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ii
Let 80(w) = S;p | |g@+2n7 k)||. Then
- k#0

(1) For all we[-w*, w*],

(w)k§0>\ (w+2n 7 k)

H[m_Z°° S (wt2nmm)] kio S_(w+2ntk)g (w+2n7k) < ANGD) 9
(1i) For all w: w* quw| <nm,
ll[m_zw S.w+2nm m)] " k%s (w+2n 7 k) g (w+2nmk) | | (10)

go(“’) (1+d) .Sx (w+2n1 k)

= 1-d) ko SUP -
( ) 11’“"Ntm~wsx (w+2n7 m)

Proof. (10) cannot exceed

g kgo'{ll[m_z°° S_ (@+2n7 m)]1 s Qu”Znnk)gQu+2n1Tk)||}

80®@ 3o UL, 5 +2am)] ™" S_(+2nm k)| [}

(1) The largest root of [m=§w Sx(w+2n7rm)]_1 is the inverse of
the smallest root of [ g S Qn+2nnm)], which in turn is larger than

AN(w). Hence ||[m_2oo S (w+2nm m)] [Li l/XNGu). (9) follows from

properties (ii1i) and (iv) of the norm.
(i1) Define the metric M(A) = sup N|a1j| for any square matrix
i,]
A with typical element a ;- Consider any matrices Aj and A2 with
NxN J NxN  NxN

positive diagonal elements, for which

g
|

= Vl(I + Sl)’ vy diagonal with Vlii = Alii(liﬁﬁfn) and M(Sl) < d;

A211 (1 <i<N) and M(Sz) <d.

%
o>
\

= V2(I + Sz), V2 diagonal with V2ii

Then A1 + A2 = (Vl + V2) (1 + S3), where
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xj processes were k'th order mean-square differentiable but others
were not. Any of these assumptions precludes Sx for which it is not
possible to bound |S w)/s Qu)l.
X, X
iji ii

Proposition 6. Suppose b is of bounded variation in an open

interval including the point to. Define

%(to) =1/2 i__l;t(l)l [b(t, + €) + b(t - €)].

Let ¢ be some positive constant and suppose there exist wq and w*,

w, 2w *, such that

O-—.
@ L [v)]dae]] = A <=
S W
*44 d
(ii) sup ——'J-—— = =, d <l;
. S. (W) N
i,J,|w|>w* LI
i#j
anm
(1i1) inf A_(w) > Ae S Al (w)dws
o] <wx lw|>t
" Sx Ww+2 mm)
s o . _d
(iv) fo z sup 0101 dw i"rg%l('ﬁ%
wk k#0 i=1, ..., N X S (w2 mm)
m=—o "X,
ii
W suwp [[B@] <55
w|~w
¢]
(vi) [{bit, -2 7 bwe™al] <f.
PRE
Then

bty - B(to)llge.
Proof. A standard result (given (i) and bounded variation of

b near to) is
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These conditions for B(t) = b(t) invlove the convariance struc-

ture of all Xy and both global and local properties of b. In a sense

which is made exact in Lemma 5 the spectral density matrix of x must
be "well conditioned" at all frequencies with variance concentrated in
an interval which includes w = 0 and is a subset of (-7m, 7. Unless
Sxan) falls off drastically near m, condition (iii) of Proposition 6
requires that ISx ()| be less than 1/N for all i # j in an interval

ii
(w*, ©), w*<<n, Since this implies

b 5, (w2 k)
k=-  Xi4

L S (w+2 7m)
m==e "X,
ii

< %’ lee(w*s m

it is clear that if lSX (w)/SX (w)! (which can be estimated) is not
1 11

bounded by 1/N near 7, the conditions of Proposition 6 cannot be met;

however, since Proposition 6 is concerned with sufficiency, failure of

SX (w)/SX (w)| to be bounded in this way does not preclude smallness

ij ii

of l[B(t) - %(t)l . The conditions on B(w) prevent rapid oscillation

in any bi(t)’ a "rapid" oscillation being one which is shorter than

several periods. This smoothness condition ensures that the off-diagonal
elements of r. and the side lobes of the diagonal elements —-- both

of which oscillate with period 2 (see, e.g., Fig. 4) -- become unimpor-

tant when convoluted with b. These smoothness requirements are all

relative to the frequency of observation which is implicit in the desig-

nation of the frequency 7. This suggests that for any choice of ¢,

there might be some level of temporal disaggregation such that {]%(to) - B(to)l]

< ¢, an idea which is pursued in the next section.
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Since inf||Dn2(w)l| = Gg)z > 0, (a) follows.
w|<nm T

