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-K j = j (K j Kj :%j R R ) 
x t Cl'x x t -1' y t -1' t' t' t+ l' •.. , , , 

'Kj = j (Kj Kj R R ) 
y,t Cl'y x,t-l' y,t-l' t' t' t+l'··· 

where i j i j are the optimal choices of storage of (x) and (y) respectively 
x,t, y,t 

at time t by individual j as a function of previous stocks of (x) and (y), current 

endowment, current price, and all future prices in all states. Yet in an equilibrium 

with rational expectations, the anticipated distributions of future prices should be 

the distributions consistent with current choices of stocks by all individuals for 

each good. Establishing the existence of such a fixed point in an infinite dimensional 

price space is the analytical difficulty refered to above. Assuming existence, one 

might anticipate that the model could be described by reduced form equations 

One might establish that i j Kj are bounded and possess stationary measures, and 
y,t' x,t 

then derive the properties of consumption and price over time. 

There is, however, a special case which makes it appropriate to use many of the 

results derived in Section II. Suppose all individuals are specialized with respect to 

endowments; group A has all of (x) in every state at all times, and group B has all 

of (y). Preferences of all individuals are identical and homothetic and can be 

represented by the logarithm of a Cobb-Douglas utility function. As such a function 

displays constant relative risk aversion, the model can be treated as if consisting 

of two individuals with specialized endowments both of whom take prices as parameters. 

In general, necessary conditions for optimal storage of (x) and (y) by individual j 

at time t=l are that 

;i[ri + 
- j (j-j 
K 1 + Rl K 0- K 1)' Rl ] x, y, y, 

t-l"j j _. 
= Vl[rt'Zt + KJ 

x,t-l 

t = 2,3,4, ••• 

+ (5) 
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and 

t :::; 2,3,4 •.. (6) 

Equations (5) and (6) state that the discounted expected marginal utility of (x) for 

individual j be the same for all periods, and similarly for (y). 

Suppose group A stores only (x). If 

~AA A A 
V-(It,R

t
) :::; a 1n a .~ (l-a) 1n (l-a) - (l-a) 1n R + 1n (X - ~- + ~- 1) 

t t x, t x, t-

Clearly, decisions with respect to [0 ; t :::; 1,2, •.• } will be independent of 
x, t 

[R
t

; t :::; 1,2, ... }. 

Suppose group B stores only (y). Then 

AB B B B 
V (It,Rt ) = a 1n a + (I-a) 1n (l-a) - (1-a) InR +lnR + 1n (Y + K 1- K ) t tty, t- y, t 

and current actions and plans are independent of current and future prices. Hence, 

given the restrictions on storage, one may take prices as fixed in deriving optimal 

behavior, and many results of Section II apply. In particular, optimal choices do 

exist. Price distributions can then be derived given optimal behavior. 

It remains to show that the constraint that each individual stores only the 

good with which he is endowed is not binding in equilibrium. 

then 

Suppose ? .=~ 
y,t-1 y,t 

~B 
:::; K 

x,t-1 

x+KA -? 
R

t 
:::; (~) ( t ~x.t-1 ~x.t 

a Y + KB _ KB 
t y,t-l y.t 

) 

~B 
:::; K 

x,t 
:::; 0 

Suppose A is in equilibrium with respect to storage of (x). Then 

t :::; 1,2, 3, ..• 

(7) 

t :::; 2,3, .•• 



From (7) 

B 
l/Rl(Yl+K a y, 

- 19 -

i(B )] 
y, t 

t 2,3, 

On the assumption that B is in equilibrium with respect to storage of (y), 

2,3,4, 

Then from (7) 

Rl/(X
t 

+ KA - ~ ) = E [st-lR Ix - KA + KA ] 
x,a x,l 1 t t x,t x,t-l t = 2,3, .•• 

7/ 
Hence, A and B are both in equilibrium with respect to storage of (x) and (y). 

Hence, in the special case, decisions are independent of prices, and 

notationally the optimal choices may be written 

K~B = CD, B(K~B Y ) 
1 + t . y,t y,t-

By application of the results of Section II, there exist self-contained sets for 

each process, entry into such sets occurs with probability one, and there exist 

stationary measures for each process. 

It is interesting to compare (7) to the distribution of prices which would 

prevail if the government prohibited the holding of buffer stocks by individuals. 

Such a prohibition might be based on the belief that individual "speculation" 

was "destabilizing", a proposition which has been much discussed in the liter-

ature. In the model all agents speculate in the sense that their actions are 

based on probability distributions of the random variables of the system. 

