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X A A 

Suppose b > O. Then S [F(z) - G(z)] dz = 
-00 

J':oo [L: [F (z : t) - G (z : t)1dH = Loooo dH 

[ J:
oo 

[F (z : t) G (z : t)] dzJ where the interchange of integra-

tion is· justified since S 00 ! F(w) - G(w) ! dw < 00 by hypothesis. 
-00 

Since [F« G] by hypothesis, [F « e] and [F < < G] if 

dH(w) > 0 for a.a.w, as can be seen by a simple change of variables. 

The case b < 0 follows immediately upon making the transformation 

introduced in the proof of i) • / / 

The next theorem, a simple consequence of Theorem 2', gives 

conditions under which a decision maker faced with two random, inde-

pendent prospects will choose a diversified portfolio. 

Theorem 3' 

Let Xl and X2 be independent random variables with FI and 

F2 their respective distribution functions. Let HI be the distribution 

function of aX I bX
2

, H2 the distribution function of aX2 + bY2, 

where X2 
and Y

2 
are independent and identically distributed, a 

and b E R with a ;::: 0 • Assume [F I « F
2

] and [H2 < < F I]' and 

SooIFI(w) 
-00 

-F2(w)!dw<00. Then [HI « F I] and [H
1

«F2] 

Proof 

By Theorem 2', 

Hence by the easily checked transitivity of « 
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If a risk averter8 is to choose between two portfolios, each 

containing a mixture of a sure prospect and a random prospect, and 

the value of the sure prospect exceeds the mean of the random prospect, 

it seems reasonable that he should prefer the portfolio containing the 

larger proportion of the sure prospect. This is demonstrated by 

Hadar-Russell .[2J in the case where the random prospect is nonnegative 

and the utility function of the decision maker is bounded, strictly 

increasing, twice continuously differentiable, and concave. Theorem 

4' below demonstrates that it holds true under more general circumstances. 

Theorem 4' 

Let X be a random variable with finite mean x and v the 

value of a sure prospect satisfying v ~ x. Let ~ be the distri­

bution function for kv + [1 - k]X. Then 0::; k < k' ~ 1 =) [ll{ « ~ J . 

Proof 

Let k < k', k, k' E [0, lJ, and define k" = [k'- - kJfl - k , 

i. e., k' = k + [1 - kJ k". Then k' v + [1 - k'J X = [k + [1 - kJ 

k"]v + [1 - k] [1 - k"]X = k" v + [1 - k"J [kv + [1 - kJ X] 

= a + bY where a = k " v, b = 1 - k" and Y = kv + [1 kJ X 

The mean of Y satisfies y - kv + [1 kJ x ::; v = a/I - b Hence 

by Theorem 1', part. ii, But F - R' 
a+bY -1< 

and 

8Throughout this paper, "risk averter" is used as a synonym for 
"decision maker possessing a concave utility function." 
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The limitations of the mean-variance efficiency criterion9 for 

portfolio selection are now common knowledge. It might still be asked 

whether this simple criterion is equivalent to stochastic dominance in 

certain frequently encountered situations. Theorem 5'~ and its cor-

ollaries indicate that a direct relationship will exist between stochastic 

dominance and the mean-variance criterion only in highly special cir-

cumstances. [See also Part I, Theorems 3~'< and 4-k • ] 

Theorem 5' 

Let F and G have finite means and variances (~F' 0:), (~G' o~) 

respectively. Suppose there exists x' E (- 00, + 00 J, and " X E 

( - 00, x' 1\ 0] such that the following hold: 

1. F(x) ~ G(x) for all x ~ x' 

x 
2. 

Ix " 
[G - FJ(t) dt ~ 0 for all x E [x ' , x') , 

, , 
x x 

and I [1 - G J(t) dt = I [1 - FJ(t) dt 
x" x' , 

= /::, > 0 if x'l- " x 

3. Either x" = 0, or F(x'') = G(x") and 

F(x"-) s G(x"-); either x' = 0, or F(x') 

= G(x') and F(x' -) :s; G(x' - ) 

9The mean-variance 
larger mean and smaller 
will prefer X to Y. 

criterion states that if a prospect X has 
variance than a prospect Y, the risk averter 
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4. IX [G - FJ (t) dt;;::O for all x ::;;x" 
-0:> 

5. 
2 2 

~;;:: IJ.G 

Then strict inequality holding if strict inequality holds 

for some x in 1, 2, or 3, or 

Proof ---

will 

will 

2 2 
I x 2dG I 2 2 

°G - of - - x dF + ~ - 2 
IJ.