Defining §_ = {w: w* < |w| < n7m} and applying Lemma 5, expression

(b) is dominated by

> Al(w+2n k)] 2

* | k0 -

_2* }‘N(w) b(w)'b(w)dw (17a)
- 2

AL S, (wt2n 7k) -I

- ii

1-d Sn L sup = (Tb

k#0 i=1, ..., N LS (w+2nm m) J )
Xy

. b(w) "D (w)dw

We wish to show that both (17a) and (17b) converge to 0 as nox,

*

Choosing some n0 >2;, we see that for all n z_no the integrand in (17a)

is bounded by the function

T Al(w+2nﬂ k)
k#0 ~ e
inf A _(w) b (w) "b(w)

|w]<w*

which is integrable over [-w*, w*]. The finite variance of x assures

that lim I kl(w+2nnk) =0 a.e., and E(w)'g(w) 1s uniformly bounded;
n>o k#0

the integrand therefore converges pointwise to zero for alomst all

we[-w*, w*]. By the Lebesgue Convergence Theorem (Royden ([8], p. 88)),

(17a) converges to zero. (17b) may be written

- Sx (w+2nT k) 2
3 S I sup ii B(w)'g(w)xn(w)dw
|w|>w*|k#0 i=1, ..., N m=tew S, (ut2nm m)
- ii

1+d
1-

where xn(w) is 1 for |w|§pﬂ and 0 elsewhere. The integrand is bounded

by Nzg(w)'B(w), which is integrable. Since Sx (w) > 0 for all w,
ii
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Sx (wt+2nrk) Sx (w+2n7k)

N
z sup ii < 1§ x ii

k#0 i=1, ..., N $S  (wt2nmm) k#0 i=1 T S (w+2nmm)
T Xy TR Xy

—> 0 a.e.
n-reo

The Lebesgue Convergence Theorem therefore assures that (17b) con-
verges to 0.

The proof of (¢) is analagous. We define

Bn* = {w:k

=§@B(w+2nnk)'5(w+2nnk) =0} and b (w) = b(w) on (-», =)
n (F_[B'5] (w}1/2

and rewrite the expression as
I [kio sx(w+2mk)sn(m+znnk)]'[Fn[sx](w)]’l[Fn[sx](m)]'l[jio S (wt2ni)
[—nj,nw]-Bn*

~Bn(w+2nnj)]Fn[B'S] (w)dw

Taking note that Ilsn(w+2nnk)|| < 1l, this is dominated by

L2 A o) 2
w* hego L - .
! Ay () p=to? (wF2nmm) 'b (wt2nmm) dw (18a)
-y )
’ & S, (ut2nmk) 2
1+d i1
+d) ¢7| L sup (18b)

n|k#0 i=1, ..., N m=§wSxii(w+2nwm)

'm=§w5(w+2nwm)'E(w+2nnm)dw

For n 3_n0 > w*/n the integrand in (18a) is domin ated by the integrable

function| I Al(w+2nnk) 2

k#0

) F[b'b] (w),

Since I Al(w+2nwk) converges pointwise to zeroc for alomst all we{-w*, w*]
k#0

(18a) converges to zero by the Lebesgue Convergence Theorem. Similarly,
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a sufficient condition for which is

-1 ~ -
Lim| | [F_[5,1€0)17H{F_[5,51(0) - F_[5_1(0)b(®}|] = 0

n-rew

For large n, this expression is dominated by

I A ()| [[b(0) - b(2nm)]||

k#0
A €0)
24 2A -a -0
<T==— I A,(2n7k) = (2nm) T O(]k| ) = 0.
WOy T (O k#0

When the data are unit averaged one may apply Proposition 4

in lieu of 9.

4, Interpretation of Discrete Models in Applied Work

Given the assumptions set forth in Section 1, the model (3) exists

and the relation of its parameterization to that of (1) is
B(t) = _f r_(s) b(t-s) ds.

(6) and (7) imply that rx(s) is in general not a diagonal matrix and

as a function of s is not symmetric about s = 0. Consequently Bjﬁt)

is a moving average not only of bi(s) but also of bj(s) (3#i) and

this average is not necessarily centered exactly about s = t. The
"contamination' of Bi(t) by bj(s) can be so strong that Bi(t) is a
confounding of all bj(s) which in no way resembles bi(t)' Such a

situation is exemplified in Figure 2, protraying an rx(s) estimated from
actual data for which one off-diagonal element is as important as the
on-diagonal ones. In circumstances like those of Figure 2 no inference
about b(t) from knowledge of B(t) is possible. Even when certain bi(t) z 0,

the corresponding Bi(t) can be large in absolute value and have reasonable

shapes: see Fig 1(d),
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Fig It
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X x o A » 9 e [12] L A 1 - i 3
Flg. '(b)
Figure 1. Bi corresponding to some bi for N = 2 B1 and bl are portrayed on the left, B

