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+ e POV AT (Y (E40)), (¥ (841),v),0)6% (¥ (£41), ),
1+r(t+i)) ¥

Y(e+1)-G (AT L (v(£+1)),v(t41))

and  (PVY,|AZ(v(T-210}¥(1),0) = b(T)-s(2) .

Lemma 10. For any feasible A(t), v(t) and o ¢ Z(A(t),v(t))
(Pvr, [A(£),¥(t),0) 2> CV (A(t),¥(t)), t=0, ..., T .

Proof: Once again an inductive proof is employed. The

induction hypothesis for j+l >t is

(9) (v, 8,5, (v(3))5v(341),0) 2 ov, ) (A5, (v(3)),v(3+1))

for all feasible y(j+l) given v(t) .

Now letting

AT, (V(3))
cGv(1)) = W G-D-—Fm * 2@)-56)) 5ty

and recalling the definition of CVt(-) and of St(°) » We

obtain the following.

E, (A5 (¥(3-1)) + cv, (5 (v(3-1)),¥ (3))= 8, (AJ(¥(3-2)),¥(3))

- u (@) + ] By4y (A3 (Y3435, V()5 v))eed (v (3),v)
G, (A7, (¥(3)),¥(3))

o [ S5+ BT (V) (9, )ac (v(3),0)
W(3)-G, (A7, (v(3))5¥(3))

= (M) + p By, (8, ()45, (), v)aed (v (8),w)
G, (AT, (Y(3))s¥(5))

o] By (A3 4 (r(3))40v, ) (6T (v(3)) (¥(3)5 )80 (v (3),v)

W()-a, (a7, (v(3)),v(3)
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These equalities and the strict concavity of E;j+l imply

E, (A7 (v(3-1))+cv, (A5 (v(3-1)),%(3)))
(10)
£ uy (CONNE, (AT, (Y(OA] Y5, (v(3)5v)ac) (¥(3),v)

J+l
G (AT 4, (v(3))5¥(3))

o OV (8T, (VD)) ((3)59))a6 (¥(3)5v))

4(3)-a, (A7, (¥(3)),v(3))

(8), (9) and (10) taken together yield

B (AT((3-1)) + oV, (A5 (v(3-1)),¥(3)))
(11)
S uy (08, ) (AT, (v(3))+(14x () L(PW, 14T (v (3-1)),7 (), 0)

- v(3)+s(3)1)

Now by the definition of Et’ t=0, «.., T,

(A5 (r(3-D) + (Ve A5 (Y (3-1)),v(3),0))

(12)

= 2??) uj(C(J))+Ej+l((1+r(d))(Ag(Y(J-l))+(PVYJ|A§(y(j-1)),y(3),c)

- r(3)c(3)))
subject to C(3j) =0

o o BN+ZL
and  p(3)C(3) < AJ(V(E-1)+(FVY, |AT(Y(3-1)),7(3),0) - /ff (142(1))

1Ly
Since Cg(v(j)) satisfies this last pair of constraints and

Ag+l(v(3)) = [A;(Y(J°1))'P(J)C;(Y(J))+b(3)-8(J)J(1+T(J)) ’
(11) and (12) insure that

EJ(Ag(Y(J-l))+CV3(Ag(v(d-l)),v(d)))

€ E; (A (v(3-1))+(Bvy, A5 (v(3-1)),%(3),0)) -
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E, 1is strictly increasing, hence

J
oV, (A5 (v(3-1)),%(3)) € (Pvy, A5 (v(3-1)),¥(3),0)

To complete the proof we need only find some Jj+1 >t for
which our induction hypothesis is valid. For Jj+1 =T

CVL (A (¥(T-1)),¥(T)) = b(T)-5(T)

and from (8)

(VY |A3(¥(T-1)),¥(T),0) = b(T)-S(T) .

The proof of Lemma 10 is thus complete//
Notice that lLemme 10 may be strengthened to

(PvY, A3 (Y (6-1)),v(£),0) > oV, (A7 (v(£-1)),¥(¢))

when the wage distribution is non-degenérate in periods sub-
sequent to t due to the strict concavity of the Ei s 1=t+1,
esey T .