G 
Hence using 5., the theorem 

be proved if it can be shown that I x
2

dG ;;:: I x
2
dF. The proof 

be given in three steps. 

Step I 

Proof: If x' = + 0:>, the proof is done. Assume x' < 0:> , 

and define u(x) = [x - x'J2 if x;;:: x', u(x) o if 

x < x'. Then u E U-k (F, G), and by Lerrnna 1", 

J"oc, [x - x,]2 dF - J'O:> [x - x,]2 dG = 2 so:> [G - F](x)[x - x'] dx 
x x' x' 

,2 Soc 2 + [x] [F(x') - G(x')]:s; x' x dG 

definition of 
, 

x 

Step II 

, 
2 

, 
IX - x - 2 

" x dG ;;:: Ix" x x 

I 

dF 

by 1.,3., and the 

Proof: If 
, 

" x = x the proof is done. Suppose x 
, 

> x ", and define f"'(x) o if x;;:: x', = [1 - F(x)]1 6 



if x"::;;x<x',=O if 
, , 

x<x Define g''''(x) 

similarly, with G in place of F. Then F"«x) 

= JX" f'1«t) dt and G"< (x) = J x ,g"« t) dt are distri-
x x' 

x 
[fi < g"<]( t) bution functions, and F''''(x) - G"< (x) = S " - dt 

x 
x 

= I 1[" '] (t)[G - F](t) dt/t:, :2: 0 for all x by 
-eo x , X 

2. Define u(x) x for all x. Then u E U,'< (Fi<, Gi<) 

, 
and by Theorem 1"< I udG"< - I udF"< = J x" x [F - G ](x) dx/ t:, 

x , 
:2: O. Using integration by parts, t,,2 x [F - G](x) dx 

x 
x'- 2 x' 2 2 . 

I xdG-J xdF+[x'] [F(x'-)-G(x'-)] 
x" x" 

2 r X'- 2 x'- 2 
- [x"] [F(x") - G(x")] :2: 0 ~ J x" x dG - Ix" x dF 

:2: 0 by 3. / 

SteE III 

" {~'-"x - 2 2 
J x dG - x dF :2: 0 

-00 

Proof 

Define u(x) = 0 if x "2 0 u(x) 2 
if x < 0; , = - x 

G(x) = 1 if " X ;;::: X , G(x) if x < x"; F(x) = 1 

if x"2 x", = F(x) if x < x". Then u E U,b'" (F, G) 

and LXoo [G - F](t) dt = L~x" [G - F](t) dt ;;::: 0 V x 

by 4. Hence by Theorem 2i< and 3., 0 ~ I udF - I udG 

= f ~' -[- x 
2

] dF - LX

oo
" - [- x 

2
] dG + [1 - F (x" - ) ] 

[- x,,2] _ [1 - G(x" -)][ - x,,2]~ SX"-x2 dG 
-00 

" x - 2 ::: J x dF • 
-co 

/ 

34 
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d J (Xl x 2dG J (Xl 2dF I Hence, combining Steps I, II, an III, -(Xl ~ _= x t 

is clear fram the proofs of Steps I, II, and III that strict inequality 

will hold if strict inequality holds for some x in 1, 2, or 3. 

If 
2 2 
~ > ~G ' strict inequality follows from the first statement of 

the proof. / / 

5' Corollary A (H-R Theorem 3) 

Let F and G be the distribution functions of two nonnegative 

random variables with a common mean and finite variances. Then [F« GJ 

2 2 
) °G > of 

5' Corollary B 

If F and G have finite means and variances 

respectively, and F and G intersect at x ~ 0 with F 2 G for 

X 2 x, F ::;; G for x::;; x, and then and 

if F1-G. 

5' Corollary C 

If F and"G have finite means and variances 

respectively, with and such that F(x) 2 G(x) 

F(x) ~ G(x) V x < x~", then [~2 ~G ] ~ [FDG wrt U~b'< (F, G) ] 

Proof 

Combine Theorem 3"" and 5' Corollary B. 

