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Hence, spot market prices will be independent of the existence and direction of forward 

contracts. 

Under property (III) some characteristics of the demand for unconditional forward 

contracts can be derived. Let E = [F: min P(w) < F < max P(w)} 
WgO weO 

lemma 1. For each FeE 

iii 
(w) + Yf[P(W)-F], P(w)} is strictly concave with respect to Yf • 

weO 

Lemma 1 follows immediately from property (II), and the proof is not given here. 

(5) is continuous with respect to as hi ,hi are continuous with respect to 
XVI yw 

i 
I (w). Given FeE, let 

Sl = [w: F - P(w) > O} S2 = [w: F - P(w) < OJ. 

Then from the bankruptcy constraints 

weS2 weS l 

Hence, for each FeE, a maximizing choice of does exist as a continuous function or 

a compact set must achieve a maximum on that set. By lemma 1, the choice must be unique. 

This optimum value of will be denoted = From (5) a necessary and sufficient 

condition for a maximum is that 

i 
g(w)[P(w)-F] (w) + Yf [P(w)-F], P(w)} = 0 (6) 

we;O 

Riskless arbitrage will ensure that Y
f 

is infinite in absolute value if FtE. Hence, 

the search for a competitive equilibrium can be limited to Fe:E. 

lemma 2. Given properties (1)-(111) of U(·,·), has continuous derivatives. 

Proof: 
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As noted, ri(w)* > 0 weO. Hence, Y~* will always be an interior solution. 

Let 

Gi(F,y~) = ~ g(w)[P(w)-F] Vl[r(w),~i(w) + Y~[P(W)-F], pew)} 
weO 

iii i 
Then, for each FeE, G [F,~ (F)] = 0; Gl (.,.), G2(·,·) are continuous with respect to 

i i F and Yf ; G2(.,·) < 0 by lemma 1. Hence, the implicit function theorem applies.Q.E.D. 

Denote Min pew) = p', Max pew) = p" 
w~O weO 

lemma 3. Under properties (1)-(111) of U(·,·) lim ~i(F) = +00 and lim ~i(F) = 
F-7P' HP" 

- ex> 

Proof: 

Suppose it were not the case that lim ~i(F) = +00. Then one can construct a 
BP' 

i 
sequence [F } e 

n 
E such that lim F = P' and the corresponding sequence [~ (F )} is n n 

~OJ 

always less than some positive number K. Then 

~ lim ~ g(w)Vl[r(w),~i(w) + K[P(w)-F ],P(w)}[P(w)-F ] n n 
F -7P'WeO 

n 

= ~ g(w)Vl[r(w),~i(W) + K[P(w)-P'], P(w)}[P(w)-P'] > 0 
weO 

This is the desired contradiction as for each FeE, Gi[F, ~i(F)] = O. The proof that 

lim ~i(F) = - OJ follows similarly. Q.E.D. 
F-7P" 

A fundamental existence property can now be proved. 

Proposition I. Under properties (I)~(III) of U(.,·), the model restricted exogenously 

to unconditional forward contracts possesses a competitive equilibrium. 

Proof: 
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m 
Define ~(F) = ~ ~i(F). By lemma 2, ~i(F) is continuous on E. By lemma 3, there 

i=l 
exist F' and F" in E such that ~(F') > 0, ~(F") < O. Therefore, by the intermediate 

value theorem there exists some F* such that ~(F*) = O. This establishes existence. Q.E.D. 

An Example - Correlation of Economic Aggregates 

It is assumed that all individuals can be classified as either receivers of (X), 

group A, or receivers of (Y), group B. 

Zi(w) i i 1,2, = s X(w), = ... m
1 x x 

~ = sjy j = 1,2, ... m2 Si sj y Y o < < 1, o < < 1 x y 

m1 Si 1, 
m

2 sj 1 m1 + m2 ~ = ~ = = m. 
i=l x j=l Y 

Hence, X(w) represents the aggregate over all individuals of the economy's endowment 

of (X) in state w. Y is non-stochastic and represents the aggregate endowment of (Y). 

One can interpret the model as consisting of two groups. One group, farmers, produce 

only wheat, the output of which is exogenous and stochastic. Bad weather is assumed 

to diminish the crop to the same extent for all farmers. The other group produces 

only manufactured goods, the output of which is certain. In terms of the technology 

of section II, individuals of group B have degenerate distributions of holdings of (Y), 

and members of group A have identically distributed holdings of (X) up to a constant 

of proportionality. Without loss of generality it is assumed that X(w) is strictly 

increasing. 

In this example an additional property is assumed. 

(IV) All individuals have constant relative risk aversion. 

