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belief that he knows what is best for the other individuals in 

the economy. Letting (t-n) and (t) represent surnames, 

Mr. (t-n) dictates that Mr. (t) eat an orange instead of four 

apples. 
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The following section contains a description of two alterna-

tives to precommitment when the utility function is dynamic, 

sophisticated and naive allocation procedures. Both of these 

alternative schemes are discussed by Strotz and embody his notion 

of consumer sovereignty. Although he deals primarily with the 

intertemporal allocation problem I shall concentrate on distributing 

resources among individuals. Also, though a continuum of consumers 

would be the exact many person analogue to his continuous time 

allocation, I examine allocations among a finite number of persons. 

Each of the schemes considered is seen to possess certain 

nice characteristics not general~ associated with the other. 

Should equivalent allocations result from the Sophisticated and 

the Naive method of distribution, the desirable properties specific 

to each procedure may be realized simultaneously. R. Pollak 

[2, p. 204] has shown that this attractive coincidence is 

guaranteed if each of those participating in the allocation process 

has a utility fUnction which is log additive.* In Section 3 

I demonstrate that under certain conditions not only is log 

additivity sufficient but also necessary to insure an equivalent 

outcome from either Sophisticated or Naive scheme. 

*A utility fUnction, V, which is log additive in allocations, 
n 

X = (Xl' X2' ... , xn ), has the special form VeX) = i~l a i log(xi ) 
, ~ .. \ 
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and Naive allocation mechanisms always yield identical resource 

distributions if and onl.y if f 1 e (f jJ iff f i (x) = a 1 log x + b1, a1 > 0 • 

Proof: The "1f" statement has been established by Pollak and hence 

just a proof of the "only if" statement is provided. 

First, observe that if fj e (fjJ, j=l, ••• , N, then the 
N 

functions Vi defined by Vi(y(l), ••• , yeN»~ = j~l a{i,j)fj{y{j», a{i,j) > 0, 

i=l, ••• , N, are elements o'f lI(fjJ. If the S-N property is 

to hold for all elements of this set it must, therefore, hold for 

all Vi's thus defined. I now proceed to show that each fj(y(j» 

in the above sum must be of the form a j log y(j) • 

step 1: Note that the Nth individual's claim is independent 

of the preceding allocation scheme (he takes what is left). This 

in turn implies that both Sophisticated and Naive allocation 

schemes for N-l 

(1) max 
y(N-l), yeN) 

require choice of y(N-l) so as to 

N-2 N 
i~l a(N-l, i) fi(y(i» + t a(N-l, 

1-N-l 
i) fi (y(i» 

(where" indicates the exogeneity of the variable at this 

stage) subject to B
N

_l (YN-2 - y(N-l»= YN-l = yeN) • 

step 2: The preceding maximization yields y{N-l) and yeN) 

as implicit d1fferentiable* functions of a(N-l, N-l), a(N-l, N), 

-~-2 
~-l' and r" . These functions are denoted demand functions 

and written y~_1(YN-2, a(N-l, N-l), a(N-l, N), ~-l) and 

y~(YN-2, a(N-l, N-l), a(N-l, N), ~-l). As noted in Section 2 

the Sophisticated allocation procedure requires that individual N-2: 

*Right-hand and left-hand derivatives exist everywhere. 



N 
+ t a(N-2, i) 

i=N-l 

..,-2 
subject to yN-3 = y(N-2) + • 

-N-2 

The Naive allocation requires that individual (N-2): 

N 
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max itl a(N-2, i) fi(y(i» + t a(N-2, i) fi(y(i» 
y(N-2),y(N-l),y(N) - i=N-2 

subject to: ..,-3 = y(N-2) + yeN-l) + yeN) B
N

_
2 

B
N

_
2

, B
N

_
l 

utilizing the method of Lagrange the necessary conditions 

for interior maxima are respectively: 

Sophisticated, 

(2) a(N-2, N-2) f N_2 (y(N-2» - A = 0 

ayD 
a(N-2, N-l) 

ayD 
+ a(N-2, N) a;-2 - =- 0 

..,-2 
y(N-2) + _ = 0 

N-2 

and Naive, 

(3) a(N-2, N-2) f N_2 (y(N-2» - A = 0 

A 
a(N-2, N-l) fN_l(y(N-l» - R_ =- 0 

-N-2 

y(N-2) + y(N-l) + yeN) _ ..,-3 _ 0 • 
BN_2 BN_l 
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We know that a(N-2) vectors exist which yield interior maxima 

for (2) and (3) because the f.·s are strict~ concave. In fact, 
1. 

every strict~ positive vector (y(N-2), y(N-l), yeN»~ can be 

the solution to (3) for appropriately chosen a(N-2). 