In Theorems 6' and 7' the choice is between mixtures of two independent 
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and identically distributed prospects. Theorem 6 ' demonstrates that 

diversification will be optimal for the risk averter given certain 

minor regularity conditions on the distribution function F. Theorem 

7' demonstrates that the risk averter will prefer the portfolio 

containing equal proportions of the two prospects if the distribution 

function has finite mean and variance. 

Theorem 6 ' 

Let X and Y be independent and identically distributed random 

variables with distribution function F satisfying 
o f F(x) dx < = , 
-= 

and ~ the distribution function for xK + [1 - k] Y. Then 

[~ < < F] V k E [0, 1] • 

Proof 

If k = 0 or 1 the theorem is immediate. The proof for k E 

(0, 1) will be given in two steps. 

Step I 

Assume F is absolutely continuous with density f. Let 

k E (0, 1), X E R • By defi ni tion, ~ (z) = F~~ F [l-k ]y(z) 

1 = k (: F ( ~ ) f (~ = ~) dy . 
= f-= Fkx (z - u) dF[l _ k]Y(u) 

r' x 
Integrating with respect to z, R (z) dz 

J_ro k 

1 [Lcoco F (~) f (~ - ~) dy J dz 1 - k 

(~ - ~) dZ] dy = fro F (Y..) F (~) 
-co k l-k 

dy 



A + B (say). Letting u = [x - kwJ/l - k, B = k 

JX F (x - {1 - k) u)F (x - [x - {I - k2 uJ) [1 ~ k ] du 
k 1 - k -eo 

x 
(x - {l - k2 u ) F (u) = [1 kJ Leo F k 

du • Clearly A ~ 

x 
k LCQ F(w) dw 

x 
and B s [1 - kJ J_coF(w) dw • Hence A + B 

x x 
ieo~ (z) dz s L!(w) dw. Since x E Rand k E (0, 1) 

o 
were chosen arbitrarily, and J F(x) dx < eo by hypothesis, 

-co 

[1\ < < FJ V k E (0, 1) 

Step II 

Let F be an arbitrary right continuous distribution 

function. Any distribution function is the limit in distri-

bution of an increasing sequence of distribution functions 

with bounded densities. [Consider the convolution of F 

with a distribution function F corresponding to a non­
n 

negative random variable having a triangular density with 

base lying on [0, l/nJ. Let n ~ + co J. Letting [F } 
n 

be such a sequence for F it follows by Step I that 

37 



Given E > 0 8 M s.t. V n , 

IJ
X 

H k(z) dx -
-M n, J ~MF n (~ ) F n (~ = ~) dy I < E • 

[ThiS holds since J~: Hn,k(z) dz = J_: Fn (~) Fn( -~: ~ )dY 

= J _-:1 2 
+ J:1 2 [ F n (~) F n ( -~ : r)1 dy ~ r:1 

2 F n (~ ) dy 

+ L:
/2 

F n ( -~ : ~) dy ~ f:1 
2F (~) dy + L:/2 F ( -~ - ~) dy 

IIC_M,X] (z) Hn,k (z) I ~ IC-M,x] (z) V z and 

IIC-M,M] (y) Fn (~) Fn (~ - r) I ~ IC-M,M](Y) V y where 

the indicator functions are clearly Lebesgue integrable 

and independent of n, it follows by Lebesgue's Dominated 

Convergence Theorem and definition of the F that 
n 

I im I J x H k (z) dz - J +M F (Yk ) F (~ - ~) dy I 
n-+t-co -M n, -M n n -

Since 

this holds for arbitrarily small E (hence arbitrarily large 

M) The remainder 

of the proof follows as in Step 1. I I 

38 



Theorem 7' 10 

Let ~ denote the distribution function of kX + [1 - kJ Y , 

where X and Yare independent and identically distributed with 

distribution function F having finite mean and variance. Then 

[H ~_ ~~ ~ J 'if k E [0, 1 J . 

Proof 

Step I 

x 
Let k E (0, 1) , and define M(k, x) = J ~ (z) dz • 

-co 

By Step II in Theorem 6 " M(k, x) = L: F (t/k) F (~ = ~ ) 

M(l - k, x). Hence M(., x) is symmetric over (0, 1) 

about the point k 1/2 • 

Step II 

39 

dt . 

