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A*¥ (L + A ot (L, p*5 8, p°) > (2 A @, p) + 6,

and

M .
I@+ax (L,p*s 8, p) <(=1ICE, ")
for rul and ru2 decreasing (nonincreasing) as asserted,
Extension of the result to T > 2 1is accomplished by induction.

We first introduce some new notation which will hopefully simplify

the argument,
M . M M
nx (a, p ) = (nxl (a, p*), R nxn (a, p*))
is the maximizer for

n
n+
igi u, (Xi) on  {(X15 ¢ees xn) e R

: igi * P=al
M M M . .
A, % (a*, 8*, p*) = X (a*s + 6, p°) - X (a*, p°) .

n

@ p) = Tou (@, .

It should be readily apparent that

max oo (a, P°) + U (xn+1)
a, xn+1

subject to = n+1u (A, ") ,
a8+ Py X 4

and that

gi(as, p*) =V @, e .
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Next let

3% (& (a, p*))

n

r »~ (a, p’) = -
n" (3 a)2
A8 (a, p*))
93 a

Neave [5, Theorem 1, page 46] has proven that if the ros
i
i=1, ..., n, are decreasing (nonincreasing), then «r 4 (a, p°)

n
is decreasing (nonincreasing) in a .,

Our induction hypothesis for n =2, IH-* (n), is: "If

T i=1, ..., n, are decreasing (nonincreasing) then

ui’

n L]
4@, ) = igi E [u;o1, (), Q]

n
P - . ° ¢ M - ° ° °

= U (a+ 8", p°) < (v iZ& E [uio(I.i + An:%_(a, 8°, p°))(*), Q]

for 8° >0 and at least one nondegenerate Li(°), i=1, ,.., n,

If no L; (°) 1is nondegenerate only weak inequality is assured,"

Now we simply find the x:+1 such that

. ° — *
E(u o Lo ()5 @ =u 0 (x5)

and the a* such that
n *
‘ZIE (uiOLi (‘): Q) = nu (a ’ Pn)
i=

Neave's result in combination with Lemma 1 insures that if Ty, s

i

i=1, ..., n+ 1 are decreasing (nonincreasing) then
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n
A . L4 ~ M . * . . M . .
n+1" 4, p) n" -zi n+1%1 A% p") Py» P ) Ui (n+1xn+1 (4%, p g

*
(xn+1

nﬁ (a*, p.) +u ),

n+1

implies
. .. ~ (B M .. e . n A
ad @ F8, e = LT % AT, D pp D oA g% (AT, 8%, pTpgs P

M - - M d . .
+u (n+1xn+1 (A, p) + An+1x @a, 8, ))

n
N oo M . . d . .
snu(a +i§1 A 1¥s (A, 5,P)Pi,P)

+ “n+1(Xi+1 + BpyrFogr 47 87, P.)) :
This implication together with IH°(n) implies IHe(n + 1) , a restate-
ment of IH°(n) with (n + 1) inserted wherever n appeared.
IH*(2) has been proven and therefore IH*(T) is valid. IH.(T) 1is
simply the "if" assertion of Theorem 1,

It is quite clear that few if any economic phenomena would conform
to the basic specifications of Theorem 1, That is, Theorem 1 provides
no options for decision making or choice., Given the opportunity to
allocate the increment to wealth, $8 , it is doubtful that augmenting
the initial lottery, L’ , by A #M @’ ,p' ,5.) would be chosen,
Also note that the value of a specific lottery is compared before and
after changes in wealth thus neglecting the lottery choice problem,

In order to discuss some problems of individual decision making
the concept of a consumption strategy is introduced. A consumption

strategy, s , associates with each state of the world, w e, a
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vector (xl, eses XT) « Restricting our attention to those strategies
which are measurable w.r.t. Q we have s ¢ £ . The fact that con-
sumption strategy connotes some notion of maximization does not obviate
its status as a lottery.