If no buffer stocks were held by the government or by individuals, the 

price would be 

for X and Y
t 

not both zero. 
t 

(8) 
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Equation (8) describes a sequence of independent random variables. While 

(7) does have a stationary distribution, the effect of optimal inventory accumu-

lation by individuals is to introduce correlation into the price series. Also, 

* Rt has no finite mean as Yt may be zero with positive probability. In contrast, 

individual buffer stocks preclude zero consumption of either good at any time. 

In this example, then, optimal inventory accumulation has in some sense stabi-

lized prices. Yet a major point of this paper is that price instability may be 

a misleading indicator of economic welfare. There is a more natural criterion 

for evaluating the welfare effect of inventory accumulation--the maximization of 

expected utility. 

In general, in the absence of contingent commodity markets, the solutions 

to the model with and without storage are not Pareto optimal. Yet necessary 

conditions for a second best solution in the absence of all forward markets can 

still be derived.~/ 

with respect to {x~, yj 
t' K

j 
x,t' Kj j "" 1,2, y,t ... m; t "" 1,2, ... } 

where ~, j Kj 
parameters. Necessary conditions for maximum K 0' are a are x, y,O 

st-l afil(02 o ) 

- b 0 t :: 1,2, EO 
aXl t · .. 

t 

E st-l aol ( 0 , 0) 
- c t 0 t :z 1,2, (9) 

0 ayl 
· .. 

t 

ajEoSt -l auj (0, 0) 
- b 0 t 1,2, 

axj t · .. 
t 



c = 0 
t 
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t = 1, 2, ... 

t = 1, 2, ... 

t = 1, 2, 

These necessary conditions for a maximum state among other things that the discounted 

expected marginal utility of (x) for individual j be equal in all periods, and similarly 

for (y). With storage prohibited such conditions will not, in general, be satisfied. 

In the specific example with the logarithm of Cobb-Douglas utility functions 

and with specialization of endowments, the solution will satisfy conditions (9), 

conditions which are now necessary for Pareto optimality. 

A troublesome aspect of the solution is the absence of contingent 

commodity markets. Yet it can be shown that in the specific example forward markets 

would not be active even if allowed. 

In some models with infinite horizons it is possible to dominate a competitive 

equilibrium path by increasing consumption in at least some periods. In the specific 
.... A 

increases by some A > 1 C x,t 
example, suppose at each state in each time period. Let 

.... A ~A 
C , ~- denote 
x, t x, t 

the new paths of consumption of A in terms of (x) and stocks of 

(x) respectively. Implicit in this analysis is a redistribution of (x) and (y) 

each period as if the economy were in a new competitive equilibrium. This allocation 

will satisfy the necessary conditions (9). Now 

i(A 
x,.,. 

.... A 
= ~­

x,,,, 
~ (~A 
t=O x,t 

.... A _-A T .... A 
C ) ~ ~;* - (A-l)~ C 
x,t t=O x,t 

A necessary condition for the convergence of the series (A-I); CA is that lim 
t=O x,t t7~ 

"C~A 0 = . x,t 
* ~ Let OJ sO be such that Xt(w") is the least positive realization of X

t
. Denote 
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only a finite number of times. Hence, for convergence it is required that 

* there exists some T* such that for each t > T , X
t 

= O. This event occurs 

with probability zero. Hence, convergence occurs on a set of measure zero, 
00 

and (A-1)E CA = 00 with probability one. There exist with probability one some 
t=O x,t~ 

T such that RA < O. Hence, the new rule is incompatible with 
x,T 

conditions (9). By a similar argument, it can be established that the 

~B 
path C cannot be dominated. Clearly, paths with less consumption of (x) 

y,t 

and (y) are inferior to the competitive equilibrium path. Hence, the 

solution to the specific example is Pareto optimal. 

v. Conclusions and Suggestions for Further Research 

The model has shown that under simple assumptions about an economic 

system and the stochastic processes of that system, price fixing schemes will 

fail with probability one. In a stochastic general equilibrium framework in 

which individual behavior relations are derived from the maximization of 

expected utility, a random price will be a property of the equilibrium. It 

is reasonable then to question the feasibility of fixing a relative price in 

actual economies. If it is not the intent of government buffer stock programs 

to fix a relative price, then it is up to policy makers to make precise what 

they have in mind. 

