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holdings will increase with only one exception. The sole' 

exception is that next period's asset holdings may stay the 

same if they were initially at the lower bound for that period's 

allowable asset level. The proof of Lemma 9 is contained in 

the appendix to this paper. 

Repeated application of this lemma insures that 

a l rl 
At +j +l (v (t+j » At +j +l (V(t+j», j=O, ••• , T-t-l • 

Thus Corollary 1 establishes the implication given in (7). 

Referring to the expression for given above it is apparent 

a l a2 
Pt +i Pt +i ' i=l, ••• , T-t • that this in turn implies 

This completes the proof of Theorem 2// 

We shall now consider another type of expectation held 

by the individual. In particular his expected noninterest 

income. When search costs and unemployment benefits just equal 

one another in every period expected non interest income is 

simply expected wage earnings. In general, the expected 

present value of noninterest income for an unemployed individual 

at any date t+i, i=O, 1, ••• , T-t , denoted PVYt +i ' depends 

a -on A(t+i) = At+i (V(t+i-l», V (t+i» = (V(t),y (t), ••• ,y(t+1-1» 

and, of course, that maximizing strategy which has been chosen 

a c E(A(t),v(t» • 

PVYt given A(t), vet) and a € is 

obtained using tl.e inductive definition 

(8) (V(t+i-l» ,V(t+i) ,a) = b(t+l) - s(t+i) 

+ 1 ,. {+i+l(V(t+i),v) dGt+i(V(t+i),v) 
(l+r(t+i» J 
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-=--~l:.....-..;~ r (PVYt +" ,IAt
a

i l(V(t+i», (V(t+i),v),a)dGt(v(t+i),v), 
+ (1 +r (t +i» .i 1 + 1. + + 

~(t+i)-Gt+i(At~i+l(V(t+i»,V(t+i» 

and (pvyTIA~(Y(T-l»,v(T),a) = b(T)-S(T) • 

Lemma 10. For any feasible A(t), yet) and a € E(A(t),y(t» 

(pvytIA(t),y(t),a) ~CVt(A(t),y(t», t=O, ••• , T. 

Proof: Once again an inductive proof is employed. The 

induction hypothesis for j+l > t is 

(9) (pvyj+lIAj~l (y(j» ,y(j+l) ,a) ~ CVj +l (Aj~l (y(j» ,y(j+l» 

for all feasible y(j+l) given yet) • 

Now letting 

and recalling the definition of CVt (·) and of St(·)' we 

obtain the fo llowing. 

Ej(A~(y(j-l» + CVj(A~(y(j-l»,y(j)>>= Sj(A~(y(j-l»,y(j» 

= u (Ca(y(j») + J Ej+l(A~+l(y(j»+Y;+l(y(j)'V»dGj(y(j),v) 
j j a 

Gj (Aj +l (y(j» ,y(j» 

= Uj(C~(y(j») + J Ej+l(A~+l(y(j»+~+l(y(j)'V»dGj(y(j),v) 
Gj(A~+l(y(j»,y(j» 

+ J Ej+l(A~+l(y(j»+CVj+l(A~+l(y(j»,(y(j)'V»)dGj(y(j),v) • 

~(j)-Gj(A~+l(V(j»,y(j» 
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These equalities and the strict concavity of Ej +l imp~ 

(10) 

E j (A ~ (V (j - 1) ) +CV j (A ~ (V (j -1) ) , V (j ) ) ) 

.$. uj (C~ (V(j» )+Ej +1 (A~+l (V (j»+ J ~+l (V(j), v )dG
j 

(V(j), v) 

. Gj(A~+l(V(j»'V(j» 

+ J CVj+l(A~+l(V(j»'(V(j)'V»dGj(V(j),V» • 

~(j)-Gj(A~+l(V(j»'V(j» 

(8), (9) and (10) taken together yield 

(11) . 