2 and b2 on
The x's indicate B's corresponding to a frequency of observation fourtimes greater than that

which generated the B's designated by the circles. In (a) and (b), S 11 (m) = inf(9,w ) however
in (a) Xy ‘and x, are uncorrelated, while in (b) their correlation is inf (. 96, 9 The essential dif-

ference between the (a) and (b) situations is the absence of the contamination in (a) which is present in
(b). In (c) and (d) lel(w) =

the right.

szz(w) = inf(l,w—z) and the correlation between x
the potential for contamination is greater than in (a) and (b)
shows

2

In addition, bl(t) is poorly behaved and b

2
strongly the effects of contamination. In 1.1(d), bz(t) = 0.

| and x, is inf(.96, gelul /8y,

T¢
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Footnotes

Generalized function are defined and discussed briefly by Jenkins
and Watts ([5], p. 26). For a more elaborate introduction,

Lighthill [6] is an excellent reference.

Unfortunately, there is no standard notation for frequency domain
statistical analysis; the conventions used here are set forth in

Appendix A.

See any standard reference on spectral analysis for a derivation
of this result, e.g., Fishman ([2], pp. 50). We shall think of
these functions as defined only on the interval (-w, 7m), but they
can be defined on the entire real line, in which case they are

periodic.

Propositions 2 and 3 are the multivariate analogues of Proposi-

tions A and E proved by Sims [9].

Mean-square differentiability of a stochastic process is discussed

by Hannan ([4], P. 6 ).

Developments 6 through 8 would also follow under either of these
alternative assumptions. Corresponding versions of these Proposi-

tions for the latter assumption are presented in Appendix B.
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Lemma 5 remains valid when the data are all unit average instead
of point sampled, so long as (8) and (9) are defined as the appro-
priate limits when both numerator and demoninator are zero. Sx(w)

is pre-~ and post-multiplied by

diag { sin(w/2n) sin(w/2n) }

i w/2n ° °°° w/2n J

If (10) is satisfied it is met a fortiori after this modification

of S .
X

The most commonly arising case in which b is not a vector of
ordinary function is b(t) = bl(t) + b2(t) where b1 is a vector of
ordinary functions and bz(t) is a linear combination of Dirac delta

dunctions which are zero for non-integer t. The underlying model

may then be written

y(t) = [ bi(s) x(t-s) ds + _I_ 8,(s) x(t=s) + u(t).
Since rx(s) is IN for s = 0 and 0 for s a non-zero integer, B(s) = Bl(s)
+ Bz(s), and nB(s/n) = nB(s/n) + Bz(s/n). If bl meets the conditions

for b in Proposition 8, then g cdnverges in mean square to bl(s),

1
but of course n82(s/n) is either identically O or approaches
infinity. If b2 has delta function components relfecting impulses
at t # j/n, j integer, OB will reflect serious contamination for
all n.

If the basic model is a differential equation which can be cast
in the form (1) with b having compenents which are linear combin-
ations of first and higher order derivatives of the Dirac delta

function, then (as Sims [10] has pointed out for univariate x)

B does not in general look like the corresponding difference



10.

11.

12.
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continued

operator. The analysis of differential equations in the multivari-
ate model 1s simiiar: as inspection of figures 2, 3, and 4 reveals,
the B's are a hopeless confounding of multiples of derivatives of
the elements of rx(s) at integer s, and the problem does not improve

with increasing n.
See the discussion in Section 5, especially Table 1.

The result depends on X and Y being measured at exactly the same time,
of course. If they are not -- say X is recorded in the middle of

the quarter and Y and the end -~ then (19) implies a two-sided

lag distribution between X and Y whose relation to b depends on

the shape of r .
Some evidence is provided by Granger [3].

Certain awkward problems arise if Corollary 7 and Proposition 8

are applied literally to some economic time series. Stocks

like money and inventories are defined unambiguously at all points

in time, but what about GNP at 2 A.M. (Eastern Standard Time) or
housing starts on Sunday? In fact, of course, there are many economic
variables which become conceptually difficult when temporally dis-
aggregated beyond, say, weekly averages —- not to mention problems
associated with actual measurement of these magnitudes. It is
precisely in such cases that b is periodic and b is a linear com-

bination of delta functions. There is then a level of temporal



12.

13.

14.
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continued

disaggregation for which (1) and (3) are identical, but time series
records are rarely detailed enough to aviod the problem in this
way. What is relevant is how rapidly T improves over the range

of conventinal observational frequencies, a question to which the

experiments reported here are addressed.

