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I. Introduction

The problem of population growth has not yet been formulated in
an intertemporal context. Therefore, the link between population
theory and the economic growth theory is still missing.? In this
paper we attempt to provide this link by analyzing an intergenerational
model of optimum population growth. The model accommodates the idea
that in decisions on increases in population consideration should be
given to the '"'quality" or the '"standard of life" of the new population.
In a static framework this idea is elaborated upon in Becker and Lewis
{1}, DeTray [3] and Willis [10]. 1In some other literature on popu-
lation growth, such as in Votey [9], this consideration is altogether
disregarded.g More explicitly, we assume in this paper that the utility
of each generation is a function of the level of its consumption and

the number and utility of the newly born people. We are thus led to

consider utility of infinitely many generations. This model differs
from Samuelson's [7] intergenerational model of pure-consumption, since
in the latter, the utility of each generation of people depends only on
their own consumption.

We first outline a general model of optimum population growth. In
order to discuss explicitly various economic aspects of population we

use in the analysis a simple case.
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The plan of the paper is as follows. In Section II we set up the
basic model. In Section III we analyze the short-run equilibrium conditions
while Section IV discusses the long-run equilibrium conditions. In Section
V we present an explicit solution for a simple case which yields a
constant rate of population growth. Sectien VI explores the effects of
public support to investment in children on population growth. In
Section VII we analyze the relationship between population growth and
values of time. Section VIII considers taste differences among generations,

while Section IX deals with uncertain population changes.

II. The Model

Let there be identical individuals; L, be the number of people of
generation t , ¢, their per capita 1lifetime consumption and U, the

utility indicator of their preferences. Each generation lives one period.

Thus, L,;., , the number of people of generation t + 1 may also be
regarded as the number of newly born people at t . Let A, = Lt+1/Lt be
the per capita number of newly born people at t , K; the total amount

of physical capital and k, = Kt/Lt the per capita amount of capital at ¢t .
In general, when U, is a function of c¢;, Ay and U,,, we can write
an intergenerational utility indicator V = Ut(c£,Kt,Ut+1(ct+1,Kt+1,Ut+g(.--))) )
where t =0, 1, 2 ,,., . We assume that preferences are the same for each
generation and can be represented by an additive utility function
U,(cy,Ay) + B U,,,; ; this implies

-]

(1) V=5 BU(c,,Ay)
t=0



where B 1is the subjective factor by which current generation dis-
counts utility of the next generation.® Let the capital of the next
generation be produced according to a linear homogeneous production

function F('),?
(2) Kisep = F(R, - Cp, Ly)

where K, - C, is total saving. In per capita terms, (2) can be

rewritten as:
(3) }\.tkt_'_l = f(kt - Ct)

where f(k, - ¢;) = F(k, - c,, 1) .

Note that the budget constraint in equation (3) implies that for
generation t the amount of k, , which is inherited from previous
generations and is given, can be allocated to three ends: consumption
c, , Aincrease in population A, , and the amount of resources to be
left over to each individual in the next generation k,,, . This is
analogous to the budget constraint used in Becker and Lewis [1] where
A is regarded as the number of children in a family and k,,, as the
amount invested in their "quality"?2

The decision problem of the current generation can now be written

1The inclusion of population growth in the social utility function
has also an empirical implication for the measurement of welfare improve-
ment. That is, growth of per capita income, by itself, is an inappro-
priate measure of welfare improvement, and as a measure it is biased
against countries with a high rate of population growth.

2 .. . .
The reader may refer to Liviatan [4] for an analysis of optimum
economic growth which utilizes the discrete-time formulation.

In the model the inherited capital may include both human and non-
human capital (when they are perfectly substitutable in production).



as:
2t
(4) V(k,) = max Z B U(cy ,Ay)
t=0
0 <c, sk
0<i, =7
subject to (3) and a given level of k., , where A is the maximum feasible

level of population growth. Marginal utilities are positive and diminishing.
We can provide now the following characterization of an (interior)

solution of (4).1

U U
(5) YN (cgys Ag) = %: ki1 ac (cyr1, Aes1)
B of U
(6) (o M) = 1 e (e - ) §y (Curts Rad)

Equation (5) may be interpreted as describing the optimum decision
with respect to the level of population growth A, . On the one hand an
extra unit of A, will increase welfare by the marginal utility of popu-
lation growth, the left-hand side of (5). On the other hand, from (3), for
given values of k, and ¢, , this increase in A, will reduce next
generation (per capita) capital k,,, by the amount of k,H_l/}\t , Wwhich
entails a loss for the next generation of (kt+1fht) times the marginal
utility of consumption. This utility loss (discounted by B) appears on
the right-hand side of (6). In equilibrium, according to equation (6),

the gain and the loss in utility are equated.

lThis characterization can be obtained by a straightforward application
of the method of dynamic programming.






for saving with equal marginal gain (equation (6)) we have:?