Since the solution in both (2) and (3) for y(N-2) is to be 

the same regardless of the value of (a(N-l, N-l), a(N-l, N» , 
~D ~D 

a(N-2, N-l) fN_l (Y~-l(·» a~=~ + a(N-2, N-l) fN(Y~(·» a~-2 

is constant wit~respect to variations in (a(N-l, N-l), a(N-l, N» > 0 • 
ay ~y 

fN-l(Y~-l(·» a~=~ and fN(Y~(·» oJ:~2 are, therefore, both 

constant with respect to changes in this vector since there are 

many values of a(N-2, N-l) and a(N-2, N) which yield the same 

value of y(N-2) as the solution for (3). This in turn rules 

out fi functions which could yield corner solutions for (1). 

If f N_l and fN were such that there existed (a(N-l,N-l), a(N-l,N» > 0 

with y~(yli-2,a(N_l, n-l),;(N-l,N)'~_l) = 0 then a(N-l"N-l)fN_l (yli-2) >,. 

;(N-l,N)fN(O) ~-l. Thus for the weights (~(N-l,N-l),~ a(N-l,N» , 

D _-H 2 - -
ayN(r-- ,2a(N-l,N-l) ,~a (N-l,N), l1f-l) 
--'-------~-----....::.:..-=- = 0 • 

ayN-2 

ayD(e) 
This would 1mp~ fN(y~(e» a~-2 = 0 which contradicts the 

constancy of this product with respect to changes in (a(N-l,N-l),a(N-l,N» • 

Similar arguments lead to the conclusion that if the Naive and 

Sophisticated solutions for y(N-3) always coincide then, 
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and constant with respect to changes 

is constant and 

~D ~D 
fIt (yD (_» N-l = a(N-l),N) R __ lfN"(yD

N
(_» a;-2 

N-1 N-1 aYN-2 a(N-1,N-l)-N 

by implicit~ differentiating the necessary conditions for (1), we obtain 

f' (-)f"(-) a(N-l, N)~ [f' (-)ff tl
(-) 

(4) N-l "N -1 = N-l N = constant. 
f;/- )fN_1 (-) a(N-1, N-l) [f' (_) J2f " (_) 

N N-l 

Due to the assumed concavity of the fi(-)'S, a(N-2) and 

a(N-l) can be chosen to yield any positive (y(N-2), y(N-l), yeN»~ 

satisfying the budget constraint. Specifical~, yeN) may be 

held fixed and y(N-l) varied or vice versa. Since (4) is to 

hold global~ this implies 

fN(y(N» fN_l(y(N-l» 
-~---2 = const. yeN) > 0 and 2 = const. y(N-l) > 0 • 
[fN(y(N»J [f'N_l(y(N-l»J 

Both of these differentials have as their solution fi(y(i» = 
a i log y(i) + bi , i=N-l, N • 

Induction can now be used as a means of obtaining restrictions 

on the fonns of fN_2 , fN_3 and so forth. This method is, however, 

unftecessari~ complex. Notice that the Vi functions with which 

we have dealt are composed of arbitrary elements of the set Cfj J. 



Any restrictions placed on ~N-l and ~N must hold ~or each 

element o~ the set (~j}. There~ore, every element o~ (~j} 

must have the general ~orm alog x + b. This completes the 

proo~ o~ the theorem. 
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A possible application ~or the preceding ana~sis might arise 

in the setting o~ an economics con~erence on sequential resource 

allocation. A special ~our hour session has been scheduled on 

the sequential distribution o~ resources among many individuals. 

The order o~ presentation b,y the ten participants has been announced 

previous~, but the time to be allotted ~or each individual's 

presentation bas been le~ at the discretion o~ the session chairman. 

Un~ortunately, as the session is about to begin, word is 

received ~om the chairman that he will be unable to attend the 

meeting. The standard procedure ~ollowed in situations such as 

this is ~or each participant to use as much time as he wishes 

noting the time and speakers remaining. Since the learned scholars 

present would never think o~ asking one of their colleagues to 

be seated before he felt like doing so, limitations on an individual's 

speaking time ~ollow on~ ~om his desire to hear the other 

participants speak in the limited time available. 

The implementation o~ this procedure is greatly complicated 

by each participant's overpowering determination to act rational~. 