The following definitions will be utilized in the remainder of

the discussion,

. ] . , T+
Definition 8: s 1is a nonnegative function from ( into R

which is measurable with respect to % . A function s 1is referred

to as a consumption strategy.

Definition 9: £(A°, p’) = {s ¢ £:s 1is feasible for wealth A" and

certain prices p'} .

Reference to "feasible" in Definition 9 is left vague since the
restrictions assoclated with feasibility vary greatly from problem
to problem, Such factors as the timing of consumption decisions,
availability of investment opportunities, and debt constraints would
all enter into a definition of feasibility.

An additional condition is required for the subsequent discussion,

Condition 3: LA, p)+Z (6, p')c L (A +8,p ) for any
I+ + NEd Tt .
A ¢ R1 s P € R: and 6 ¢ R1 where Z (8§, p°) = {z ¢ R: :p *z <6} .

The condition requires that if an individual's initial wealth is
increased, he may use all or part of it to finance additional purchases

of the T commodities at the prevailing market prices,
Theorem 2: Given Conditions 1, 2, and 3
Max - E [V(s(*)), Q] = V(YA p°))
8 ¢ £ (A°, p.)

s ¢ % (& p)
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implies
Max E [V(s(+)), Q] > () V(A + 6, p'))

S€£(A'+63P)

if rui(°) is decreasing (nonincreasing) for all 1 =1, ..., T .

The interpretation of the theorem is straightforward., An
individual is asked to determine the minimum expenditure, at
prevailing market prices, required to finance a riskless consumption
plan which he would accept in exchange for his current uncertain
prospects, The individual is then presented with & dollars, He
is now asked to calculate the minimum cost of a riskless consumption
plan that he would be willing to trade for the consumption strategy
he could pursue with his augmented initial wealth, The theorem asserts
that the cost of procuring an acceptable safe consumption plan will
have risen by more than (at least) &6 dollars if the individual's
single commodity measures of absolute risk aversion are decreasing
(nonincreasing),

Though each strategy, s, may also be thought of as a lottery,
there is a subtle difference between this result and Theorem 1, The
individual's strategy has been chosen by him, It is his plan of
action for market activities now and in the future, If his initial
endowments were to change he might revise the portfolio of stocks he
wants to hold, This may result from a change in opportunities (his
original wealth might not have been sufficient to meet the margin
requirements of his revised portfolio) or simply because his attitudes

toward uncertain prospects depend on his initial wealth.
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Thus the lottery may change with variations in initial endow-
ments. Referring back to the discussion of Theorem 1, the prizes
in the game show would not change if the contestant received a com-
pletely unexpected bequest from Uncle Fred, Such a bequest might,
however, induce the same individual to trade his BNKN lottery ticket
for an available BNKL lottery ticket, Such portfolio adjustments
may take place when he chooses a strategy from £ (A® + 6§, p°)

instead of £ (A°, p.) .

Proof of Theorem 2: Since any s g £ (A", p.) is also an element

of £, we know from Theorem 1 that if
’ M - .
EV(GE (), Q]J=V(x (4 p))
then for any s’ ¢ £ (A", p)
EV(s’(") + X A+6,p) -x" & p), Q1> @DV @A+5,p))

if rui (*) 1is decreasing (nmonincreasing) for all i =1, 2, ..., T.

By Condition 3
P M- . M- L] . .
s’+x (A+6,p)-x (A,p)ef A +56,p) .

Up to this point the analysis has rested on the assumption that
preferences may be represented by an additive von Neumann-Morgenstern
utility function ( Condition 1), Despite the highly restrictive nature
of this condition, I believe in many instances it is a perfectly
acceptable simplifying assumption., Nevertheless it would be nice to
be able to say something about generalized commodity lotteries when

preferences are not additive,
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Happily there are conditions which, if satisfied by a nonadditive
utility function, imply a result analogous in content to Theorem 2
above., These restrictions, unlike Conditions 1 and 2, are price
specific, That is, for every price vector, p°, there is a set of
utility functionms, Vﬁ. , which satisfy these new conditions,

Specifically, V(*) ¢ Vf * if and only if,
M . . . .
1) x (A, p°) 1is a linear function of A, and
M . . M . .
2) V(x (A, p) + 2 =V {(x (A", p)))
M . . M . .
2V (A +8,p)+2)2V(x (A +56 p)) .