This lemma is quite helpful in the proof of the next theorem.
Theorem 3 asserts that the expected present value of labor force
income for an unemployed labor force participant is non-

negatively related to initial or current wealth.

Theorem 3: If ol e E(AT(t),¥(t)) and o° e T(A°(t),v(t))

and Al(t) < 4%(t) then
(pvy, A% (8),¥(8),0h) € (oY, 4% (4),7(2),6%) .
Proof: Take as an induction hypothesis for date 1.g T
(#ve, 142 (o (110, v (£),00) € (Ve AT (9(1-1)), 9(4),0°)
if

! 2

A (v(1-1)) < A7 (v(1-1)) .
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We are now able to obtain the following relationships.
ol ' 1
(Mi_l|Ai_l(Y(i'2))}Y(i'l)’a )

= b(i-1)-s8(i-1)

. [ 5(v(a-1),v) a6t Hy(a-1),v)
YD | g R
11 (B (v(3-1)),v(8-1))

+ J (vailA§1<v(i-1>),<v(i—1>,v),cl)aci'l(v(i-l),vi;>

V(1) ) (87 (v (3-2)),¥(4-2)) ,

by definition,
< b(i-1)-s(i-1)

. J 5v(a-1),v) a6t Hy(i-1),v)
T | (2%t y(1-1))
‘ 1-1\%y vl »¥(1-1))

2
+ T vy, a7 (v(3-1)), (v(1-1),v),6P)a6 My (1-1),v)
Y(-1)-6,_, (a3 (v(1-1)),¥(1-1))

by the induction hypothesis,
< b(i-1)-8(i-1)

. JY(v(a-1),v) a6y (1-1),v)
el
U g % (v(t-1)),v(2-1)

o? -1
+ [ ovy (] (v(3-1)), (v(1-1),v))aG™ " “(y(i-1),v)

a, (03 ((1-1)),v(1-1)-G,_ (AT (v(1-1)),v(2-1))

02 2 i-1
+ [ (evyg AT (v(3-1)), (v(1-1),v),0%)a6 " ~(v(i-1),v)
Wi-1)-6,_ (8, (v(L-1)),¥(L-1))

by the definitions of CVi(o) and

Gi_l(-) and Corollary 1,
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< b(i-1)-s(i-1)

L [ v(i-1),v) a6 My (1-1),v)
+ e ————————
-0 g (% (v(1-1)),v(1-1)

2
+ [ (B8] (v(1-1), (¥(2-1),%)0P)a6 " (v(1-1),v)

V(E-1)-0,_ (T (v(1-1)),%(4-1)

by Lemma 10
2
= (evy, 1a] | (v(1-2)),v(1-1),6°) .

Since the induction hypothesis is valid for i=T , i.e.

ot 1
(PvY AL (v(T-1)),¥(T),07) = b(T)- (T)

2
= (VY A% (¥(T-1)),9(D),0%)

the proof is complete//
Although the exﬁression for the expected utility of a
searching unemployed individual, Si(A(i),v(i)) did not
include explicitly the terms b(i), s(i), ..., b(T), s(T),
its value does, of course, depend on their magnitude. let
b, » = (b(t), ..., b(T)) and

t,T g, T
denote the expected utility associated with being unemployed

= (s(t), ..., s(T)) and

at date t with bt,T = bt,T and Sg,r = Sy,p ©8 St(A(t),y(t)) .
In addition denote the expected utility associated with being

and s =

= t ]
unemployed at date t when bt,T bt,T t,T st,T

as SJ(A(),¥(E)) .

Lemma 11. If (b (i) - s (1)) > (b'(1) - s'(1)), i=t, ..., T
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then

Gy o (A(t),v(t-1) = {y(t-1)ey(t-1): 5S¢ (A(E), (v(t-1),¥(¢-1)))

S E(A(L) + Yo (v(t-1),¥(¢-1)))}

S G L (A(t),v(t-1)) = {y(t-2)ey(t-1): s/ (A(t), (v(t-1),y(¢-1)))
S E (A(t) + Yp(v(£-1),y(¢-1)))] .