A coefficient of relative risk aversion, Ci , is defined in terms of the indirect 

utility function. 
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iii 
= -V11 [I (w), P(w)]I (w)/V1[I (w), pew)] 

constancy means that Ci is independent of both prices and incomes for all states. 

A coefficient of absolute risk aversion, D
i , is defined as follows: 

lemma 4. i Given properties (I)-(IV) of D(-,-), ~ (F) is strictly monotone decreasing. 

Proof: 

by lemma 2 ~i(F) is differentiable, and 

_y~"i(L: g(w) [P(W)-F]V
ll

[I i (wt, pew)] - L: g(W)V
1

[I i (wt, pew)] 
wen wen 

i i* 2 i * G2 (F'Yf ) = L: g(w)[P(w)-F] V11 [I (w) , pew)] ~ 0 
wen 

i i* i* It remains to establish that G1 (F'Yf ) < O. For suppose [P(w)-F] ~ 0 and that Yf ~ O. 

Then 

Hence, 

i i* i i 
[P(W)-F]V1l[r(w)'~ (w) + Yf [P(w)-F], pew)} ~ - [P(w)-F] - D [r(w)'~ (w)] 

If [P(w)-F] ~ 0, this relationship still holds. Hence, 
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i * i . i * 
~ g(w)[P(w)-F]V

11
[I (w) ,pew)] ? - ~ g(w)[P(w)-F]D [r(w)'~~(w)]V1[I (w) ,pew)] 

w€Q w€Q 

i i 
For members of group A, D [r(w)'~ (w)] Di[SiX(w)] is strictly monotone decreasing 

x 

with respect to w. For individuals of group B, Di[Siy,p(w)] is strictly monotone 
y 

decreasing with respect to w. Hence, from (6) 

i * ~ g(w)[P(w)-F]V11 [I (w) , pew)] > 0 
weQ 

dwi(F) 
and dF < O. 

i* 
The case of Yf < 0 is similar with appropriate changes in sign. Q.E.D. 

Following Arrow, if relative risk is constant, the willingness to accept 

a bet should remain unchanged as the bet and income are increased proportionately. 

Formally, this leads to lemma 5. 

lemma 5. i* Inthis example,with properties (I)-(IV) of D(.,.), let Y
f 

denote an optimal 

choice given exogenous endowment r(w),~i(w), and some fixed FeE. Then, if the 

endowment changes to k[r(w),~i(w)], the optimizing choice will increase to kY~* for 

the same fixed F. 

Proof: 

Following Stiglitz [ 7 ], constant relative risk averse functions are of one of 

the following forms where a(.) and d(-) are functions of pew): 

V[Ii(W), pew)] = a[P(w)] % [Ii(w)] + d[P(w)] 

V[Ii(w), pew)] = a[p(w)][I i (W)]c+1 + d[P(w)] 

The proof follows immediately from (6). Q.E.D. 

Corollary to lemma 5. 
i* i i 

If Yf = 0 initially, then as r(w)'~ (w) changes to k[r(w)'~ (w)], 

i* Y
f 

will remain zero. 

From lemma 5 one may treat the economy as if consisting of two individuals in 

which A has all of (X) in all states and B has all of (Y). Each individual treats prices 

as parameters. 
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As tastes are identical and homothetic, let 0(w) denote the elasticity of 

substitution in consumption of each individual in state wEn. Also let R(w) 

denote the ratio of the share of A of national income in terms of (X) to the 

share of B. Then, R(w) = X(w)/P(w)Y. The findings are summarized in the 

following proposition. 

Proposition II. Under the assumptions of the example with properties (I)-(IV) 

of U(-,-), suppose 0(w) = 0* for each wEn. 

(i) If 0 < 0* < 1 A* then Yf > o. 

(ii) If 0* 1 
A* B* o. = then Yf = Yf 

(iii) If 0* > 1 A* then Yf < o. 

Proof: 

Case (i) will be considered in detail. In the argument which follows, it 

is useful to refer to Figure 1. 

Let 

GA(F, ~) = ~ g(w) [P(w)-F]Vl{X(w) + ~]P(w)-F], pew)}. 
wEn 

A 
By lennna 2 and lennna 3 there exists some F" such that G (F", 0) = O. Define sd2 

such that pes) < F" < pes + 1). Let 

GB(F, Y~) = ~ g(w) [P(w)-F]Vl {P(w)Y + Y~[P(W)-F], pew)}. 
wEn 

By homotheticity, with 0 < 0* < 1, R(w) is a strictly decreasing function of w. 