Recall that Theorem 2 relates the current certain dollar value
of strategies to initial wealth and the characteristics of the rui's .

Since V(*) 1is no longer assumed to be additive these rui'

s are
no longer meaningful measures, I, therefore, introduce the following

measure,

£ (A p) = _(az vt (a, p)))
v o ? 2
(3 &)

3V (X (A, p))
S A .

Theorem 3: Given Condition 3 and V (°) ¢ Vb ,

Max E [V(s(*)), Q] = V(&' (&, p))
S ¢ S (A.’ P)

s £ X (&, p)

& Max E [V(s(*)), Q] > (2) V(X (& + &, p))

s ¢ £ (A + 8, p)
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if r, (A, p) 1is positive and decreasing (nonincreasing).®

Proof of Theorem 3: First let us define the indirect utility
1

1* T+
function, uw:R~™ x R° = R":, by the rule

u @, p =V & @ .

Since ﬁM (A, p) 1is continuous and increasing in A and V(*) is
continuous and increasing in x, u(*) 1is continuous and increasing
in A, Also since
2
u (A
r_ (4, p) = -(3——(4—212
(2 4)
du (A, p)
A

is positive, u (A, p) 1is a strictly concave function of A ,
Now let the maximizing s g £ (A®, p) be denoted s and

A (s(w)) =min A such that u (A, p) 2V (s(yp)) . We therefore have
E [u (A (5()), p), Q] = u (&, P)
=E[u (A () +8p), Q> u A+3,0p)

as a direct consequence of Pratt's Theorem 2 since T, (A, p) 1is

decreasing (nonincreasing). Also note that
M - M =
u (A(s(w) + 6, p) < V(s(w) +x (A+ 68, p) - x (4, p))

by the definition of V§ .
Finally, s’ = (s + QM (A+ 6, p) - QM (A, p)) 1is not necessarily
the maximizing s ¢ £ (A" 4+ §, p) but is feasible by Condition 3,

This completes the proof of Theorem 3,
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Notice that lotteries which merely add to or subtract from some
initial wealth holdings, A*, can only represent a limited class
of commodity lotteries. Outcomes are of the "Know Now" variety and
will lie along the expansion path of iM (e, p.) . Therefore, measures
of attitudes toward wealth or money lotteries associated with u (4, p°*) ,
like T, (A, p°) , need not in general convey all the information we
would like regarding attitudes toward a larger set of commodity
lotteries or strategies. Theorem 3 indicates that this situation is
to a large degree ameliorated when u (A, p°) is an indirect repre-
sentation of a V(*) ¢ Vf' .

The relation between an individual's attitudes toward risks and
his preference ordering of the commodity space has been central to the
analysis. It was shown in Lemma 1 that a certain measure of risk
aversion for additive utility functions is linked closely to the shape
of an individual's indifference curve map, In Theorem 3 restrictions
have been placed directly on the form of the indifference sets, A
result is then obtained on how the dollar value of very general gambles
are affected by changes in initial wealth holdings.