This lemma states that the set of wage stream offers which would
induce an individual to accept employment will either become
larger or remain the same if net unemployment revenue is

reduced.

Proof: If (b (1) - s (1)) > (b'(1) < &'(1)) i=t, e.u, T
it follows immediately that S;(A(t),'v(t)) > 5. (A(t),v(¢))
for any A(t), ¥(t) . It is also clear that E (A(t) + Y:(v(t))
is not influenced by b(i) - s(i), i=t, .., T //

It is easily seen from Lemma 11 that the probability of
not accepting employment in any perticular period, t, is non-
negatively related to (b(i)-s(i)), i=t+l, ..., T . The effect
of a change in the magnitude of (b(i)-s(i)), i=t+l, ..., T,
on the expected present value of labor force income net of
search costs, wages, and unemployment benefits, however, may

be ambiguous.

Example: ILet y(i)'s be independently distributed with

QfweQ: y(T-1,0) =D} =% and

Qf{we: y(T-1,w) = 0} = # and

Qf{wen: y(T-2,w) = (b,b)} =1 .
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Also assume only the most recent job offer received may be
accepted. Finally, let r(i) =0, i=1-2, T-1, T .

Now by definition we have

Sp_, (A(T-1),¥(T-1)) = C(£?T§,A(T)UT'1(C(T-1)) + 7 Eq(A(T)+D)

+ £ 8,(A(T),¥(T))

subject to C(T-1) >0 and

B,; < A(T) = [A(T-1) + b(T-1) - s(T-1) - p(t-1)c(T-1)] .

Also by definition it is clear that

ER(A(T) + B(T)-5(T)) = S,(A(T),¥(T)) -

If ST_l(A(T-l),'v(T-l)) = ET_l(A(T-l)-I-Eb), b(T-1) < 8(T-1)
and b(T) < s(T) then expected wage inéome is 2b since
y(T-2) 1is definitely the acceptance set. Nevertheless,

2b < 2D = (expected present value of wage income if search is
continued) because

Ep_,(A(T-1) +2Dp) = c(rﬁ);,A('r) Up_; (€(T-1)) + Eq(A(T) + 2b)

and> uT_1 and E_ are strictly concave. Thus, if

T
b(T-1) - s(T-1) + b(T) - s(T) is increased search will be
continued with & resulting higher expected present value of
wage income, %D > than the individual had before, 2b . If it
had been the case that b(T-1) = s(T-1), b(T) = s(T) and

2D < 2b, we would, of course, observe

ET~1(A(T—1) +2b) > ST_l(A(T-l),Y(T-l)) .

It is clear, however, that a sufficiently large increase in
b(T-1) or b(T) would reverse this inequality. Such a reversal

reduces the expected present value of wage income.
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Appendix -~ Proof of Lemma 9

I have chosen to place this proof in an appendix due to
its length. It is more of a distraction when included in the
body of the paper than is warranted by its content.
Recall that Lemma O asserts that: A (t) < AY(t),0 ¢(A”(t),y(t))

— s 1
and oleR(AN(8),¥(t)) imoly A7, (V&) < AT, (V(t) 1f

o’ — s
At+1(V(T)) > Bt+1 )
As a first step in the proof of this assertion new functions,
S%*, are defined by induction and their characteristics are

i
noted.

sy(a(i),y(1)) = max  y,(C(1))
C(1),A(1+1)

+ [ B (G (vA),v))act (v(1),v)

G, (a7, (v(1)),¥(1))

+ [ sp, (A, (v(1),v))d6* (v(1),v)

Y(1)-G, (a7, (v(1)),v(1))

141 SA(LH) = [A(1)-s(1)+0(1)-p(1)e(1)1(142(1))

c(i) >0

subject to B

and
5*o(A(T),v(T)) = 8,(A(T),v(T)) .