The first scheduled speaker is unwilling to begin until he can 

come up with a rational basis ~or deciding when to stop talking. 

Speaker number six, recognizing the cause o~ number one's silence, 

suggests that each individual complete~ reveal his pre~erences 

to the group. ~er this has been accomplished the set o~ 
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Pareto optimal time sharing schemes can be determined and a choice 

made among these opttmal allocations. 

A torrent of objections meet number six's proposal. First, 

the time required to carry out the proposal would undoubtedly 

exceed the total allotment for the session. Second, offense 

might be taken by some individuals if their importance in other 

participants' preferences were to be revealed. Third, for some 

individuals there may exist incentives to violate the group choice, 

and if they succumb to these incentives the whole process will 

have been a waste of time. 

Speaker number eight suggests that instead of looking for 

Pareto Optimal solutions, which might prove unstable, the group 

should consider only stable allocations. That is, each individual 

should determine what self-interest would lead subsequent individuals 

to do and then maximize his utility taking subsequent self­

interested decisions as given. Unfortunately number eight's 

suggestion only eliminates the third objection to speaker number 

six's plan. 

An hour has elapsed since the session was due to commence 

when speaker number three makes a rather peculiar request. He 

asks that everyone whose preferences are representable by a positive 

monotonic transformation of a Cobb-Douglas function with each 

individual's speaking time as the arguments and all exponents 

positive raise their hands. Surprisingly, each speaker raises 

his hand. Participant number three then announces that the 

session should commence and that each individual should maximize 

his utility with respect to his and all subsequent speakers' 
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time allotments. He should then speak for the amount of time 

prescribed by his solution. Speaker number three is able to assure 

the participants that this procedure will yield an identical time 

allocation to that which would be obtained by following number 

eight's suggested allocation method. The group immediately 

recognizes the validity of number three's claim and the remaining 

time is allocated among the participants in the proposed fashion. 

The reader should note that speaker number eight's suggestion 

was that a sophisticated allocation procedure be employed. Within 

this contrived example the costs of utilizing such a time intensive 

procedure are obvious. Also, though not normally considered, 

psychological costs associated with the complete revelation of 

individual preferences may well exist. These costs could fortunately 

be avoided at this conference because certain very strict require­

ments on individual preferences were satisfied. 

Log Additivity, Uncertainty and Certainty Equivalence 

In this section we turn our attention to two models requiring 

sequential allocation under uncertainty. We find that because 

the random variables of these models enter in a specific fashion 

and the objective functions are log additive, the optimal current 

decisions for each of these allocations m8¥ be found by solving 

a deterministic problem. The particular dete~inistic problems 

are obtained by replacing the random variables of each system 

with appropriate certainty equivalents. 

Simon [3] and Theil [5] have demonstrated a similar certainty 

equivalence property for quadratic objective functions. They show 
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that when random variables enter additively in a quadratic system, 

optimal current choices depend only on the means of these random 

variables. Great reductions in analytical complexity and informa-

tion requirements result from the validity of these certainty 

equivalents within the framework they consider as well as the ones 

dealt with here. 

First let us consider the sequential allocation of a resource 

which is exhausted yearly either in consumption or in the production 

of more of the same resource for use in the subsequent period. 

One ~ view this as the problem faced b,y a sUbsistence potato 

farmer. In each period his crop must either be used for consumption* 

or planted. The potatoes which are planted have an uncertain 

yield. His objective is to maximize the expected utility of 

consumption over some finite time interval. 

In general the decision rule for such an allocation would be 

quite complex. The techniques of stochastic dynamic programming 

may be emplqyed to obtain exact solutions for current consumption 

and planting, but the expenditure of ink, paper and time normally 

required to solve such problems is monumental. This is not the 

case, however, when the following assumptions on production and 

utility are made. 

a) H(t) = p(t) + C(t) t = 0, ••• , N • 

b) H(t) = L(t-l)a(t-l)p(t_l)cr(t-l, w) t = 0, ••• , N-l • 

c) cr(w) = (a(o, w), ••• , cr(N-l, w)} is a random process on the 

probability space (0, J, Q) with Q{w e 0: cr(t, w) > o} = 1, 

*This consumption may be inte~ as either potatoes eaten 
or sold for other consumption goods. 



t=O, 1, ... , N-l • 

d) v(e(o), ••• , e(N»', the utility of sequences of consumption 
N i 

has the form i!b 6 log e(i) • 

R(t) is the potato harvest in period t, pet) is the amount 
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of potatoes planted in period t, e(t) is the amount of potatoes 

consumed in t, and L(t) is the certain amount of land or 

labor available at the beginning of period t. 