Let k = l/R(s). Then X(w)/R(w) > kX(w) , w = s + 1, ... n. By lennna 1, 

Vll (-,-) < 0, and by construction P(w)-F" > 0 for w = s + 1, •.. n. 

n n 
~ g(w)[P(w)-F"]Vl[X(W)/R(w),P(w)] < ~ g(w) [P(w)-F"]Vl[kX(w),P(w)] 
w=s+l w=s+l 

Similarly, for w = 1,2, ••. s, X(w)/R(w) .:::. kX(w) and pew) - F" < O. 

n 
••. GB(F",o) < ~ g(w)[P(w)-F"]Vl[kX(w),P(w)] 

w=l 
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But by the corollary to lemma 5 

n 
GA(F",O) = (}=>I g(w) [P(w)-F"]V

1
[kX(w),P(w)] = 0 

w=l 

Therefore, GB(F",O) < O. By a similar argument there exists an F' such that 

G
B 

(F' ,0) 

GA(F' ,0) > 

continuous. 

o and GA(F',O) > o. B B By lemma 1, G (F", 0) < 0 =>cp (F") < 0 and 

o =>cpA(F') > O. Define cp (F) = CpA (F) + cpB (F) • By lemma 2 CO (F) is 

As cp(F") < 0, CD(F') > 0, there exists an F* such that F' < F* < F" 

and cp(F*)= o. F* is an equilibrium foward rate withcpA(F*) > O. Uniqueness 

follows immediately from monotonicity of lemma 4. 

* Case (ii). If 0 : 1, then P(w)Y/X(w) = k and by lemma 5, A and B will 

always be on the same side of the market. The equilibrium solution must be 

. A* B* Yi = Yf = O. 

Case (iii) follows from case (i) with appropriate changes in sign. Q.E.D. 

Roughly speaking, if 0 < 0* < 1, the value of terms of (X) of the exogenous 

endowment of B increases more as w increases than does the exogenous endowment 

of A. In the terminology of Hildreth [5], for a given forward rate, B is more 

anxious to engage in a venture, the outcome of which is negatively correlated 

with w. This difference in insurance values creates a forward market despite 

agreement on the probability distribution of future spot rates. With 0*= 1, 

A's and B's exogenous endowments in terms of eX) are perfectly correlated, and 

a forward contract has the same insurance value for each. It should be noted 

that with 0* > 1, A will buy (X) forward even though A is endowed with (X) 

only and can anticipate consuming (Y) in all states. With active spot 

markets, optimal behavior under risk aversion does not necessarily involve the 

"elimination of risk" by purchasing the consumption bundle forward. C1assifi-

cation schemes which distinguish "speculators" from "hedgers" may be misleading 

. . 1/ Th 1 h d' . .. 'b1' d 1 1n some C1rcumstanees.- OUgl sue a 1st1net1on 1S POSS1 e 1n a rna e 
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in which participants differ with respect to attitudes toward risk or 

access to information. The example illustrates that active forward 

markets do not require this distinction. 

IV. Welfare Implications of Unconditional Contracts 

The objective of this section is to analyze the welfare impli-

cations of unconditional contracts. It was shown by Arrow [2] that 

complete contingent commodity markets are sufficient but not necessary 

for Pareto optimal allocations; with securities yielding one dollar in 

each state, participants would face the same market opportunitites as 

with complete markets. It is shown in this section that, in some 

circumstances, contracts conditioned on subsets of states may also 

suffice. The strongest result is the following. 
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Proposition III. Suppose in a two state world there exists a competitive equilibrium 

with complete contingent contracts and with no trade in spot markets in which the spot 

price of (Y) in terms of (X) differs in each of the two states. Then one equilibrium 

to the model with complete contingent markets and subsequent spot markets has the property 

that all contracts are unconditional. 

It will be shown that in each of the two situations described in Proposition III 

the same market opportunities are available. As a matter of notation, prices and quanti-

ties of the equilibrium with contingent contracts are denoted with a superscript *. 

With complete markets 

i * "'*' *i * i * I (w) = r(w) ~1(W) + P(w) Y (w) + X (w) w = 1,2 

It will be shown that individual i can achieve the same income in terms of (X) with 

appropriately chosen unconditional contracts. That is, there exists a solution 

i* i* [Xf ' Yf } to the following equations: 

* 1 P(l) 

= (7) 

1 P(2)* 

* * * 2 *. * *. * 
Recall that P(w) = P (w) Ip (w) weO. Initially, ~ [P (w) X1(W) + P (w) y1(W) ] = o. 