(7 ov(k,) _ OU(c,, Ay)
3k, dc, '

Equation (7) specialized for t = 1 will yield the imputed value
of the next-generation capital k, .

Figures 1, 2, and 3 represent a short-run interior solution, where
marginal rates of substitution and marginal rates of transformation between
the three goods are equalized.

In Figure 1, the marginal rate of transformation between c¢ and k,;

(derived from the transformation curve k, = f£(k, - c)/2) is £'(k, - c)/A .
dU(c, A) aV(kl)
/B
ac 3k,

At point A the two rates are equalized, as can also be verified formally

The marginal rate of substitution between c¢ and k;

upon substitution of (7) into (6). Similarly, at point B in Figure 2,
dU(c, A) ov(k,;)
/8 ,
YN Ak

is equal to marginal rate of transformation between A and k;, k,;/i .

the marginal rate of substitution between A and k, ,

This condition can be derived by substitution of (7) into (5). As shown
in Figure 2, a necessary condition for an interior solution for A and
k, is that the slope of the indifference curve diminishes faster than the

slope of the transformation curve as A increases. This implies the

1It can be shown that V(k) is concave, i.e., 8°V/3® <0 .



V(ko) = U(c, A) + BV(k,) = constant

> C

(o]

Figure 1

= U(C, >\-) + Bv(kl)

= constant

> A

V(koe) = U(e, 1)+ BV(k,) = constant




following condition.?

AU (e, M) kyVi (k1)

(8) M e — +1] <0
U}\ (Ca A') Vk(kl)

where Uh’ Vi s UM and V., are first and second order partial
derivatives.

At the point C in Figure 3 the marginal rates of substitution

and transformation between ¢ and X , given respectively by
U (c, A) dU (¢, A) 1 ’, . .
2 = £ ko = , ar alized. This
5o / 5 and K, (ko - ¢) e equalize

condition can be derived from equations (5) and (6). In general, not
all the three "goods", ¢, A and k; are normal. 1In terms of Figures
1, 2 and 3, when k, 1is increased there are shifts in both indifference
and transformation curves so that the increase in k, may result in a
decline in the quantity of one or two of these '"goods'". This point was

elaborated upon in Becker and Lewis [1] in the context of their model.
Iv. Long-Run

At steady states (when exist) the system of equations (3), (5) and

(6) reduces to:

1

Note that one of the cases in which an interior equilibrium is not
achieved is when the utility function is logarithmic, i.e., U(c, A)
= a log ¢+ b log A . In this case the marginal rate of substitution

between k; and A is while the marginal rate of transformation

is A/k, . For example, equélity is achieved if a = Bb , but then

the indifference curve coincides with the transformation curve, leaving

the values k; and A indeterminate. Otherwise, 1i.e., when (a % bp)
solution may not exist. To see this consider a two-period model with
V=alogc, +blogi, + Blogk, . We can rewrite V = a log c,

+ B log (A.k;) + (b - B) log A, . Since the product Ak, as such ap-
pears explicitly in the budget constraint Ak, = f(k,~c,) , when b-B< 0,
A, may be regarded as a free good with a negative marginal utility. How-
ever, A, = 0 1is not a solution. Therefore, a solution does not exist.



(9) Ak - f(k -¢) =0
(10) KU)\(C, A) - BkUg(c, A) = 0
(1) AB=-f(k-¢c)=0

where UX = dU/3\ , U, = dU/d .
Equation (11) may be interpreted as the "Modified Golden Rule" where
the marginal productivity of capital, £’ - 1 , is equal to the rate of

population growth, n , plus the subjective rate of discount, 8.2

One remarkable property of the steady state is that it is invariant
to changes in utility which keep constant the marginal rate of substitution
between population growth and consumption UX/Uc . Therefore, the steady
state equilibrium (but not the path converging to it) results from an ordinal

utility.

V. Constant Rate of Population Growth

Since it is difficult to further characterize the general solution it
may be instructive to consider a special case, Let the utility function

be given by:

(12) U(c, ) = a log ¢ + v(}))

where a 1is a positive number and v()\) 1is utility arising from population
increase with positive and diminishing marginal utility. 1In order to
guarantee an interior solution, we assume that the elasticity of the
marginal utility of population increase is greater than one, (i.e.,

- KVXX/VX > 1),

1 ’
Note that A =14+ n, B= 1/(L + 8). Therefore, f - 1= (AMB) -1
=1+ +8) ~1=~6+n.
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The specific model which we haﬁe presented enables us to illustrate
some of the characteristics of the model with regard to changes in the
parameters.