, 
The suggestion by Dreze that government buffer stock programs compensate 

in part for the absence of contingent contracts can be misleading. Complete 

contingent markets make possible an efficient allocation of risk bearing for a 

given time period, a function which should be distinguished from an optimal 

timing of consumption. In the absence of forward markets, the outcome with 

storage by individuals may be a second best allocation. Feasible government 

buffer stock programs may limit price variability, but price variability is 

not an appropriate measure of economic welfare. 
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The assumption that expectations are rational removes from the model 

one argument for government buffer stock programs -- limitations on individual 

knowledge or foresight. Yet those who argue along those lines must explain 

why the government has access to more information or processes information 

more efficiently that the private sector. This is a topic for further research. 

The restriction that there be no forward markets was imposed exogenously 

for much of the paper. This was done in part to make the analysis tractable. 

Yet, in principle, coherent economic models should make the choice of market 

structure endogenous. This is being pursued in further research. 
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APPENDIX 

Lemma 1 

If fj,N-l(r~Z~_l + ~,R) is a strictly concave function of ~ and Vj(o,R) 

is strictly concave, then 

vj(W~ - ~, R) + SENfj,N-l(r~Z~_l + ~,R) is a strictly concave function of 

~j_, Wj 
-N N· 

Proof: let 0 < A < 1 W~f. w" K~-:i: K". Then 

Lemma 2 : Given the hypothesis of lemma 1, if a maximum to the right side of (2) exists, 

j N j-
then f ' (WN,R) as defined by (2) is a strictly concave function of 

w~,w~ .:. o. 

Proof: see Bellman [1, lemma 1, p. 21]. 

Lemma 3 

Let gj[w,R] be strictly concave w.r.t. w, ~ .:. O. Then for each W > 0, 

gj(o,R) is continuous, has finite partial derivatives from the left, gl_(O,R), 

and from the right, gl+(o,R), where 

Proof: see Katzner [5, lemma B. 2-4, p. 187]. 
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Lennna 4 

fj,NCo,R) is strictly concave for all N. 

MAX. .{Vjcwi - Ki,R)}. The strict concavity 
o _< KJ < WJ 

1 - 1 
Aj j j =- j j and continuity of V CWI - Kl,K) w.r.t. Kl on the compact set [O,Wl ] ensures the 

existence and uniqueness of a maximum. 
. N .-

Assume f J , CW~,R) is strictly concave 

w.r.t. w~. Then fj,Nco,R) is continuous by lemma 3. Define 

fj,N+Icw~+l,R) = MAX . {Ojcw~l - ~+l,R) + 8EN+lfj,NC~+1 + r~Z~,R)}. 
O_<Kj_ <wJ 

-~+l N+l 

Th · . and .. f VAj Co -) d fj ,Nco -R) Kj 
e strlct concavlty contlnulty 0 ,R an , w.r.t. N+lon 

the compact set [O,W~I] ensures the existence and uniqueness of a maximum. By 

. N+I -
lemma I and lemma 2 f J , CO,R) is strictly concave. 

Lemma 5 

For each W, W ~ 0, fj,NCW,R) is uniformly bounded in N. 

Proof: T he highest level of discounted expected utility for individual j is 

dominated by that associated with individual j actually receiving all of Cx) and 

all of Cy) of the economy in each state in every period, the maximum of aggregate 

income over all states to be realized in each state in every period, and indi-

vidual j acting as if he knew in the current decision period that he would 

receive such endowments in the future. Then the endowment of individual j in 

each state in every period would be 

M=MAX [X Cw) + RYtCW)]. 
wED t 

Given current wealth, W
j

, there is a maximum amount of previous savings compatible 

with this wealth, namely Wj - MIN [X (w) + RY (w)] = Wj . Assume, in addition to 
W n t t Eo. . 

the endowment, individual j receives WJ each period. Then there would be no savings 

in any period, and letting Vj(O,R) = 0, for all N, fj,NCWj,R) < ~=~t-Ivj(wj + M,R) 

00 

< L: 8t - l vj 
(Wj + M,R) 

t=l 

yj (Wj + M,R) 
1-8 
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Lemma 6 

f
j , N (W, R-) • t . . t N 1S mono one 1ncreas1ng w.r.. • 

Proof: fj,l(W,R) = MAX. {Qj(W-Kj,R)} = yj(W,R) 
o < KJ < W 1 

- 1-

f j ,2(W,R) + MAX. {Vj(W-K~,R) + SE2fj,1(r~zi + K~,R)} ~ yj(W,R) + SE2fj,1(r~zi,R) 
o < KJ < W - 2-

. N . N-l - . 
Assume f]' (W,R) > f J , (W,R). and let the maximizing value of ~ be denoted 

K~. Then 

Lemma 7 

For each W ~ 0, the lim fj,N(W,R) exists and is concave w.r.t. W. Denote 

this limit as fj(W,R). 
N-;.oo 

Proof: existence follows from lemma 5 and lemma 6. Concavity follows from 

lemma 4. 

