to bet .

From the results of the previous sections it appears that there are
many potential mutually favorable bets between pairs of individuals in the
economy, By Proposition 10, two individuals have mutually favorable bets
whenever there is an event that is independent of their current prospects
and concerning which they have different subjective probabilities,

From Propositions 13 and 14 it follows that two risk averters who agree
on the probability of an event A will have mutually favorable bets if A
is fundamentally adverse for one party and A" is fundamentally adverse for
the other.® Also, if @'" >0 for both and A 1is adverse for one risk
averter and A° is adverse for the other.

The cases covered by these propositions are clearly very special and
there are clearly many events that offer mutually favorable bets which do
not satisfy these conditions., If subjective probabilities differed markedly,

it would clearly take substantial disutilities of dependence to offset the
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FOOTNOTES

Earlier versions of this paper were presented at a Department of
Economics Seminar at the University of Minnesota in April, 1972, and
at the Third NSF-NBER Conference on Decision Rules and Uncertainty
at the University of Iowa in May, 1972, The author is indebted to
James C. Hickman and S. Y. Wu for useful suggestions.

Research was conducted under Grant GS-3317 of the National Science
Foundation.

Applications of this formulation are more general than may appear at
first glance. If the prospective venture "interacts" with the current
prospect so that they are not additive, one can always define Z as
the prospect that will result from taking the new venture and then set
Y =2 - X . For example, if X represents mainly returns from an
existing processing plant and the new venture is an additional plant
whose construction would interfere in some ways with operation of the
existing plant, then possible returns from the existing and prospective
plants would not be additive. However, one could define Z as pros-
pective returns from both facilities and then define Y = Z - X as

the new venture for purposes of analysis, In fact, given a dichotor =
choice from any source, one can always label the alternatives ¥ onc
X+ Y and proceed to compare,

Analysis of the dichotomous case in this form can also be used as a
first step in analysis of more general cases, Xy can be a choice

from ({X,:seS} if §eS and E @(X3) Z E 9(Xg + Y,) VseS where
Y, = X, - X¢

Sufficient conditions for (2.6) to hold for a particular n and
are ‘
(i) w(m)(X + y) 1is integrable for m=0, 1, .., n-1.

(ii) w(m)(x 4+ y) exists for all x in the range of

X(w) and for m=1, 2, .., n.
(iii) There exists an integrable function, g(x) , such
(m) + h - (m) +
that |2 xty+ 31 o & y)l < g (x) for
m=0, 1, .., n-1 and for all h in an interval
about 0 .
For n =1, this is a standard theorem. See e.g. Cramer [9, page

67] or McShane [13, page 217]. Under the stated conditions, the theorem
can be applied to successive derivatives.



47

This is always possible. If the original universal event ( does

not permit the definition of such a random variable, define " = O xR
where R 1is the real line. Let P be the probability measure on R,
determined by Fy and let P* be the product measure P X P on a
Then define X by X (wr) = X(w), Y by Y (w,r) = Y(w) and W

by W(w,r) =r . ‘

Using the notions of gain, spread, and dependence, there can be six
somewhat different decompositions depending on the order in wh%ch the
components are introduced. One could, for instance, let Uy, =U% +U; +Ug
where

v

EOX+W-Y) -~ E oX)

Uy =EPX+Y-9) -EQX+W-7)

UF =Ep(X+7Y) - EPX+Y - ¥)

For sufficiently small increments of ventures, these differences become
negligible.

One must be careful not to assume that every venture which can be
undertaken in various amounts defines a one-dimensional family. Various

sized additions to a factory will not generally yield proportionate

returns under all events. A $10,000 insurance policy on a given - -
erty is not an exact multiple of a $1,000 policy. However, bets and
purchases of a specific security are usually exact or approximate one-
dimensional families.

Propositions of this type in economic literature stem from Arrow
[3, page 100].

Since versions of ?x can differ on sets of measure zero, this ¢ 1d

be more accurately stated - "if there is a version of ~  that is
strictly increasing and corresponds to a regular conditional probabilitv'
Since Y, enters only under an integral, the choice of a particular
version does not affect the equations.

As a hurried and inexpensive check on divergent opinions I handed a
short questionnaire to early arrivals at an economics seminar on Apti
24, 1972.  Responses to the question -

"What are your personal probabilities of the following events?

a. Richard Nixon will be reelected president
next November.

b. Edward Kennedy will be the nominee of the
Democratic party.

c. The Balance of Trade deficit of the United
States, for the fiscal 1972, will exceed five
billion dollars.
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(Continued)

d. North Vietnam, the Viet Cong, the Saigon
government, and the United States will
agree to a permanent cease-fire before
August 1, 1972,

e. The legislative maintenance appropriation
to the University of Minnesota for 1973-75
will be less than $150 million (comparable
figure for 1971-73 is $162 million)."

were
RESPONDENT NUMBER

Question| 1 2 3 4 5 6 7 8 9 10 11 Range
a .75} .35} .6} .95! .48 .75} .55| .6 .8} .95} .4 .35 - .95
b .10f .2 .21 .3 | .35] .20} .25} .2} .3| .10f .08{ .08 - .35
c .501 .1 .20 .7} .55 .50} .10 .34 .5{1.0 | .15( .1 - .7
d .101 .05 .11 .2 .25 .30 0 .1 .1 0 .5 0o -.5
e .051 .1 .1) .1 | .40f .05] O 11 .3) 0] .01 0 - .4

Since they agree on PA , they can make a bet for which market odds
equal subjective odds for each party. This means Y =0 and G'(0) = 0
for each party. Proposition 13 assures that D'(0) > 0 for each
party.

The 1972 Amendments to the Social Security Act move in this direction.

See references [5], [6], [7] and [8].
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