The link between the curvature of indifference sets and attitudes
toward risk has also been explored by Stiglitz [97]. He has considered
properties of V(¢) which are implied by attitudes toward lotteries,
s*, of the form g* (w) = xM (A, p) for appropriate A, for all
W e Q. He presents the intriguing finding for risk averters’ that
(in our notation):

If r, (A, p) 1is a constant function of A ¢ (0, ® for any
p >0 or if (rv (A, p)°(A)) 1is a constant function of A ¢ (0, ®)

for any p >0 then V (¢) 1is a homothetic function.
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One may easily verify that strict quasi~concavity and homotheticity

8

of V(') imply V ¢ Vb for all p . Thus we obtain for strictly

quasi-concave V :

Corollary 1: If r, (A, p) 1is a constant function of A ¢ (0, @)

for any p >0 then
Max E [V(s(+)), Q] = V(X" (&, p))
s € g (A p)
- Max E [V(s(*)), Q] = V(X' (A" + 6, p))
sef (A +6,p)

and

Corollary 2: 1f (rv (A, p))*(A) 1is a constant function of A ¢ (0, @)

for any p >0 then
Max E [V(s(*)), Q] = V(! (&, p))
s el (A, p)
s # xM (A: P)

=» Max E [V(s()), Q] > vt A+ 6, P)) .

s ¢ £ (A + 8, p)

Finally if one restricts his attention to more complex lotteries

Corollary 1 may be somewhat strengthened to:

Corollary 1% If r, (A, p) 1is a constant function of A ¢ (0, @)
for any p >0 and if there exists a maximizing s ¢ £(A°, p.) for

E [V(*), Q] such that Q {w e Q: s (w) # QM (A, p*) for any A} >0
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then

Max E [V(s(*)), Q] = V(' (&, p'))

s € £ (A, P.)

~ Max E [V(s(*)), Q1 > V(=T K+ 6, p7)) .

s e f (A" + 6, p)

The additional restriction in this corollary insures that one
of the expected utility maximizing strategies has positive probability
of outcomes lying off the asset expansion path for p . This restriction
yields the desired result since in Condition 2 for v ¢ V? " repla;es
" 2" for strictly quasi-concave homothetic functions., Thus " <" may
be replaced by "<' in the proof of Theorem 3 establishing the result
(refer to page 21, last inequality).

Corollary 17 has a particularly interesting interpretation. Let
an individual with strictiy convex preference sets be confronted with
every possible lottery of the BNKN variety, If the price he is willing
to pay for any such lottery is independent of his initial wealth for
any given commodity prices, then the price he is willing to pay for any
BNKL-type lottery will be an increasing function of his initial wealth,

Thus, if an individual was risk neutral toward every BNKN lottery,
he would not only display risk aversion but also decreasing absolute
risk aversion toward lotteries of the BNKL type.

Many economists (see for example Alchian [17] and Sandmo [87)
have asserted that completely certain prospects are almost nonexistent

in the economic sphere. Since the results derived here pertain to
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comparisons of such certain prospects with uncertain prospects, does
not this assertion imply that there are no opportunities for applying
them? I believe the answer to this question is no in light of the
fact that economists commonly employ simplified models to investigate
economic behavior,

In such a model the fact that the consequences of a particular
act are not known with complete certainty may or may not be critical,
An individual may have two courses of action available to him which
differ primarily in terms of the degree of uncertainty associated with
their respective consequences, Should this be the case a character-
ization of his options as a certain and an uncertain outcome may
capture the essence of the individual's choice problem.

Economists often employ such characterizations in models of
individual behavior. By doing so they are able to focus on the
salient features of various economic choices, The monetary economist
regularly abstracts from uncertain labor income when he studies an
individual's allocation of wealth between a risky and a nonrisky asset.
Likewise, when the labor economist investigates an individual's search
for a job the random return on his stock portfolio is ignored and
accepting a job is considered a riskless proposition,® Thus while
the real world economic spheré contains few if any examples of completely
certain outcomes, they are common in the simplified models with which

economists work,
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Footnotes

1See Zeckhauser and Spence [9] for a more detailed discussion

of these restrictions,

2One might view a trip to a '"reliable" fortune-teller as a means
of exchanging a BNKL- for a BNKN-type ticket., Likewise the United

States Weather Service attempts to perform such a function,

3See Theorem 2, page 130 of [67.

4
(53.

For a discussion of the implications of this assumption see

5Notide that the term "risk premium" as used here is not

- necessarily the same as the concept discussed by Pratt and Arrow.