Lemma 8 

fj(W,R) satisfies the functional equation (1). 

Proof: see Bellman [1, pp. 12-13]. 

Lemma 9 

fj ( • ,R) is strictly concave. 

Proof: this follows from lemma 4 and the functional equation (1). 
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lennna 10 

Given that [K~, t=1,2, .•• } is a sequence of current actions and contingent plans 

which maximize 

VAj(Wj _ Kj,-R) + BE fj(Kj + r,~j R) 
t t t t ut+l' 

then [K~, t=1,2, ... } also maximizes 

~j(wj - KJt",R) + E ~ 8T-t;\r'~ + Kj -Kj,R) 
t t ,.=t+l ,. ,.-1 'i 

proof: (the proof follows a rough outline of T. Muench). It is sufficient to argue 

the case at t=l. 

E ~ Qt-l;j(r,~j + Kj Kj R) 
It=l~ t t-l t' 

Note that as 

then 

0, by the monotone 

Hence, for all KJt"' fj(wJl",-R) :;:.: El~ st-lvAj(wJt" Kj R) s th t fj(W j -R) " 
L., t' , 0 a , ~s an upper 
t=l 

bound on discounted expected utility for all feasible plans. 
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Furthermore, choose ~~ = ~j(W~,R). Then, as shown in Proposition 1, w~ is 

bounded from above without loss of generality. 

Hence, lim E1STfj(W~1,R) = O. Therefore, 
T-?oo 

f j (WJ
1
",R) = E ~ St-1~j(wj Ktj,R) 

1 t =1 t 

1ennna 12 

lim ~j (W,R) = (I) 
W~(I) 

proof: Suppose lim ~j(W,R)= B. As fj(.,R) is strictly concave and strictly 
W~ 

increasing, the right derivative is strictly monotone decreasing. Then, from 

Eqs. (3) of the text 

~j(.,.) is of class C
2

, ~i(·,R) is continuous and lim ~i[W - ~j(W,R."),R] = 0 
IV-?(I) 

lemma 13 

j - j -
~ (.,R), W (.,R) are continuous. 

proof: following Brock and Mirman [ 2 j - j -, p. 490], as W (.,R), ~ (.,R) are monotone 

increasing, they possess, at most, jump discontinuities. 

Hence, 

lim wj(W,R) ~ lim wj(W,R) 
W~WO WJ.WO 

j - j-
lim ~ (W,R) ~ lim ~ (W,R) 
wtwO WlWO 

But lim [wj(W,R) + ~j(W,R) = lim (W) = ~ 
wtwO w1'wO 

lim [wj(W,R) + ~j(W,R) = lim 
wtwo wtwo 

(W) = w o 
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Hence, 

As both terms are non-positive, it follows that each is zero. 

lemma 14 

lim fi+ (W,R) = 0 
\\400 

proof: j As f
l
+ (·,R) is strictly monotone decreasing, suppose 

,. . 
j 

f l + (·,R) ~ b > O. f j(W,-R) / VJ(Wl+_cM,R) From lemma 5 and lemma 7, ~ ~ 

As lim 
,. v1 (W + M,R) 
vi (W + M,R) = 0, there exists some W* such that for all W ~ W*, 1-13 

,. . 
= VJ(W* + M,R) + ~ (W-W*). Let g(W,R) 1-8 2 

;j (W + M,'R) 
Then, by construction for every W > W*, - 1-13 < g(W,R) 

Let h(W,R) = fj(W*,R) + b(W - W*) 

Then, for every W > W*, fj(W,R) > h(W,R). 

But, by the linearity of g(·,R), h(.,R), there exists some W*i( such that 

h(W**,R) = g(W**,R). 
j Vj(W**,R) 

Then, by construction f (W**,R) > 1-13 

which is the desired contradiction. 

Proposition I - (iii) 

For all K6 ~ 0, ~[~~ • Aji.o.} = 0 

proof: j j 
Suppose K 1 > K*J • t- ,,( Then if for T > t-1, Kj < Kj part (ii) applies and 

.,. **' 

and (iii) is proved. Suppose that 

b 
:!>:-

2 



K~ > K~ for all t. 