~ Uj(C~(V(j»)+Ej+1(A~+1(V(j»+(1+r(j»[(pvyjIA~(V(j-l»,V(j),a) 

- b(j)+s(j)J) 

Now by the definition of Et , taO, ••• , T , 

(12) 

= max Uj(C(j»+Ej+1«1+r(j»(A~(V(j-1»+(pvyjIA~(V(j-1»'V(j), a) 
C(j) J 

- p(j)C(j») 

subject to C(j) ~ 0 

and p(j)C(j) S A~(V(j-l»+(pvyjIA~(V(j-l»IV(j),a) - ~~ • 
iIJ.j (l+r(i» 

Since C~(V(j» satisfies this last pair of constraints and 

A~+l(V(j» = [A~(V(j-l»-P(j)C~(V(j»+b(j)-S(j)~(l+r(j» I 

(11) and (12) insure that 

Ej{A~(y(j-l»+CVj(A~(V{j-l»'V(j») 

~ Ej(A~(V{j-l»+{PVYj IA~(V(j-1»,V(j),a» • 



Ej is strictly increasing, hence 

To complete the proof we need on~ find some j+l > t for 

which our induction hypothesis is valid. For j+l = T 

CVT(A~(V(T-l»'V(T» = b(T)-S(T) 

and from (8) 

(pvyTIA~(V(T-l»,V(T),a) = b(T)-S(T) • 

The proof of Ien:ma 10 is thus complete/ / 

Notice that Lemma 10 may be strengthened to 

(PVYtIA~(V(t-l»,v(t),a) > CVt(A~(V(t-l»'V(t» 

when the wage distribution is non-degenerate in periods sub-
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sequent to t due to the strict concavity of the Ei , i=t+l, 

. . . , T • 

This lemma is quite helpful in the proof of the next theorem. 

Theorem 3 asserts that the expected present value of labor force 

income for an unemployed labor force participant is non-

negatively related to initial or current wealth. 

Theorem 3: If a l e t(Al(t),V(t» and a2 e E(A2 (t),y(t» 

and A let) < A2 (t) then 

(pvyt IA let) ,vet) ,al ) ~ (PVYt IA2 (t) ,vet) ,~) • 

Proof: Take. as an induction hypothesis for date i ~ T 

I al 1 I a2 2 (PVYi Ai (V(i-l»,v(i),a ) ~ (PVYi Ai (V(i-l»,v(i),a ) 

if 
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We are now able to obtain the following relationships. 

a l · 1 
(PVYi _l IAi _l (y(i-2»,y(i-l),a ) 

= b(i-l)-S(i-l) 

+ 1 (J Y: (Y(i-l) ,v) dGi-l(Y(i_l) ,v) 
l+r(i-l) a l 

Gi _l (Ai (y(i-l»,y(i-l» 

+ J (PVYiIA~l(Y(i-l»'(Y(i-l),v),al)dGi-l(Y(i-l)'V») 
a l 

~(i-l)-ai l(Ai (y(i-l»,y(i-l» 
- I 

~ b(i-l)-s(i-l) 

+ 1 
l+r(i-l) 

~ b(i-l)-s(l-l) 

by definition, 

by the induction hypothesis, 

+ 1 (J Y~(Y(1-1),v) dGi-l(y(i_I),v) 

l+r(i-l) u
i
_

l 
(Ar (Y(i-l» ,y(i-l» 

a2 i I + J CVi(Ai (y(i-l»,(y(i-l),v»dG - (y(i-l),v) 

a l a2 Gi_l(Ai (y(i-I»,y(i-I»-Gi_l(Ai (y(i-l»,y(i-l» 

2 
+ J (pvyiIA~ (y(i-l»,(v(i-l),v),a2 )dGi - l (y(i-l),v) 

a l 
1f{l-l)-ul _l (Ai (y(i-l) ),y(1-1» 

by the definitions of CV1(e) and 

0i_l (e) and Corollary 1, 



~ b(i-l)-s(i-l) 

J ~(V(i-l),v) dGi-l(V(i-l),v) 

a2 
Gi_l(Ai (V(i-l»,V(i-l» 
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2 
+ J (PVYilAa (V(i-l»,(V(i-l),V)a2 )dGi - l (V(i-l),v) 

io2 
~(i-l)-Gi_l(Ai (V(i-l»,V(i-l» 

Since the induction hypothesis is valid for i=T, i.e. 

a l 
1 

(PVYTIAT (V(T-l»,v(T),a ) = b(T)- (T) 

I 
a2 2 

= (PVYT AT (V(T-l»,Y(T),a ) , 

the proof is complete/ / 

Although the expression for the expected utility of a 

searching unemployed individual, Si(A(i),V(i» did not 

include explicit~ the terms b(i), sCi), ••• , beT), seT), 

its value does, of course, depend on their magnitude. Let 

bt,T = (b(t), ••• , beT»~ and St,T = (s(t), ••• , seT»~ and 

denote the expected utility associated with being unemployed 

at date t with bt,T = b~,T and St,T = s~,T as S;(A(t),y(t». 