(a) A constraint of minimum capital per child

As shown earlier (in Section II) an effective constraint on minimum

capital per child can be written as
ky —c, =y m

It can be shown that (14) will not be effected by the constraint and

we can therefore write the constraint as
k, - (1 - oBf) k, = A\t m

or

which indicates that the number of children varies inversely with the re-~
quired expenditure per child. Also, as long as the constraint is effective,
A 1is positively related to the stock of capital. However, whenever the
constraint is not binding, A, is constant.

(b) Changes in the discount factor

Taking the derivative of (16) we can get

i ] 1

a8 (1 - B (hvyy +vy)

>

where for an interior solution the second term must be negative. This

implies g%f < 0 . Similarly, from (14) ‘and (17) we can simply see that
de, dk,
—< 40 and —> 0 .

dp ds
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Tk, , for T =1, 2

0o

.
(20) S Ay Kypy 8 =

t=0 t=o

We assume that the tax-cum-subsidy policy, when enacted, is ex-
pected by individuals to last forever. What is the effect of (once
and for all) changes in the rate of subsidy, with a balanced government
budget, on population growth?

In the presence of the tax-cum-subsidy policy equations (5) and (6)

are modified as follows.

(5a) U)\(Ct, )\t) = 3\'& (1 -7 ki1 Ue (cy+15 Ays1)
t
B .- 1
(6a) Uc(Ct, 7\.t) = K_ £((1 -7 k, - Ct) -(_1+—S)— Uc(ct+1a >\t+1)

t
In the special case considered in Section V these equations can be

solved explicitly to get

(21) Ct = (]- - T = aB) kt
_ -
(22) M vy (L) = ﬁl———?f;g - Ay = AF(D
t+1
(23) log k, = log ['(‘i’fE (@)% / x*(w)] [%—:z——] + o log (1-7) k,

where s and T are chosen as to satisfy (20).

From equation (21) it can be inferred that consumption is negatively
rdated to the rate of the income tax, T , whereas, it is unaffected by
the subsidy. Since the elasticity of the marginal utility of population

1

increase is assumed to exceed one,” and the term on the right-hand side

of (22) is positively related to T, an increase in the tax rate T lowers

1 R . R .
See the discussion in Section V.
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the rate of population growth A , whereas the rate of population
growth is not affected by the subsidy. The model thus implies that
an increase in the subsidy to the next generation's capital financed
by an increase in the rate of income tax will lead, as expected, to
lower levels of consumption and population growth and to an increase

in the rate of capital accumulation.
VII Population Growth and the Value of Time

The model of the preceding sections did not capture one important
aspect of the poéulation problem, namely, the effect of changes in
the value of time on the optimal policy with regard to population in-
crease. In this section we incorporate into the model decisions of
soclety with regard to the amount of time devoted to raising children
and the amount of time devoted to productive purposes.

Let g denote the fraction of the life time of the parents'

1 Let the number of

generation which is devoted to raising children.
children at period t , L,,; be an increasing function &() of the
total time which the parents' generation devotes to raising children

th,

(24) Lier = 8(gyeLy) ,  3°¢C) >0 .

For simplicity assume that the function &() is homogeneous of degree

one in L, , then

(24a) Kt = CP(gt) ’ Cp'() >0

1Investment in the human capital of children can be introduced in
a similar way.
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where o(g,) = ¥(g,, 1)
The total time devoted by the parents' generation to productive
activities is (1 - g,) L, . This new element will require the

following modifications in the equations of Section II.

[k, -
(25) Ay Kooy = (1 - g,) £ (—-t—-—ct)
1-g
t+1 BF
(26) U (Ct, Ay) = B—— A Uc(cyias )\t+1) +$"(_:5—_ Ug(egrrAes)
where F, = f (? ;) f’ is the marginal productivity of labor.

Equation (26) differs from equation (5) by having an additional
term on its right-hand side. This term corresponds to the cost of time
associated with the population increase. One extra unit of A requires
an increase of a magnitude 1/¢“(g) in g (see (24a). The resulting
decrease in the labor force participation will lower production of (per
capita) capital of the next generation according to the marginal productivity
of labor divided by the rate of population growth FL/K . The utility
value of the loss, viewed by the present generation, is B F, U./A &
It is instructive to solve this model explicitly in the special case
considered in Section V. The modification of the solution in Section V
is in the equation which determines the rate of population growth A

while the solution for ¢ is unaffected. We get

1-
@D e vy o) = T+ e g FL g -

Equation (27) implies a constant fraction of time g* to

be devoted to raising children. This implies, in view of (24a),
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constant rate of populatidn growth.

This model suggests that in relation to population growth, it is
misleading to measure the value of time by the marginal productivity
of labor as such. The marginal productivity of labor varies, over
time, together with the capital stock (except at a steady state). The
thing which does not vary with the capital stock in this special case

(and hence does not vary over time) is the utility value of time: U.F, .