II will most likely be positive even if the outcome of the game has
been previously determinéd, and the individual is certain that he will
win a ticket to Hawaii., This would be the case if he were willing to
trade the ticket for commodities costing less than the price of the
ticket, k

6Recall that in proving Theorem 1 Neave [4] was cited for a proof
that if V is additive and ry; decreasing, i =1, ..., T, then

r,(+, p) 1s decreasing for arbitrary positive p .

7This is actually a combination of two results in [8].
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81f V 1is homothetic, X (4, p*) = 2 M@, p) for A >0,

p° >0 . Also by homotheticity V(x') = V(x* + Z°) = V(ox') = V(ax* + o2°)
for o >0 . By strict quasi-concavity V(B(ex") + (1 -~ B)(ax’ + az°))

> V(ax") for 0<p<l, Take @>1 and B ='i and we have

V(ox* + 2°) > V(ox*) . Finally, notice that if V is homogeneous of

degree ) ¢ (0, 1] then it is homothetic and

r, 4, p) =22 gy

9I have applied Theorem 2 of this paper to just such a problem
in my "Individual Labor Market Behavior Under Uncertainty",
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Appendix

Proof of Lemma 1: Since along

any indifference curve in the

X5 X, plane (ul(xl) + uz(xz) = constant) X, is an implicit

differentiable function of X, we

d ('“f(xl))
ué(xz)

may write:

(L _
dx1 ul(xl) + u2(x2) = constant
dx u/
-ul’ul+u? ——zu' -u”u'-u”-—lru'
1 2 2 dx1 1 1 2 2 u2 1
= 2 = P 2
[u2’ [u2]

uf (x
=ru ( 1) (uzl (X
(dxz)
dl|—=
dx1
= dx, uy (

Without loss of generality let

%
and %, < < = xg (A" @, p*), p*)

2
M
nation Aﬁl + (1 - ) X, as xl(x)

of utility, c¢ = ul(xl) + u2(x2) ,

and c (x2 = X, (xl(x), c)) . With

(2) %, - xg = x, (x (1), ¢)

1 dx,(x; (), e

, 2
1)) (“1 (xl))
P/ T ) uy (xp)
xl) + u, (x2) = constant,

M.
%) >x

M *
X, A (L, p), P))
. Also denote the convex combi-
. For any X ¢ [0, 1] and level
X, becomes a function of xl(x)

. M M*
c =u (x1 ) + u, (x2 ) we have:

- X2 (xl (0)’ C.)

)
ar .

d)
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Simple application of the chain rule for differentiation yields:

dx, (x; (), ) 3%y (k) ), ) -

= (%, - xM )
3 \=h 3% 1 1

(3) -
x1=x1(x)
3 xz(x]. ()\)’ C.)
0Of course is merely the marginal rate
3 X Y
1 x1=x1(h)
M.

of substitution evaluated at X, = A il + (1 - ) X .

For ) = 0 we have two possibilities for the magnitude of (3)

since (iT , x? ) 1is a utility maximizing consumption pair for

(pi ’ p;) . That is, if both le and xM2 are positive
dul(xl) .
pp Ay /=X -3x, (x (W), )
(3a) - = =
d =
P, u2(x2) . ? x1 X, X, )
dx2 Xy = X,
. M*
and if X, = 0, then
dul(xl)
P+ d x. =0 -3x, (x, W), ¢)
(3) —+2= dxl( b - 231 ’ e
Py UptX) 1, *1 xp =% (O
dx2 x, = X,
Now if (x1 s X, ) was an interior solution then
M. —- M . M. .
bxy =ax% (L, p, 8 >0 and Ax) =A%) (L, p°, 6) >0 , and
du, (%)) . .
. _— M M
P dx X, 4+ AX = X
_ 1 1 1 1
(3¢) —_=
P du,(x.) .
2 2 2 .
dx X, + A #M = X
2 2 2 2
1
_ - 3 X, (xl, c) .
M
? X, X, (0) + A X =x
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1 M’ M’ M M
where c¢ = uy (x1 + A X, ) + u, (x2 + A X, )
M’ M
1f X, = 0 but A Xy > 0 then of course