In addition denote the expected utility associated with being 

unemployed at date t when bt,T = bi,T and St,T = si,T 

as Si(A(t),y(t»). 
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then 

a~_l(A(t),V(t-l) = (y(t-l)€~(t-l): S~(A(t),(V(t-l),y(t-l») 

S Et(A(t) + X:(V(t-l),y(t-l»)} 

~ ut_l(A(t),V(t-l» = (y(t-l)e~(t-l): St(A(t),(V(t-l),y(t-l») 

~ Et(A(t) + Y~(V(t-l),y(t-l»») • 

This lemma states that the set of wage stream offers which would 

induce an individual to accept employment will either become 

Larger or remain the same if net unemployment revenue is 

reduced. 

Proof: If (b-(i) - s-(i» ~ (b'(1) < s'(1» 1=t, ••• , T 

1t follows immediately that S~(A(t)'V(t» ~ St(A(t),v(t» 

for any A(t), V(t). It is also clear that Et(A(t) + Y:(v(t» 

1s not influenced by b(i) - s(i), 1=t, ••• , TIl 

It is easily seen from Lemma 11 that the probability of 

not accepting emplqyment in any particular period, t, is non-

negatively related to (b(i)-s(i», i=t+l, ••• , T. The effect 

of a change 1n the magn1tude of (b(i)-s(i», 1=t+l, ••• , T, 

on the expected present value of labor force income net of 

search costs, wages, and unemplqyment benefits, however, may 

be ambiguous. 

Example: Let y(1)'s be independently distributed with 

Q{W€O: y(T-l,w) = D} = t and 

Q(weO: y(T-l,w) = oj = t and 

Q{weO: _y(T-2,w) = (b,b») = 1 • 
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Also assume on]y the most recent job offer received may be 

accepted. Finally, let rei) = 0, i=T-2, T-l, T • 

Now by definition we have 

ST_l(A(T-l),V(T-l» = max UT_l(C(T-l» + i ET(A(T)+D) 
C(T-l),A(T) 

+ ~ ST(A(T),V(T» 

subject to C(T-l) ~ 0 and 

B; S A(T) = [A(T-l) + b(T-l) - s(T-l) - p(t-l)C(T-l)] • 

Also by definition it is clear that 

ET(A(T) + b(T)-s(T» = ST(A(T),V(T» • 

If ST_l(A(T-l),V(T-l» = ET_l(A(T-l)~b), b(T-l) ~ s(T-l) 

and beT) ~ seT) then expected wage income is 2b since 

y(T-2) is definitely the acceptance set. Nevertheless, 

2b < iD = (expected present value of wage income if search is 

continued) because 

~_l(A(T-l) + 2b) = max UT_l(C(T-l» + ~(A(T) + 2b) 
C(T-l),A(T) 

and ~-l and ET are strictly concave. Thus, if 

b(T-l) - s(T-l) + beT) - seT) is increased search will be 

continued with a resulting higher expected present value of 

wage income, tD , than the individual had before, 2b. If it 

had been the case that b(T-l) = 8(T-l), beT) = seT) and 

iD < 2b, we would, of course, observe 

It is clear, however, that a sufficiently Large increase in 

b(T-l) or beT) would reverse this inequality. Such a reversal 

reduces the expected present value of wage income. 
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Appendix - Proof of Lemma 9 

I have chosen to place this proof in an appendix due to 

its length. It is more of a distraction when included in the 

body of the paper than is warranted by its content. 

• 1 • • -Recall that Lemma 9 asserts that: A (t) < A (t),a EE(A (t),y(t» 
• 1 

and a\:t(A l(t),y(t» imply A~+l (y(t» < A~+l (Vtt» if 

• a - s 
At +l (y(T» > Bt +l • 

As a first step in the proof of this assertion new functions, 

S1' are defined by induction and their characteristics are 

noted. 