This is so since a proportional increase in the capital stock will lead

to an equiproportionate increase in consumption of the next generation

and, as a result, to an equiproportionate decreasein its marginal utility.
Also, the marginal productivity of labor goes up by the same proportion.
This leaves both the value of time U_F. and the rate of population growth,
A , unchanged. In general, however, the value of time U.F_ , which
determines, among other things, the rate of population growth, might
move either together with or in an opposite direction to the capital
stock.! In particular, development of the economy over time, associated

with the accumulation of capital, need not imply an increasing time-

trend for the value of time.
VIII. Taste Differences Among Generations

It may be of interest to explore, in the context of an intergener-
ational decision making model, the effect of taste differences among
generations on decisions made by the parents' generation. This may be
regarded as an initial step in incorporating into the model situations
of uncertainty on the part of the parents' generation with respect to

2
preferences of future generations.

1 . . .
Correspondingly, its partial effect on population growth is

negative or positive.

2 . .
The analysis of uncertainty regarding preferences is not pursued
here.
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Let the utility of the parenfs' generation be denoted by U and
that of every future generation by W . Intertemporal utility, in
equation (1), is modified accordingly to get

o
(28) U(co, Ao) + = B W (e, Ay)

t=1

Necessary conditions for an interior maximum then become

(29) U (coa' )\o)

)\ 5\.@_ kt wc (C]_, >\~1)

o

It

(30) Uelear Ao) = 2 £7 (K = cdWe (e1, A1)

where equations (5) - (6) hold for t =21 with W substituting for U .
The difference between (5) - (6) (for t = 0) and (29) - (30) is
that in the right-hand side of the latter marginal utility of the next
generation is W¢ (c¢,, A1) rather than U, (c¢,, A;) as a result of the
changes in tastes.
We analyze now, using the model of SectionV, the effects of dif-
ferences in tastes among generations with respect to population increase

on the current rate of population growth. Specifically, let

(3L) U(cy, Ao) a log co + v(RA,)

W(c,, Ay) = alogc, +v(r,, 8) , t=21

where © 1is a parameter in the function v which distinguishes the utility
of future generations, derived from population increase, from that of the
parents' generation. Let the production function be as in equation (13).
Substituting (13) and (31) into (29) - (30) we can solve for c,, A,

and k; . This solution for every © 1is identical to the one in equations
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1 In this (special)

(14) - (16) obtained in the case of unchanged tastes.
case future generations' preferences with respect to population in-
crease do not affect at all the decisions of parents' generations
regarding the level of their consumption, the number of their children
and the amount of capital left over for the next generation. There-
fore, the introduction of uncertainty on the part of the parents'
generation with respect to preferences of future generations regarding
population increase will not affect current decisions either.

This may be regarded as a dividing-line case between general
class of cases where a decreasing trend in the preferences of future
generation with regard to population increases leads to a decrease in

the current number of children and another general class of cases where

this trend leads to an opposite result.
IX. Uncertain Population Changes

Suppose that population changes are subject to some random events.
Among the reasons for uncertainty are random factors determining birth
and death rates. What will be the effect of this kind of uncertainty

on the population growth policy? To be specific, let
(32) Ay = W hy

where | is & random variable which is independently distributed over
time and h, is a variable by which population change is controlled.
The value of problem (4) then becomes a random variable. Using the

expected utility hypothesis the problem is reformulated as:

1
Note, however, that when the parameter a in (31) varies over
generations all decisions of the parents' generation are affected.



19

[--]
(33) V(k,) =  max EL T B Ulcy, Ay)
t=0
0 <c, = k,

0<h, <h

subject to the stochastic constraint (3), where E 1is expectation
operator.
This is a problem in Dynamic Programming that can be characterized

by equations like (5) - (6) in expectation.

(34) E[MUK(Ct, A)T = B Elkgy1 Ucleyyys Apyr)/hy]

(35) E[Us(cy, Ag)] = B E[£7(k,=c)Uc(Cyp1s hpn1)/ Ayl

To consider the effect of increasing risk in u on the population
growth policy h we analyze again the model in Section V given by
equations (9) and (10). The solution of (34) - (35), in this case, is
given by (l4) and by

g

(36) h, E[uvx (0gy) ] = D)

Equation (36) implies a constant policy regarding the growth of
the population, although the actual growth is random. To obtain an
unambiguous result pertaining to the effect of a mean preserving in-

crease in risk on h , we specify

(37) {ORE v A=Y ,

where v > 1 (otherwise, no interior solution exists).



Following Rothschild and Stiglitz [6] a mean preserving increase in
risk in y will reduce the level of h if kvx is a decreasing
function of h and is a convex function of . These properties
of the function Kvx are easily verifiable for the case given by

(37). Thus, an increase in uncertainty will lower the planned level

of population growth.

20
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