y x w=1 x y 

Therefore the elements of the matrix on the right side of (7) are equal only if both are 

zero. Hence, if P(l)* * P(2)*, (7) is consistent and has a unique solution. Then each 

individual has the same consumption opportunity set in each state as with contingent 

contracts. It remains to show that all budget constraints are satisfied and all markets 

* 2 * 2 * 
Let F = ~ P (w) I~ P (w) • Then from (7) 

w=l y w=l x 
clear with the same spot market prices. 
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P (l>*yi (l)''<' + P (ltXi (1)'l'~ * i* Px(l)*X~* = Py (l) Yf + y x 
(8) 

P (2)*yi(2)* + P (2)*Xi(2)* (2)* i'l'~ Px(2)*X~* = Py Yf + y x 

By smnming equation (8) 

* .* .* F yl. + Xl. = 0 f f 

and the budget cons taint of individual i for unconditional contracts is satisfied. 

Given equilibrium in contingent markets 

m . * *. * 
~ [Xl.(w) + P(w) yl.(w) ] = 0 
i=l 

By construction 

* i * i * i* * * P(w) Y (w) + X (w) = Yf [P(w) - F ] weO. 

m i* * * Then ~ Yf [P(w) - F ] = 0 for each weO. 
i=l 

* * By hypothesis [P(w) - F ] t 0 for every weO. 
m i* 

Then ~ Yf = 0 and unconditional markets 
i=l 

are in equilibrium. This leads immediately to Proposition IV. 

Proposition IV. Given the hypotheses of Proposition III, the outcome in the model 

restricted exogenously to unconditional contracts and subsequent spot markets is 

Pareto optimal. 

Proof: 

The outcome with complete contingent markets and no active spot markets is Pareto 

optimal, and under the stated conditions each individual can acquire the same consump-

tion bundles. Q.E.D. 

It is necessary that spot market prices differ across states in order that the 

returns from unconditional contracts be random, a randomness which is used to offset 
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the randomness of exogenous endowments. This has strong implications for a second best 

policy by government in the absence of contingent markets. An effort in the name of 

'stability' to fix spot market prices may make allocations with unconditional contracts 

Pareto non-optimal. 

If P(l)* ; P(2)*, then equations (7) are consistent if and only if in the initial 

equilibrium there is no trading of claims across states. In this special case, an 

exogenous restriction to trading in spot markets only would not affect the optimality 

of the equilibrium. 

Proposition IV suggests that if there are significant transactions costs associated 

with contingent contracts, then, in a two state world, unconditional contracts may emerge 

endogenously. In this respect, it is unfortunate that an extension of Proposition IV 

does not hold if there are more states than two. It is instructive to examine an n-state 

world. The analog of (7) is 

* i* Xi(l) 
-;'( *. "I, 

1 P(l) Xf 
+ P(l) yl.(l) 

* i~', Xi(2)* + P(2)*yi(2)* 1 P(2) Yf 

1 
~ -k 

P(n) Xi(n)* + p(n)*yi(n)* 

In general, such systems will be inconsistent. 

It may suffice, however, to have n distinct types of claims, each of which is 

conditioned on several states. In this way, the need to verify the occurrence of states 

may be minimized while achieving optimal allocations. However, such contracts may 

require that spot market prices vary across states upon which contracts are conditioned. 

The above results suggest that with more states than two, the outcome of the model 

restricted to spot markets and unconditional contracts is Pareto non-optimal. To pursue 

this, the following lemma is needed. 
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lemma 6. Suppose in an n-state world there exists an equilibrium in the model restricted 

to unconditional contracts and subsequent spot markets. In general, for more states than 

two, all individuals will not have the same rates of commodity substitution across states. 

Proof: 

The case n = 3 will be considered. Let the superscript * denote prices of the 

initial equilibrium. Suppose the conclusion of the lemma is false, and let R' denote 

the rate of commodity substitution of (X) in state one for (Y) in state two, and let R" 

denote the rate of substitution of (X) in state one for (Y) in state three. Then it is 

sufficient to show that in general the following equations are inconsistent. 

g(l)vi[r(l)'*zi(l) + Y~[P(l) i'_F~'(], P(l) *} 
R' = -----=----~------~--=---~-----------------

g (2) P(2) \ri[ r (2) , i'Zi (2) + Y~ [P (2) i'_F *, P(2) *} 

iii Recall that V1[·, P(w)] is continuous with respect to Yf , and V1[O, P(w)] = ~. 

Inconsistency follows from the bankruptcy constraints for unconditional contracts and 

the intermediate value theorem; in general there is no Y~ which solves both equations. 

Extensions for n > 3 follow similarly. Q.E.D. 