I take as &n induction hypothesis that ss(-,v(d)) is
continuously differentiable and concave on [Bj,“) ’

a) s;(A(J),v(J)ssJ(A(J),v(J)) and

) s5(° (\(3-1),¥(5) = s, {3-1),¥()
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where v(J) = (v(3-1),¥(3-1)) for y(j-1) € Y(3-1) .
This hypothesis clearly implies that the function

25 (A(3),¥(3-1)) = [ B (A(3)+Y5(¥(3-1),v))a6? H(y(3-1),v)
G, (A5 (v(3-1)),v(3-1))

¢ [ 850, (v(3-1),w)ac Ly (3-1),)
U(3-1)-G,_, (AT (v(3-1)),v(3-1))

is a continuously differentiable, strictly concave function of
A(3) on [Bg,eo) . Also,

a') Z*(A(j),WJ-l))sz(A(J),v_(a)) and

b') Z*(A (v(d 1)),v(3-1)) = z (AJ (v(3-1)),v(3-1))

for arbitrary feasible vy(3-1) .

Bellman's results cited in the proof of lemma 1 establish
the strict concavity @d continuous differentiability of the
function Sg_l(°,WJ-l)) defined by

sJ_l(A(J-l),v(d-l)) max Uy, _1(c(3- 1))+Z*(A(:)),v(a 1))
c(3-1),A(3)

subject to C(j-1) >0,
BJ <A(3) = [A(J-l)+b(3-l)-8(3-l)-p(J-l)c(J-l)](l+r(:l-l)) .

Since C (Y(J 1)),A (v(;) 1)) are maximizers for

sj_l(AJ_l(v(j-z)),v(a-l)) G A) Uy (C(3-1))+2, (8(3),v(3-1))

subject to C(j-1) >0 and
By < A(3) = [A‘;_l(WJ-E))+b(a-1)-s(3-1)-p(a-1)0(3-1)](1+r(3-1))
We must have

sx_, (A7 (v(3-2)),%(3-1)) = uj_l(cg_l(Ws-l)Hzg(Aj (v(3-1)),¥(3-1))
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by a' and v'. This in turn implies

a") 8% (A(3-1),¥(3-1)) € 5,_;(A(3-1),%(3-1)) and

b") s;_l(A‘;_l(?r—(J-e)),Wa—l)) =5, (a7, (v(3-2)),¥(3-1)) .

This establishes the desired properties for Sg_l, J-1=0, 1, «cs,

T-1, since S%(A(T),v(T)) = S_(A(T),¥(T)) and S (+,¥(T))
is strictly concave and continuously differentiable. Since

U, (¢) and Z ( ) are strictly concave and continuously

S

1
differentiable, if At+l(y(t)) >B,,, » then A'(t+1) > nd (v(t))

t+l

where C'(t),A'(t+l) are unique maximizers for

U, (c(t))423,. (A(t+1),¥(t)) subject to C(t) 20, A(t+1) 2 2 ¥

A (t) -A (t) + 6, and A(t+1) = [A° (t)+6+b(t) s(t)-p(t)c(t)](1+r(t)).
Since Atﬂ(v(t)) = [A" (t)+6-S(t)+b(t)- p(t)(C (Y(t))*'—(t_)‘)](lﬂ(t))
we must have U, (c! (t))+Zt+1(A'(t+l),y(t))

> Ut(c: (V(8)) + oy) + 28, (A, (V(£D),¥(8))
= U (cf (V0 + 2ry) + 2 (87 (V(6),7(8))

Since Z¥X l(A'(t+l),Y(t)) = zt+1(A (t+1),y(t)) by
by (a'), C (v(t)) + (t) and At+l(y(t)) cannot maximize
U (C(8)) + 2, (A(t+1),¥(¢))

subject to C(t) 2 0, BS s A(t+l) and

t+1
A(t+l) = [A (t)+8+b(t)-S(t)- p(t)C(t)](l+r(t))