S1(A(i),y(i» = max Ui (e(i» 
e(i),A(i+l) 

+ J Ei+l(A(i+l)+Y:+l(Y(i),V»d~i(Y(i),v) 
• 

Gi(A~+l(Y(i»,V(i» 

+ J S1+l(A(i+l),(V(i),V»dG
i

(V(i),v) 
• 

~(i)-ai(A~+1(V(i»,Y(1» 

subject to B~+l ~ A(i+l) = [A(i)-s(i)+b(i)-p(i)c(i)](l+r(i» 

e(i) ~ 0 

and 

I take as an induction hypothesis that Sj(.,V(j» is 

continuously differentiable and concave on [B~,~), 

a) Sj(A(j),y(j) ~ Sj(A(j),V(j» and 

• • 
b) Sj(Aa (y(j-l»,y(j» = Sj(A~ (V(j-l»,y(j» 



where V(j) = (V(j-l),y(j-l» for y(j-l) € ld(j-l) • 

This hypothesis clearly implies that the function 

Zj(A(j),v(j-l» = J Ej(~(j)+Y~(V(j-l)'V»dGj-l(V(j-l),V) 
Gj_l(A~ (V(j-l»,v(j-l» 

+ J Sj(A(j)'(V~j-l)'V»dGj-l(V(j-l),V) 
~(j-l)-Gj_l(A~ (V(j-l»,V(j-l» 

47 

is a continuous~ differentiable, strict~ concave function of 

A(j) on [B~,CIO). Also, 

a l
) Zj(A(j),YTj-l» ~ Zj(A(j),V(j» and 

• • a- - a--
be) Zj(A (V(j-l»,V(j-l» = Zj(Aj (V(j-l»,V(j-l» 

for arbitrary feasible V(j-l) • 

Bellman's results cited in the proof of Lemma 1 establish 

the strict concavity and continuous differentiability of the 

function SJ_l(·,V(j-l» defined by 

S*j_l (A(j-l) ,V(j-l» = max Uj _l (C (j-l»+Zj(A(j ),V(j-l» 
C(j-l) ,A(j) 

subject to C(j-l) ~ 0, 

B~ ~ A(j) = [A(j-l)+b(j-l)-s(j-l)-p(j-l)c(j-l)J(l+r(j-l» • 

• • 
Since C~_l(V(j-l»,A~ (V(j-l» are maximizers for 

• 
Sj_l (Aj

a_l (V(j-2» ,V(j-l» = max Uj _1 (C(j-l) )+Zj (A(j ),V(j-l» 
C(j-l),A(j) 

subject to C(j-l) > 0 and 
• 

B~ < A(j) = [A~_1(V(j-2»+b(j-l)-S(j-l)-P(j-l)C(j-l)J(1+r(j-l» 

We must have 
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by a' and b'. This in turn implies 

- -
b" ) 

a - - a - -
Sj_l (Aj _l (y(j-2»,y(j-l» = Sj_l (Aj _l (y(j-2»,y(j-l» • 

This establishes the desired properties for Sj_l' j-l = 0, 1, ••• , 

T-l, since ST(A(T),y(T» = ST(A(T),y(T» and ST(-,y(T» 

is strict~ concave and continuous~ differentiable. Since 

Ut (-) and Zt+l(-) are strict~ concave and continuous~ 

- -a - S a -differentiable, if At +l (y(t» > Bt +l ' then A I (t+1) > At+1 (y(t» 

where C' (t),A ' (t+ 1) are unique maximizers for 

- > > S ut (c(t»+Zt+1(A(t+1),y(t» subject to C(t) = 0, A(t+l) = Bt +1, 

Al(t) = A-(t) + 6, and A(t+1) = [A-(t)+6+b(t)-S(t)-p(t)C(t)](1+r(t». 
- . 

Since A~+l(V(t» = [A-(t)+6-S(t)+b(t)-P(t)(C~ (v(t»+p(t»](l+r(t» 

we must have Ut (C'(t»+Zt+l(A'(t+1),y(t» 

- . a - 6 a - -
> Ut(Ct (y(t» + pet»~ + Zt+l(At+l(y(t»,y(t» 

• • a - 6 a - -= Ut(Ct (y(t» + pet»~ + Zt+1(A (y(t),y(t». 