Assume X has a density f satisfying f(x) < B < co 'if x E R • 

By Step I in Theorem 6', M(k, x) 

Fix * k E (0, 1) and X E R • Let satisfy 

O<k <k~"<k <1 1 2· define 

/':, M(k) [M(k, x) - M(k~", x)]/k - k~·'. By the Mean Value 

10Hadar-Russell propose a similar theorem(cf. [2J, page 301). How­
ever, their hypotheses are neither necessary nor sufficient for the con­
clusions they present. They need additional hypotheses to justify differ­
entiation under the integral. Their restrictions that X be nonnegative 
and possess a density are not essential, as Theorem 7' above demonstrates. 



,> 

Theorem app lied to [F (f) F (~ : ~)], a k ' = k' 

(k, k*, t) * lying between k and k such that 

= O[F(~) F(~: i)] / at (k')[k - k*J "0 Hemce 

6 M(k) = L: [f (~",) (~) F (~ : ~,) + F (~ ,) f 
(~ : ~ ,)t~ : ~ ')2J] dt = L: [II + 1 2 J dt (say) 

"Define Gl (t) = sup f (~), G2(t) = sup 
k E[kl ,k2 J. " k E[k1 ,k2 J 

(
x - t) 

f 1 _ k • Then Gl and G
2 

are measurable and 

G2 (t). Since 0 < kl < k2 < 1, Gl (t) = O[f(t)J as 

It/ ~ + ~ and G2 (t) = O[f(-t)J as It I ~ + ~. More-

over, Gl (t) ~ B V t, G2 (t) ~ B V t It follows, since 

Jltlf(t) dt < ~ by hypothesis, that 

[[Ixl + ItIJ/[l - k 2 J
2 

G2 (t) are Lebesgue integrable 

functions, independent of k. Hence by Lebesgue's Dominated 

Convergence Theorem, [eM/OkJ (k*) = lim 
k-it* 

k E [k l ,k2 J 

6 M(k) 

40 

lim 
k-tk* 
k E [k1, k 2J 

[[F ( ~) F (~ : ~) F ( k~ ) F (~ : ~* ) ] /[k - k* JJ dt 
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L(Xl(Xl wf (w) [F (X - (1 k: k~'()W) - F (~ - ~::W)] dw = D (k~") (say). 

For k E [k
1

, k 2], define t:,. D(k) = [D(k) - D(k~'() ]/k - k* 

co 
= J wf (w) [[S(k, w) - S(k*, w)]/k - k*] dw, where 

S(k, w) - [F (x - (i - k)W) _ F (~ = ~w)]. Differentiation 

under the integral sign can now be justified using the same 

technique as used above for cM/~, with the hypothesis of 

a finite variance replacing that of a finite mean. The 
(Xl 

result obtained is J wf(w) 
_(Xl 

f (x - ( 1 - k*) w) [ _ ] 1 
k~'( w x dw - (1 _ k~'()2 

f (~ = ~:::w) [x - w] dw Letting u = [x - (1 - k*)w/k*] the 

first integral becomes 1 Jco [ ] (x - Uk~'() x - uk~'( f 
(1 - kk) 3 -(Xl 1 - k~', 

f (u) [x - uJ du. Combining this with the second integral, 

one obtains: 

1 J~ few) f (~ = ~::w)[[x - wJ[x - wk-l,] - [1 - k-l'][w][x - wJJ d,v 
-00 

(1 - k~") 3 

1 J co (x - k~'<W) 2 _cof (w) f 1 _ k~'( [x - w] dw The integrand (1 - k~'()3 

is everywhere nonnegative. Since k~', was an arbitrary point in 

(0, 1) and x an arbitrary point in R, M(·, x) is a con~Tex 

'f 

function of k over (0, 1) for each x E R • 



Step III 

Let F be an arbitrary right-continuous distribution 

function. As discussed in the proof of Theorem 6', F 

is the limit in distribution of an increasing sequence 

[Fn} of distribution functions with bounded densities. 

For each F, by Step II above, 
n 

a convex function of k over (0, 1) V X E R 

H (z) 
n,k 

1 
1 - k 

where 

Since F 
n 

converges to F in distribution, it is clear from a 

consideration of the corresponding characteristic functions 

that H 
n,k 

converges to in distribution; i.e.,. 

H 
n,k (z) --+ ~ (z) at all points of continuity of ~, 

a set of Lebesgue measure one. 