. 1
P -3x, (x,, ¢)
(3d) -1 2z _1
2

2 * Xy 0 + Ax, =x

-sz(xl,c)

z dx -]
1 X 0) = X,
. M M
Finally if X = 0 and A x1 = 0 then
. 1
pl -2 xz (x1: c )
(3e) - 2 -
Py e % x, =0
du, (x,) l
dx1 Xy f 0
duz(xz) .
dx xM + A xM = X
2 2 2 2

which by concavity of u, (*) 1is greater than

dul(xl)
dx1 X, =0 i} -9 x, (xl , C)
du,(x,) . 3 x :
ix 2 M = X ' x1 =0
2 % 2

Therefore (3) and (3a) through (3e) yield,

3%, (k) (), ) 3% Gy W e LD

dA | A =0 3\ A=

(4)

with inequality holding only if \QM =0

1 . Recall that we have



. . M .
restricted the present discussion to the case where X, <%, x >X%,

and hence ﬁg #0 .

Observe also that if there exists a )" ¢ [0, 1] such that

. 1
¥3x, (x,, ¢) ? x,(x,, c7)
2 71 271 .
(3 dX X (x*) =x, 3 X X (A*) + A xM = X
1 1 1 1 1 1 1
then
2%, (5 (V5 € 0% &y ) M2
2 1 3 (%, - %)
o] 3 x 1 1
(6) 21 Sk - -
dA A=A d X * =
1 x, W) =%
ax, (x, () +4ax , ch)
3 2 71 1
>(= <) a)\ %
? 3 A=A
1
R ? x2 (xl. ch) & - M.)Z
3 % 17 %
= * M.
d Xy X =X ) + A X
for ru1 and ru2 decreasing (constant, increasing).
This inequality follows directly from (1) when the equality
dul(xl) . dul(xl) | "
dx, x W) =x i dx; | X A + X, =X
du2(x2) . duz(xz) . ) .
dx, x, (x; (W), ¢*) =x, dx, X, (x) W) +4x ,c¢) =x,

is recognized (notice specifically line four of (1)). (4) and (6)

taken together give us:

M1
* 1 dxz (xl (>\) + A X s € )
> (2) j Y

(7 % -2

2~ % dx
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for r, , ru2 decreasing (nonincreasing). (Notice that the left-
1
and right-hand side of (7) are negative,) (7) may in turn be re-

written as:

@ x, (D), ¢) - x, (x0), x) > ()

M* 1 M 1
X, (xl(l) + A X, 5 ¢ ) - X, (xl(O) + A X, € ) .

The lemma is established by observing:

9 c1 = u, (x¥. + A i¥') + u, (ig. + A xg.)
=u, (ﬁl + A i?.) + u, (xg. + A xg'
+ %, (xl(l) + A i¥., cl)
- X%, (xl(O) + A xT., cl))
<(Du F Ao ) b, +axy + (X, - )
=u (21 + A #?o) +u, (Eé + A ig')
for rul, ru2 decreasing (nonincreasing).

If rul and ru2 are increasing and equality holds in (4),

i.e., (x? s x? ) 1is an interior solution, then we have

M* 1
. dx, (x;, \) + Ax; , ¢7)
o~ M 17%2 1 1
7" X, -x, < d \
2 2 j6 d A
and
89  x, (x; (1), ¢) - x, (x; (0), ¢)

' M 1 1
< (D) +8% ,¢) =%, (x 0 +ax , ) .
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These inequalities in turn imply

M* ~ M* M* M M- Me
99 u, (ﬁl + 4% ) + u, (x2 + A%, ) < u, (x1 + A% ) + u, (x2 + 4, ) .

This completes the proof of the lemma,
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