Proposition V.~/ With more states than two, the outcome of the model restricted 

exogenously to unconditional contracts and subsequent spot markets is in general Pareto 

non-optimal. There exists in general an allocation which is Pareto superior and which 

could be supported, with a state-dependent income redistribution program, by a 

competitive equilibrium in contingent commodity markets. 

Proof: 

The necessary and sufficient conditions for Pareto-optimal allocations can be 

derived in the usual way by the maximization of the expected utility of one individual 
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subject to fixed expected utility levels of the other m-l individuals. These conditions 

state that the rates of substitution of contingent commodities be equal for all 

individuals. In general, the rates of commodity substitution across states are not 

equal in the initial equilibrium. This establishes that the given equilibrium is not 

Pareto optimal. 

Now fix the expected utilities of all but one of the m-l individuals at the levels 

of the initial equilibrium. Then it is possible to find an allocation which increases 

the expected utility of the remaining individual. By construction that allocation is 

optimal and could be supported by a competitive equilibrium in contingent markets. Let 

the government be committed to the state dependent confiscations and transfers necessary 

to achieve that allocation. Q.E.D. 

Proposition V suggests that in the absence of complete markets it may be optimal 

to have a compulsory insurance program. Yet the ability of a government to carry out 

the state dependent transfers associated with this program may depend on its ability to 

distinguish among realized states. This will be pursued in Section V. 

On the assumption that tastes are identical and homothetic, it is possible to make 

sharper welfare comparisons. If tastes are identical and homothetic, then spot market 

prices are independent of the direction and type of forward contracts. If there are 

active forward markets, and if an individual chooses not to participate in such markets, 

then his consumption possibility set is precisely what it would have been had there been 

no forward markets at all. In this sense, the possibility of forward transactions can 

only make him better off. 

Proposition VI. If tastes are identical and homothetic, the outcome in the model 

restricted to unconditional forward contracts with subsequent spot markets is Pareto 

non-inferior and possibly Pareto superior to the outcome with all forward markets 

prohibited. 
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v. Conclusions and Suggestions for Further Research 

The model suggests that in some circumstances a distinction between 

speculators and hedgers may be misleading. Though such a distinction 

may be appropriate in a model in which participants differ with respect 

to attitudes toward risk or access to information, active forward markets 

do not require such a distinction. 

An important welfare proposition of the paper is that the competitive 

equilibrium allocation of the model restricted exogenously to unconditional 

contracts with subsequent spot markets is in general Pareto non-optimal. 

This leads one to ponder again the dearth of contingent contracts. One 

explanation may be the inability of agents to distinguish among states. 

In the model, offsetting movements of endowments among individuals may 

leave spot price unchanged among states. Suppose individual i has made 

a contract to deliver one unit of eX) to individual j contingent on 

state w. Individual j could always claim that state w had occurred, and 

if individual i were unable to verify such through spot prices or other­

wise, such a contract would not be made. As has been noted by Arrow 

[1], among others, this is the problem of moral hazard. 

This suggests that with contingent contracts there may be associated 

particular state verification schemes. In some cases the costs of state 

verification may be large relative to the additional benefits of contin­

gent contracts, and contingent contracts will not emerge. In contrast, 

unconditional futures contracts, though providing some of the benefits 

of contingent contracts, do not require state verification. This may 

explain their preponderance. 

It should be stressed that in the paper the choice of market struc­

ture is not endogenous. On the one hand, the welfare analysis often 
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takes as given an equilibrium with complete contingent markets. Yet, as 

was noted above, state verification may be a problem. On the other 

hand, the model is at times restricted to unconditional contracts even 

though spot prices may reveal to all individuals the state of the world. 

The exogenous imposition of market structure has been a useful and at 

times essential analytic technique in explaining the workings and 

welfare implications of unconditional contracts. Yet, in principle, 

coherent economic models should make the choice of market structure 

endogenous. This is being pursued in further research. 

In the absence of complete contingent markets there may be an 

optimal policy for government. One such policy might be to make revela­

tion of information mandatory. Dissemination of information may encourage 

the development of more contingent markets. Yet, if state revelation by 

government requires resources, private markets may already indicate the 

efficient solution. A similar qualification applies to compulsory 

government insurance programs. The model also suggests that a concern 

with price variability may not be justified. An effort to fix spot 

market prices may diminish the extent to which incomplete forward markets 

can compensate for the absence of complete markets. 
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FOOTNOTES 

1. Hieronymus [4] cites a U.S.D.A., C.B.A. report on the holding 

of corn futures on January 27, 1967 which reveals that farmers 

held more than one-third of the net long speculative position 

and were also hedging in the wrong direction. 

2. Steve Sa1ant has been particularly helpful with the proposition. 
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