We may now establish that At+l(v(t)) 2> At+1(Y(t))

.« _ L _ 1 —
Uy (6] (VMM , (a7, (¥(£)),¥(6)) 2 up(c] (Te))-pdy)

+ 7, (A7 (W(6)),¥ (%))
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Since (C (v(t)) A (v(t))) are maximizers. Rearrangement

t+1
l
yields z,,.( m(v(t))w(t)g) 2 B () 7(0))
2y (c] (v(t)) - (t)) U, (6] (7(e)) > U, (cF O RRC (¥ () 4=dy)
if Ut(C: (Yy&))- p(t)) Ut(ct (v(t))) 1is posi&ive, becagse
Uy is strictly concave. However, since (C: (;Tt)),A:+l(;?f)))
are maximizers, the last inequality is impossible. Thus
l ——
Ut(Cc (v(t)) p(t)) -U, (C (v(t))) is non-positive .
cy F(7Te))- (t) = cp "(¥(%)) tmplies At+l(v(t)) NI CTON

which has been ruled out above. Therefore, since Ut is

strictly increasing,

1
g (v(¢)) - <c; (v(t)) and

p(t)

t+l(v(t)) < 1;ﬂ(v(t)) //
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Footnotes

1/ After this paper was essentially completed I encountered
a paper by D. Whipple entitled "A Generalized Model of Job
Search" [23]. Though Professor Whipple does consider expected
utility rather than expected income maximization he does not
derive an optimal search strategy. The individual in his model
chooses a unique sequence of acceptance wages and asset holdings
at the outset of his planning horizon. The plan of action
obtained in this fashion ignores the fact that optimal savings
or job choice decisions at any future date depend crucially
on that which has transpired between that date and the present.
This procedure is counter to that prescribed by Bellman's
well known "Principle of Optimality" and will not, in general,
yield an expected utility maximizing strategy for the environ-

ment and individual he has portrayed.

2/ Equilibrium is, in these papers, consistent with more
than one price existing in the market. The situation is an
equilibrium in the sense that the distribution of prices tends

to persist unchanged over time.

3/ It is easily shown that this assumption is unnecessary,
though used, in models of the Gronau [8] type. Even without
this assumption the optimal strategy will involve keeping all

accepted Jobs until retirement.
4/ These results are contained in Theorem 1 of [5].

5/ The intuitive appeal of this result reflects directly

on the acceptability of the normal good assumption. If the
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individual considers risks to be inferior goods we find he is
more choosy about what jobs he will take if there is a ceteris

paribus decline in his wealth.

6/ Note that all that is used in proving the existence
of an optimal search strategy is

A6') Let E be any set of y(t) with {weQ:y(t,w)eE}ed,
then {st:Gt(v(t,w),E) >bled .

Denumerability of the Y(t) is employed in establishing
the measurability of the consumption strategy. In discussing
expected duration of unemployment and expected labor income,
Theorem 2 and Theorem 3, this measurability is required. An
alternative assumption which implies A6') just as does AS) may
be used.

A6") For E measurable, Gt(v(t) sE) 1is a continuous
function of ¥(t) .

AS';') must be accompanied by an additional assumption to
insure measurability of the consumption strategy. A sufficient
additional assumption would be that the individual always choose
a measurable strategy. That this is possible is insured by
the fact that choosing the maximum (minimum) element of the set
of maximizing consmnption levels at each date will yleld a
measurable strategy. (A6") insures upper semicontinuity of
correspondence from (A(t),y(t)) to maximizing (C(t),A(t+1)),

and hence the set of maximizers is closed.)

7/ This postulate is essentially the same as that presented

by Stigum in [22].
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8/ It is clear that if the individual was allowed to
refrain from sampling in this last period thereby avoiding
S(T) without sacrificing b(T) he would do so. One may
motivate the assertion that search will be conducted in T
by supposing b(T) > S(T) and that benefits cannot be received
unless costs are incurred. Alternatively, one may simply
interpret my assertion as a simplifying assumption of the

model.
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