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quarters can produce no sharper peaks in b than a distributidn
constrained to cover the same quarters without the polynomial
constraints. Furthermore, when we consider that a polynomial of
degree p can have only p-1 local maxima,‘it is clear that if a
peak of width as narrow as § can be produced only with a lag dis-
tribution.k years long, a peak that narrow must require a poly-
nomial lag distribution of degree at least k+l.

Rational lag distributions are somewhat trickier in this
respect. If the degree of the denominator of the generating
function for the lag distribution is as high as S, the number of
observations per year, then the parametric family of lag distributions
is capable of generating arbitrarily narrow peaks at the seasonals.
These peaks are of a special type, of course, and will not appear
in the estimates, unless the peaks or dips in G' happen to be of
the same special type. Nonetheless, even fairly low order rational

lag distributions may allow asymptotic bias to creep in.

ITI. Use of Published Adjusted Data

When a lag distribution estimated from seasonally unadjusted data
shows cbvious seasonal bias, more often than not in my experience
re-estimation with adjusted data removes the seasonal pattern in the
estimates. This, however, is a result which cannot be relied on
to hold generally.

Occasionally it may happen that official adjustment procedures
are close approximations to the kind of "a" filter we suggested

in the preceding section. However, we must expect that official

adjustment procedures will be deficient for regression work in
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two respects: They will not in general eliminate all or even most
of the power in x' at the seasonal frequency; and the width of the
band of frequencies in which they reduce variance may differ
between y' and x'. Evidence that official procedures do not pro-
duce the required deep dips in the spectral density of the adjusted
series appears, e.g., in Rosenblatt's paper (1968)%L/ Grether and
Nerlove's (1971) criteria for optimal seasonal adjustment of an
individual series imply that in long data series we will have
approximately ;x = Sx/(Sx+Sw) for adjustment of x', and ;y = Sy/(sy+sz)
f'or adiustment of y'. Application of ax to x' would yield an
SX“ which, on a log scale, would sth dips at the seasonals of the
same size and shape as the peaks at the seasonals in Sx" Thus
optimal adjustmenf of a single series never produces a drop to zero
in Sx.,-

The Grether-Nerlove criterion also implies that the width of
the dips at seasonals in ,;x, and I;yl will differ if the widths of
the seasonal peaks in Sx' and Sy, differ. Whether or not agencies
publishing adjusted data do in fact commonly allow the width of
the dips in their adjustment tilters to vary in this way is unclear,
at least to me. Posed in the time domain, the question is, when
the actual seasonal pattern appears_to change only very slowly
over time, are more years used to estimate it? In any case, I
have encountered examples where data from different agencies clearly
show differences in the widths of the seasonal dipsya/

It" for whatever reason different adjustment procedures are

used on y' and x', the adjustment procedure itself may introduce
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or amplify seasonal bias in b'. Suppose both y' and x' are
deseasonalized by linear filters, g and h respectively. Then the
distributed lag regression of y" = g*y' on x" = h*x' is given by

1

1) y" = g*h *b™>x" + u"

13/

assuming that h—l has an inverse undér convolution. Comparing
(11) with (8) one can see that the use of distinct deseasonalizing
t'ilters for the two variables has resulted in a change in the
asymptotic bias in the lag distribution. If we call the lag
distribution relating y" and x", b", then we can write g" = é g'/g.
1t', say, [g" has dips at the seasonals and |§/ﬁ] has peaks of the
right size and shape at the‘seasonals, b" may be less biased than
b'. But if‘on the other hand Ig'j has peaks at the seasonals and
[g] approaches nearer to zero than ];] or remains small in a wider
seasonal band, the bias in b' may be made many times worse. Of
course the expression (7), showing the least squares criterion for

estimation subject to restrictions, now becomes

) 78 w(w)[P) - &) b @)/mw) | de

o ~
S Sx'lh'
-n

2]8 - g"’Q dw

so that besides the change in bias resulting from replaéing b' by
‘b", there is a reduction in the weight given the seasonal bands due
to replacement of §_, in (7) vy S = Sx,lgl2 in (12). The change
in bias may not always be for the worse, and the change in weights
is always for the better, so it may be that_more often than not

use of adjusted data will reduce bias in the estimates, even when

independent and dependent variables have been adjusted by difterent

methods.
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Unless we have some prior information about the nature of
the bias in b' (as it is assumed we do in the next section) it is
clearly better to hold bias constant and force the estimation
procedure to ignore seasonal frequencies, adjusting y' and x' by
the same filter, than to risk making matters worse by using

separately adjusted series.