By Lemma l~'(, S xdF finite ~ SO F(x) dx < co • 
-co 

By Step I 

in Theorem 6', for any S E R J - S H (z) dz 
-co n,k 

SCO F (Y) F (-S - y) 
-co n k n 1 - k S-S/2 + S co dy = 

-co -S/2 

.:;: S- S / 2 F (Y ) dy + SCO F ( - S - ~) dy 
. -co k -S/2 1 

and similarly for 

-S 

Lco H (z) dz . Hence M(k, x) is finite Vk E (0, 1) , 
k 

and given E > 0 , 3: S s.t. V n , S-S H 
n,k 

(z) dz < E 

-co 

42 

V X E R , 

and 



'1 

I -s Ii k (z) dz < E • 
-co 

Fix x E.R. For any M ~ - x, Hn,k (z) 1[_ M,xJ(z) 

s; 1[_ M,x}(z) if (z) , where 1[_ M, x J (.) is Lebesgue 

integrable and independent of n. Hence by Lebesgue's 

Dominated Convergence Theorem, 
x 

lim I Hn k (z) dz = 
n-lOO -M ' 

I x ~ 
lim H k (z) dz = L. 1\ (z) dz • 

-M n-ooo n, -M 
Combining this 

result with the above inequalities on the tails, given 

/':, > 0 3: N s. t • if n > N 
x x 

II_co Hn,k (z) dz - I_co ~(z) dz I 

< /':,. Thus I_: ~ (z) dz, being the limit of convex 

functions, is itself convex. 

Combining Steps I and III, M( • , x) is convex in k over 

(0, 1) and symmetric over (0, 1) about the poi.nt k = J,. 
2 

hence it attains a minimum over (0, 1) at k = ~ Since "2 • 

this is true for any x E R , and M(k, x) is finite if k E 

(0,1), ifXER [H ~ :S;:S; ~ J if k E (0, 1) By Theorem 6 " 
o 

using I_ooF(X) dx < 00 , [~ s;:s; F} if k E [0, 1}, where 

II 
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SUMMARY 

Summary of Theorems from Part I 

Lemma l~'< 

J udF - J tidG J [G - FJ du VuE U* (F, G) 

Theorem l~< 

[FDG wrt U~'< (F, G) ] ~ [F < GJ 

l'~ Corollary A 

If u E U* (F, G) and u is strictly increasing, then 

[F < G ] =- [J udF - J udG > 0 ] 

1"< Corollary B 

.J 

Suppose f x
2p+ 1 dF - J x 2p+l 

dG is well defined for some 

integer p;;:: 0 Then [F < G ] .~ [J x
2p+l 

dF - J x 2p+l 
dG 

> 0]. If [F < GJ and F(x) = G(x) = 0 for x < 0 , 

then J xr dF - J xr dG > 0 V r ;;:: 0 for which J xr dF 

J xr dG is well defined. 

Theorem 2"< 

If 
a J I G(t) - F(t) Idt < = and 
-co 

is 

well defined, then [FDG wrt U~d< (F, G) ] ~ [F < < GJ 



I 

Theorem 3')'< 

Suppose J xdF - J xdG is well defined and 

o La) I G(t) F(t)ldt < a) If ax' E R s.t. F(x) 

~ G(x) for x ~ x', F(x) ~ G(x) for x ~ x', and 

F 1. G, then [FDG wrt U')b'< (F, G) J ~ [J xdF - J xdG ~ 0 J . 

Theorem 4')'< 

Let F and G have finite means and variances (~F' OF) 

(~, 0G) respectively. Suppose ~ ~ ~G' F(x) = G(y) 

for all x and y satisfying [x - ~J/OF = [y - ~GJ/6G 

and F(x') > G(x') for some 
, 

x Then [FDG wrt U')'<')'< 

Theorem 5')'? 

Define U
l 

= [u:R - Rlu bounded, strictly increasing, 

with continuous first derivative}. Then [J udG - J udF 

> 0 'if U E U I J ~ [G < FJ 

Theorem 61< 

I " Define U2 = [u E UI u continuous and nonpositive}. 