The task of obtaining the dynamic programming solution to 

this problem is unusually simple. A unique optimum is seen to 

result from choosing e(t), t=O, ••• , N-l by the rule: 

e(t) = wet) 
(l+6E{a (t, - ) Icr(t-l), ••• ,cr(o) 1+ ••• +6N- t E{cr(t, - ) ••• a(N-l, - ) 'Q'(t-l), ••• ,,, (o)}) 

This is also the solution to the deterministic problem with the 

exponents, cr(t,-), ••• , cr(N-l,-), known and equal to: 

&(t) = E{a(t,-)Ia(t-l), ••• , a(o)} 

&(t+l) = E(cr(t,-) cr(t+l,-)Ia(t-l), 
A 

••• & cr!Qll 

cr(t) 
• 

;(N-l) = E(cr(t,-) cr(t+l'-l .. ·crCN:l,e)lalt-ll, ••• crlo)} 
a (t) ••• cr{N-2) 

These numbers may therefore be used as certainty equivalents for 

the random production coefficients of the model. 

A formal~ identical allocation problem can arise within the 

context of utility maximization with state dependent utilities.* 

Specifical~, assume an individual's utility function is some 

*See Fishburn and Balch [1] for a formal treatment of state 
dependent preferences. 
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N 
positive monotonic transformation of i!b a{i,w) log e{i) where 

w.:n is the "state of the world" and e{i) is the consumption 

level in the ith period. In addition I shall assume: 

a) &(t,w) is the "current event" i.e. complete description 

of how the world has evolved through period t, 

b) a(w) = (a{o,w), ••• , a{N,w)J and (&{o,w), ... , &{N,w)J are 

random processes on the probability space ('1, 3, Q) , 

c) Ewen{a{·)I&{t,.) = aCt»~ exists for any observed 6(t) • 

d) p{i) > 0 is the price of e{i) > 0, Wei) ~ 0 is the 

wealth at the beginning of period i, 11(0) = W , and 

W(i+l) = Wei) = p(i)e{i), i=O, ••• , N • 

One can easily prove that the optimal consumption level in 

each period, t, JD8¥ be obtained by simply maximizing 
N 
i~ EW€n{a(i,·)16(t,.) = 6(t) log e(i) subject to. the budget 

constraint given in d given the values of e{o), ••• , e(t-l) • 

Notice that only the expectation of the weights a{i,·) 

conditional on the observed current event aCt) are used in 

obtaining a solution to this problem. In general if the utility 

function is of a different form the optimal value for present 

consumption can only be found by solving a very complicated dynamic 

programming problem. The same characteristics of the log function 

which implied the Sophisticated-Naivete' property in the preceding 

section renders knowledge about how the expectation of aCe) will 

change with additional information unimportant. 
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Appendix 

A three~person example of the al1ocation problem discussed 

in the text of this paper is presented here. Simplifying 

assumptions employed are: 

i = 1, 2, 3 

y(i) ~ 0, y1 ~ 0, ye = 1 • 

1 ) 1 2 2) v2 (e) = V3(e) = 10 log Y(l + 3 log y(2) + 3 log y(3) 

vl(e) = Y(l)~ + y(2)~ + y(3)~ • 

In this example the sophisticated planner notes that the demand 

functions for individuals 2 and 3 are simply 

D yl D 2yl 
Y2(e) = 31 and Y3(e) = 3 • 

The resulting sophisticated allocation is: 

.. 1 
y(l) = 4 · 

2~ 

.. 2 1 
and y(3) = 3 - 2 • 

3+~ 

The Naive allocation is simply 

Neither allocation is ~reto Optimal. The Sophisticated allocation 

could be improved from everyone's viewpoint if y(3) was left 

l-y(3) 
unchanged and 2 

The Naive allocation 

was held constant and 

and number 2. 

was given to both individual 1 and individual 2. 

could be improved for everyone if y3(3) 
l_y3(3) 

2 was given to participants number 1 
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If individuals 1 and 2 agreed to one of the better allocations 

given in the preceding paragraph, there is an incentive for 

individual 2 to violate that agreement after individual 1 has 

1 made his claim. Participant number 2 will want to divide Y 

on a two to one basi s between number 3 and himself. Any agree-

1 ment which calls for a different split of Y, and for which there 

is no enforcement mechanism, would be violated by a "rational" 

but immoral number 2. 
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