IV. The Case of Independent Seasonal Noises

Seasonal noises in economic time series are probably only
rarely independent of one another. Certainly in aggregate time
series certain identifiablefactors at'fect most of the seasonal
fluctuations: weather, seasonal habits of retail customers,
intfluence of annual budget cycles on spending patterns of large
institutions. The reason for eXcluding seasonal "noises" in
estimating a regressioh, then, is not that the "true" components
otf' independent and dependent variables are related and the "noise"
components are unrelated, but rather that the two components are
related in different ways. In the notation of Section I, ¢ in
() is not zero, it is just different from b in (1).

Nonetheless there may be situations where seasonal factors
in the variables of a regression are unrelated. In such a situa-
tion it is possible to make the asymptotic bias small by appropriate
seasonal adjustment. From (5) we can see that if c¢=0, b' = [Sx/(SX+Sw)? b.
From (11) we know that use of different adjustment filters on x'
and y' alters the bias to give us G" = é g'/ﬁ. Suppose we take
h - 5,/(5 45 ) and g = 1. Then b"=b and asymptotic bias has been

eliminated.
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This particular form for h is, as Grether and Nerlove (1971)
pointed out, the optimum seasonal adjustment filter when a doubly
infinite sample is available. In long but finite time series
optimal seasonal adjustment will be approximately in the form of
this h except at the beginnings and the ends of the series. Hence
in this case of uncorrelated seasonal noises, asymptotically
unbiased regression estimates can be obtained by adjusting the
independent variable only, using the Grether-Nerlove optimal
procedure. Of course if there is a seasonal component in y°,
then leasf-Squares regression estimates will be inefficient, but
this now is only a standard problem in correcting for serial
correlationyb/

Grether and Nerlove propose that the ratio SX/(SX+SW) can
be estimated if we have finite parameterizations for both Sx and
Sw, making them both rational functions. But choosing such finite
parameterizations is an extremely hazardous business. Having
estimated rational forms for both Sx and Sw’ it would always
be prudent to compare the implied Sx' = Sx+Sw with a less tightly
parameterized estimate of Sx,. A better way to carry out the
estimation in my opinion would be to estimate St directly (taking
care not to let a broad spectral window give misleadingly wide
spectral peaks), then to estimate Sx by interpolating SX, across

the bases of spectral peaks, finally taking h to be SX/SX,}i/

V. Seasonality in Freguency-Domain Estimation Techniques

As has already been pointed out, if we simply Fourier transform

all variables to arrive at a frequency-domain regression, the



-21-

natural interpretation ot the suggestions of Section II is that
observations falling in the seasonal bands simply be ignored. The
"Hannan efficient' estimation prcoedure is just weighted regression
in the frequency domain, so we already have a recommendation for

handling seasonality in this estimation method.

/8,

The Hannan inefficient procedure, which takes b = Sy'x' X

with unadjustea data, has to be handled somewhat differently. In
my own work with the Hannan inef'f'icient procedure, I have always
tound it possible to eliminate seasonality while ta ing the seasonal
bands to be smaller than the width of the window used in forming
spectral estimates. In this case, there is little danger in

simply applying the Hannan inefticient method directly to data
adjusted by any of' the methods proposed in Section II. There will
be moderate dips at the seasonals in both Sy"X" and Sx"’ but so

long as the same window is used in forming both estimétes, the dips
should be parallel and have the effect of interpolating the estimate
; across the seasonal bands. Where the seasonal bands are too

wide relative to the spectral window, one can instead use the

~

estimated b = Sy"x"/sx" only at the non-seasonal frequencies,
interpolating values for b in the seasonal bands before taking

-

the inverse transtorm to get b itself.