Then 

But, 
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It can be shown that lim KJ
t' = Kj 

'k* 
t-?o:> 

Therefore, by contradiction 

K~ < Kt _1 and lim K~ = 
~o:> 

For, suppose that 

Now, rnj(Kj + r,~j,R) - Kj~ < 0 for all r,~j < M. By the continuity of rnj(o,R) 
~ ** t *~ t ~ 

there exist some b > 0 s.t. for all Kj 

As lim iZ j = K*j -1-' there exists some T such that for all t T iZj < Kj 
+ >.. Let w* t-?o:> t .. > 't *i( U 

be such that r'~+l(w*) = M, and, without loss of generality, let T = O. Then, 

< 0:>. Hence, by the Borel Cante11i lemma 

1enuna 15 

Let J(K~) ~ 0 satisfy 
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where 

j -H is the range space of ~ (.,R), 

a subset of Euclidian space, and D is a compact set. Also, let h(e) be a bounded, 

continuous function such that lim i h(u)i = o. 
~oo 

j j _ i -
If EOh[~ (KO + r'~,R) is bounded, continuous, and 

+ r,~j R) = 
l' 

0, then there is at least one finite invariant measure 

proof: see Kushner [ 6 ,theorem 4, p. 208, and theorem 7, p. 211]. 

lemma 16 

A set A is self-contained if K~ € A, then K~ € A for all T ~ t. Suppose there 

are not two or more disjoint self-contained subsets of H. Then there is, at most, 

one invariant probability measure for Kj • 
t 

proof: see Kushner [ 6 

lemma 17 

lim ~j (W,R) = 00 

W-?oo 

, theorem 5, p. 207]. 

proof: Suppose by lemma 11 that lim wj(W,R) = ~j < 00. By construction for each 

W ~ 0, 

Then 

lim 
W-?oo 

j -
From lemma 14, lim fl_(W,R)= O. With lemma 12, this establishes a contradiction. 

W.o,il/; 
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Proposition II 

There exists a unique stationary measure for K~ as defined by Eq. (4) in 

the text. 

proof: let J(K~) Kj 
~ o. Let L\K6,R) = j j r .. ~j R) j As = EOcp (KO + KO• t l' 

lim Wj(W,R) = co by lennna 17, then for all ~ ~ 0, 
W~ 

- co. Also, Lj (K6,R) is monotone decreasing; given 

= ~ P(w)[cpj[K + r .. ~(w),R] - cpj[K + r"~(w),R] 
wen 1 

(K - K)} ~ 0 

Hence, there exist some k such that Lj(K,R) < - 1 for K € [O,k]c. Let 

then. 

a compact set. 

Also, if h(.) is bounded, continuous, and lim \ h(u)\ = 0, then EOh[cpj(K6 + r .. ~),R] 
~co 

is bounded and continuous w.r.t. K6' and tends to zero as K6 tends to co, by lennnas 

12 and 13. By lennna 15, there exist at least one stationary measure. Uniqueness 

follows from lennna 16 and Proposition I. 
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FOOTNOTES 

1. For a definition of span see Feller [4, p. 200]. 

2. This stochastic dynamic programming problem is really a choice 

between consumption and savings in a one good model in which 

future income is subject to random shocks. This distinguishes 

it from the literature in which the return from saving is random 

and enters in a multiplicative rather than additive way. See 

Brock and Mirman [2]. The results established below cast some 

doubt on Friedman's contention that the marginal propensity to 

consume out of transitory income is one. 

3. Elements of this proof were first suggested by John Danforth, 

but the author alone is responsible for any errors. 

4. The price corresponding to E(Xt ), E(Yt ) is not the expected 

price unless the correspondence is linear. 

5. See Feller [4, theorems 3 and 4, pp. 202-3]. 

6. The text does not deal with the case R = R*. If R* is never 

attained on e (.), then a policy of R = R* will fail immediately. 

If R* = min 8 (.), then the proof of the text applies. 

7. Equations (6) and (7) can fail to be sufficient conditions for 

a competitive equilibrium with storage if there is an excess 

accumulation of either (x) or (y) over time. It is shown below 

that this does not occur in the special case at issue. 

8. In the model 

00 

EO~ St-1uj(X~,y~) < (l/l-S)Uj [Max Xt(W), Ma Y ( )] < 00 

t=l WErt WE~ t W 
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