Let F and G be the distribution functions for two 

nonnegative random variables with finite means. Then 

[FDG wrt U2 J =:} [F < < GJ 

lTheorems 5* and 6* are modifications of two Hadar-Russell 
theorems which contain errors. 
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Summary of Theorems from Part II 

Theorem l' 

Let X be a random variable with finite mean x, and 

let Y = a + bX. Let F and G be the distribution 

functions of X and Y respectively. Then: 

i) If F(x) = G(x) = 0 for x < 0 and 

a ~ 0, b ~ l, then [G ~ FJ • 

ii) If b ~ 0, [a + bi ~ iJ ~ [G « FJ • 

l' Corollary A 

LE~t X be a random variable with distribution function 

F satisfying 1 - F( - z) ~ F(z) If z ~ 0 (hence If z), 

and with finite mean x. Let Y = a + bX with distribution 

function G. Then [a + bi ~ - i] ~ [G ~~ F] • 

l' Corollary B 

Let X be a random variable with distribution function 

F and finite mean x and let v be the value of a sure 

prospect. Let G(x) = 0 for x < v, G(x) = lfor x ~ v 

Then [v ~ x J ~ [G ~~ F J 



'-

Theorem 2' 

Let X, Y, and W denote random variables with distribution 

functions F, G, and H respectively. Assume that W is 

independent of X and Y. Let the distribution functions 

of the random variables aX + bW and aY + bW be denoted 

by F and 8 respectively, where a ~ O. Then: 

i) [G < F] =:> [8 :s; F], and [e < F] if 

dH(z) > 0 for a.a.z. 

ii) J I F(w) - G(w) I < = and [G« FJ =:> [G « FJ , 

and [e« F] if dH(z) > 0 for a.a.z. 

Theorem 3' 

Let Xl and X2 be independent random variables with Fl and 

F2 their respective distribution functions. Let Hl be the 

distribution function of aX 1 + bX2 , H2 the distribution 

function ofaX2 + bY
2

, where X2 and Y
2 

are independent 

and identically distributed, a, b E R, and a ~ O. Assume 

[F 1 :S;:$; F 2 ], [H2 :$;:$; F 1]' and J I F 1 (w) - F 2 (w) I dw < = . 

Then [Hl:S;:$; F 1 ] and [Hl:S;:$; F 2 ] . 

Theorem 4' 

Let X be a random variable with finite mean x and v the 

value of a sure prospect satisfying.", ~ x. Let 1\ be the 

distribution function for kv + (1 - k) X • Then 

o :s; k < k' :s; 1 =:> [1\, « 1\] . 
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Theorem 5' 

Let F and G have finite means and variances (~F' oi) 

( 
II. ~ 2) . 1 r

G
, u

G 
respectLve y. Suppose 3: x' E (- co, + 00 J and 

x" E (- co, x' I\. 0 J such that the following hold: 

1. F(x) ~ G(x) for all x ~ x' 

2. 
x 

S [G F J dt ..,. 0 for all x E [x", x 'J, x" - '-

and 

, , 
x Sx" [1 - GJ(t) dt SX" [1 - FJ(t) dt 

x 

t, > 0 if x' F x" 

3. Either x' = 0, or F(x') = G(x') and 

F(x' -) ::; G(x' -); either x" = 0 or 

F(x ") G(x") and F(x"-) ~ G(x"-) 

x 
4. S [G - F J (t) dt ~ 0 'if x ::; x" 

-00 

Then strict inequality holding if strict in-

equality holds for some x in 1, 2, or 3, or f.1i > f.1~ . 

5' Corollary A 

Let F and G be the distribution functions of two non-

negative random variables with a common mean and finite 

variances, 6~ respectively. Then [F < < G J 



5 ' Corollary B 

Let F and G have finite means and variances (IJ.
F

, 5~) , 

(IJ.G' 
52) respectively. If F and G intersect at 
G 

~ 

x ~ 0 with F ~ G for x ~ x F ~ G for x ~ x 

and then strict inequality holding 

i::: F 'Ie G • 

5' Corollary C 

If F and G have finite means and variances 

such that F(x) ~ G(x) "If x ~ X'k F(x) ::;; G(x) "If x < X7< 

then 

Theorem 6' 

Let X and Y be independent and identically distributed 

random variables with distribution function F satisfying 

o 
J_~ F(x) dx < ~, and Hk the distribution function for 

kX + [1 - k J Y. Then [~~::;; F J "If k E [0, 1 J 

Theorem 7' 

Let ~ denote the distribution function of kX + [1 - k J Y , 

where X and Yare independent and identically distributed 

random variables with distribution function F having finite 

mean and variance. Then [HJ,.::;;::;; ~ J "If k E [0, 1 J 
2 
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