Since Zt+1(A'(t+1),V(t» ~ Zt+l(A'(t+l),V(t» by 
• • a - 6 a 

by (a'), Ct (y(t» + pet) and At+1(y(t» cannot maximize 

Ut (C(t» + Zt+1 (A(t+l) "v(t» 

> S < subject to C(t) = 0, Bt +1 = A(t+l) and 
• 

A(t+l) = [A (t)+6+b(t)-S(t)-p(t)C(t)](1+r(t» • 
1 • a - a-

We may now establish that At +1 (y(t» ~ At +1 (y(t» 
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• • 
Since (C~ (V(t~),A~+l(V(t»)) are max~zers. Rearrangement 

a - - a - -
yields Zt+l (At +1 (v(t»,v(t»)-Zt+l (At +1 (v(t»,V(t» 
> a l 5 a· - a l - a· - 6 
= Ut (Ct (V(t» - p(t) )-Ut (Ct. (V(t») > Ut (Ct (V(t))) -Ut (Ct (v(t) )+p(t» 

a 1 - 5 a -
if Ut(Ct (v(t»-p(t»-Ut(Ct (v(t») is posiiive, beca~se 

. a - a-
ut is strict~ concave. However, since (Ct (V(t»,At+l(V(t») 

are maximizers, the last inequality is impossible. Thus 
1 • a- -L a-

Ut(Ct (v(t»-p(t»-Ut(Ct • (V(t») is non-positive. 
a l - 5 a-a· - a1 -

Ct (v(t»-p(t) = Ct (V(t» implies At+l(v(t» = At+1(v(t» , 

which has been ruled out above. Therefore, since Ut is 

strict~ increasing, 

1 6. 
C~ (V(t» - pet) < C~ (V(t» and 

• 1 -
Aa (V(t» < Aa (V(t» II 
t+l t+1 
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Footnotes 

11 After this paper was essential~ completed I encountered 

a paper by D. Whipple entitled '~ Generalized Model of Job 

Search" [23]. Though Professor Whipple does cons id er expected 

utility rather than expected income maximization he does not 

derive an optimal search strategy. The individual in his model 

chooses a unique sequence of acceptance wages and asset holdings 

at the outset of his planning horizon. The plan of action 

obtained in this fashion ignores the fact that optimal savings 

or job choice decisions at any future date depend crucial~ 

on that which has transpired between that date and the present. 

This procedure is counter to that prescribed by Bellman's 

well known "Principle of Optimality" and will not, in general, 

yield an expected utility maximizing strategy for the environ­

ment and individual he has portrayed. 

gj Equilibrium is, in these papers, consistent with more 

than one price existing in the market. The situation is a.n 

equilibrium in the sense that the distribution of prices tends 

to persist unchanged over time. 

~ It is easi~ shown that this assumption is unnecessary, 

though used, in models of the Gronau [8] type. Even without 

this assumption the optimal strategy will involve keeping all 

accepted jobs until retirement. 

!tJ These results are contained in Theorem 1 of [5]. 

21 The intuitive appeal of this result reflects directly 

on the acceptability of the normal good assumption. If the 
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individual considers risks to be inferior goods we find he is 

more choosy about what jobs he will take if there is a ceteris 

paribus decline in his wealth. 

§I Note that all that is used in proving the existence 

of an optimal search strategy is 

AS') Let E be any set of yet) with [weO:y(t,w)£E}e3 , 

then [wsO:Gt(V(t,w),E) ~ b}~a • 

Denumerability of the \let) is employed in establishing 

the measurability of the consumption strategy. In discussing 

expected duration of unemployment and expected labor income, 

Theorem 2 and Theorem 3, this measurability is required. An 

alternative assumption which implies AS') just as does A6) rra:y 

be used. 

AS") For E measurable, Gt(V(t),E) is a continuous 

function of vet) • 

• 
AS") must be accompanied by an additional assumption to 

insure measurability of the consumption strategy. A sufficient 

additional assumption would be that the individual always choose 

a measurable strategy. That this is possible is insured by 

the fact that choosing the maximum (minimum) element of the set 

of maximizing consumption levels at each date will yield a 

measurable strategy. (AS") insures upper semicontinuity of 

correspondence from (A(t),V(t» to maximizing (C(t),A(t+l», 

and hence the set of maximizers is closed.) 

1/ This postulate is essentially the same as that presented ' 

by stigum in [22 J • 



§/ It is clear that if the individual was allowed to 

refrain from sampling in this last period thereby avoiding 

SeT) without sacrificing beT) he would do so. One may 

motivate the assertion that search will be conducted in T 
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by supposing beT) ~S(T) and that benefits cannot be received 

unless costs are incurred. Alternative~, one may simp~ 

interpret my assertion as a simplifYing assumption of the 

model. 
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