VI. Practical Suggestions

The deseasonalization methods of Section II, while certainly
quite feasible, are not trivial computations. Time series re-
gression work in the past has proceeded without the use of these

methods, and certainly not all such previous work is seriously
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distorted by seasonal bias. 1Is there any way to decide when these
procedures are necessary?

I would argue that whenever the seasonally unadjusted data
contain noticeable seasonal variation, the methods of Section II
should be applied at least as a check in the final stages of
research. But when large numbers of time series regressions are
being computed on an exploratory basis, this elaborate treatment
of' seasonality is not always necessary. The following classifica-
tion of types of regression equations may help to indicate when
use of unadjusted or otf'ficially adjusted data may be relatively
safe. This is meant as a guide not only to research practice,
but to critical evaluation of existing time series regression
estimates where seasonality has been treated more casually.

There are two dimensions of variation to the classification--
sample size and nature of prior restrictions on the lag distribu-
tion. In a large sample (exceeding k years when the seasonal
pattern is known to remain stable only over periods of k years)
use of the usual S-1 seasonal dummies will not suffice to remove
seasonality. If' seasonal bias is an important possibility, there
is no choice but to determine an appropriate § for the seasonal
bands and apply one of the Section II methods. In a small sample,
on‘the other hand, the standard seasonal dummies will adequately
protect against seasongal bias in the regression.

But when the lag distribution is only very weakly restricted
a priori (as is more likely in larger samples), in particular
when the only restriction is a truncation that still leaves the

lag distribution more than 2 years long, strong seasonal bias can
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often be discovered by inspection of the estimated lag distri-
bution. The bias will show up as a pattern of seasonal oscilla-
tions in the estimate. Hence with such a loosely restricted
estimation procedure, there is little danger in proceeding with

a casual treatment of seasonality, using unadjusted or officially
adjusted data, so long as results are checked carefully for
seasonal patterns.

Detecting seasonal bias by eye from time domain plots or
listings of coefficients is an acquired skill, however. In some
cases, e.g. when the estimated lag distribution contains large
oécillations at a non-seasonal frequency, detecting oscillations
at a seasonal frequency from time domain statistiés may be nearly
impossible. A safer procedure is to routinely compute the absolute
value of the Fourier transforms of estimated lag distributions;
seasonal bias will then show up as sharp peaks or dips at the
seasonal frequencieéyi/

The place where more elaborate methods are unavoidable is in
a heavily restricted distributed lag regression estimated from a
reasonably long sample. By the criterion given above, the more than
20 years available in postwar data is certainly a long sample,
and the commonly employed rational or Almon polynomial types of
prior restrictions are certainly strong enough to prevent seasonal
bias f'rom showing itself plainly. Thus much existing econometric
research with postwar quarterly or monthly time series is potentially
af'fected by hidden seasonal bias. If we are lucky, it will prove to

be true that official adjustment procedures have been such as to

keep the bias small in most instances.



FOOTNOTES

¥/ This research was supported primarily by the National Bureau of
Economic Research, with some support also from NSF Grant GS 36838.

1/ 1In particular, none of the latter three papers cited considers
the effects of seasonal components in the independent variables
which are not purely deterministic. Lovell anticipates some of the
practical conclusions of this paper by suggesting that interactions
of' seasonal variables with polynomial or trigonometric trends be
used to allow for evolving seasonal patterns, and suggests degrees
of ftreedom corrections similar to those suggested here. But the
ideas that the number of seasonal-interaction-with-trend variables
required depends on sample size and that the theory of the normal
linear regression model can be only approximate when seasonality is
present were not explicit in Lovell's paper and are incompatible
with the more precise statistical model of Jorgenson.

2/ Contemporaneous work by Wallis (1973) arrived independently at
some of the theoretical conclusions of this paper, particularly
expression (5) and an analogue of (11) below. Wallis's theoretical
explorations do not extend into the area of interactions between
adjustment methods and approximate a priori restrictions, which take
up a major part of this paper. Wallis's simulation studies have
veritiied that at least in a certain class of applications the
Census X-1l1 method of seasonal adjustment behaves like a linear
tilter. Hence the relevance to practical work of theory based on
treating seasonally adjusted data as linearly filtered is given in-
direct support.

3/ "Incomplete'" seasonal adjustment results, e.g., when data
are adjusted by regression on seasonal dummy variables but the
seasonal noises actually evolve slowly over time rather than

holding the fixed form implied by the use of seasonal dummies.

L/ A stochastic process u is orthogonal to a stochastic process
x it and only if Cov(u(t), x(s)) = 0, all t, s.

5/ That we can write (4) with u' and x' orthogonal is not a

unique characteristic of the problem addressed in this paper. The
random variable x'*b'{(t) is the projection of y'(t) on the space
spanned by x'(s), §=-m, ..., » under the covariance inner product.
We can form such a projection for any covariance-stationary peir
ot processes to arrive at a relation like (4) or (1). Hence, any
errors-in-variables problem for distributed lag relations (not just
seasonal errors in variables) can be approached by comparing b’

tor a relation like (4) with the true b. I have applied essentially
this same approach to a problem similar to an errors-in-variable
problem in an earlier paper (1971).

6/ This formula was arrived at by taking the weights of a sym-
metric moving average representation of the process to be the con-

volution of (1/5)( 22 IFS) with (1 - (1/16) 38 15). The first term
s=-2 s=-8

s#0

of' this convolution gives peaks at the seasonals of width about w/5,
while the second term eliminates the peak at O in the first term.



7/ Note that the reverse procedure, examining an estimate of S_,
to determine g, may not be reliable. If there is a narrow seas®nal
peak in S,+, the smoothing inherent in spectral windowing may make
the peak appear much broader than it is in fact.

8/ A second problem with the fourth-order difference filter given

as an example is that it removes power near the frequency O in
exactly the same way as at the seasonal frequencies. In much applied
work it makes sense to remove trend from the data for the same
reasons that it makes sense to remove seasonal variation. But

where long-run effects are of central importance, a filter which
removes power only at the seasonal frequencies is preferable.

9/ Such "band-limited regression' has been suggested by R.F.

Engle in unpublished work as a way to handle other types of errors
in variables as well.

10/ Shiller's procedure introduces prior information that fluctu-
ations in b(t) are unlikely. Seasonal fluctuations in the estimated
lag distribution can, if the data has been adjusted in one of the
ways suggested above, be eliminated with only very small effect
on the sum of squared errors in the estimated regression. Hence
even very weak prior information that the lag distribution is
iikely to be smooth will flatten out seasonal oscillations.

11/ Though it should be noted that Rosenblatt used a spectral
window whose width at the base exceeded /6, so that if, e.g.,
seasonal patterns are stable over spans of five or six years and
oft'icial procedures are Grether-Nerlove optimal, Rosenblatt would
have seriously underestimated the depth and sharpness of seasonal
dips.

12/ Wallis (1973) shows that the Census X-11 method behaves like
a8 linear filter of fixed bandwidth.

13/ It h is everywhere~non—zer9, h does have an inverse under
convolution, given by h-! = 1/h.

14/ To be precise, if h = S /(S +S ) is known exactly and applied
to x' to yield x", the regr&ssidn 8f y' on x" will be y' = b*x" + u',
with b the same as in the relation (1) which applies to uncontam-
inated data. But of course h cannot be applied to x' unless an
infinite sample on x' is available. If truncated versions of h
are applied to finite samples on x', with the truncation points
for h allowed to grow with sample size, least-squares regression
estimates are undoubtedly asymptotically unbiased under weak
regularity conditions on x, y, 2z, and w, but a rigorous proof of
this seems more trouble than it's worth. Especially since, as
we note below, h itself will in general be known only up to a good
approximation.



15/ Note that while this procedure is adequate for the application
proposed here, a good low-order rational parameterization of Sy and
S , if it can be found, is certainly more convenient for some of the
more ret'ined applications Grether and Nerlove have in mind--e.g.,
finding the best one-sided deseasonalizing filters to apply at the
ends of' the series.

16/ As an example of the difficulty of detecting seasonal bias by eye
in the time domain, consider the estimated lag distribution including
future coefficients for GNP on Ml in Sims (1972b). Though no
seasonal pattern leaps to the eye, seasonal effects probably are
strongly biasing downward the O-order coefficient.
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