1042 observations of the two series, from July, 1951 through

June 1971, were used to estimate 1664 equally spaced ordinates of
the spectral density matrix. The same number of ordinates of fx(w)
were then estimated using (6a) with the estimated Sx in place of Sx'
The inverse Fourier transform of fx(w) yielded the series plotted
in Figures 2 through 4. (It was implicitly assumed that Sx(w) =0

for frequencies greater than 1 cycle/2 weeks.)

Experiments with PCPR and the narrowly defined money stock M1l yielded

similar rx.



40

References

Faddeev, D. K. and V. N. Faddeeva, Computational Methods of

Linear Algebra, San Francisco, W. H. Freeman & Co., 1963.

Fishman, G., Spectral Methods in Econometrics, Cambridge, Harvard

University Press, 1969.

Granger, C. W. J., "The Typical Spectral Shape of an Economic Variable,'

Econometrica 34 (1966), pp. 150-161.

Hannan, E. J., Multiple Time Series Analysis, New York, John Wiley

& Sons, Inc., 1970.

Jenkins, G. M. and D. G. Watts, Spectral Analysis and Its Applications,

San Francisco, Holden-Day, Inc., 1968.

Lighthill, M., J., Introduction to Fourier Analysis and Generalized Functionms,

-

London, The Cambridge University Press, 1964.

Noble, B., Applied Linear Abgebra, Englewood Cliffs, Prentice-Hall,

Inc., 1969.

Royden, H. L., Real Analysis (Second edition), New York, The MacMillan

Company, 1968.



10.

11.

41

Sims, C. A., '"Discrete Approximations to Continuous Time Dis-

tributed Lags in Econometrics," Econometrica 39 (1971), pp. 545-563.

Sims, C. A., "Approximate Specification in Distributed Lag Models,"
Invited Paper at the 38'th Session of the International Stistical

Institution, Washington, D. C., 1971.

Titchmarsh, E. C., Introduction to the Theory of Fourier Integrals,

Oxford at the Clarendon Press, 1948.



42

Appendix A

The following are notational conventions employed throughout.

All assertions are proved in basic references on Fourier transforms

(e.g., Titchmarsh ([11])) or spectral analysis (e.g., Fishman([2])

).

For any absolutely integrable function f of bounded total var-

iation, define its Fourier transform

p T -it
f(w) = lim J f(t) e
T =T

Pdt, -= < w < =,

The inverse Fourier transform of f is defined

W . .
£(t) = lim %—- S f(w) et™dw, -= < t < o,
m
W -W

If f is continuous at t, £(t) = £(t); if not, £(t) = %-lim[f(t+e)

g>
+ f(t-e)]. (The existence of the limit is the consequence of the

bounded variation of f in a neighborhood of t.)

For any function f(t) defined only for integer t such that =

define its Fourier transform

~ T
f(w) = lim t=§ f(t) e itw, -T < w < T

T T

The inverse Fourier transform of f is defined

T . ,
E% S f(w) eltwdw, t integer,
T

f£(t) =
and f(t) = £(t).
The complex conjugate of any complex number a is denoted a.

a few instances, X and ; have been used to denote the unit average

realizations of stochastic processes x and y; this alternative use

£ |£(t)] <=,

(In
s of

is,

hopefully, clear from context.) If x is a vector of complex numbers,
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then X' = (Xyy «v0 5 X.).
Nx1 1 N
If x is a covariance stationary stochastic process with mean O,

we denote its Fourier (or Cramer) representation %(w). %(w) is a dif-

ferential operator with the properties

itw

(1) x(t) = 5= ] ®(we “du;

i

(2) E ii(w) xj(w) = Sxij(w) if w="v and 0 otherwise.

Likewise if x and y are two such processes,

E xi(w) yj(N) = Sxyij(w) if w="v and 0 otherwise.
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Appendix B

Proofs of the convergence results of Chapter 1 assuming only that

Al(m)/AN(w) is uniformly bounded --

Lemma 5'. Suppose the eigenvalues of Sx(w) are all positive for
all w. Then

DDA
ikaéo

m=§w XN(w+2nm)

l(w+21rk)

© _1 ]
ll[m=§m Sx(w+2nm)] [kiosx(w+2nk)]|

Proof. The largest eigenvalue of [m=§wsx(w+2wm)]_l is the inverse
of the smallest eigenvalue of ?m Sx( +2nm), and i_m=§w AN(w+2nm).

m=

Hence

© -1
Z AN(w+2wm)] .

H[m:%_"w Sx(w+21rm)]_lH <0 .E

|| £ Sx(w+2ﬂk)|l <z

Al(w+2nk);lthe result follows from properties
k#0 k#0 ,

(1ii) and (div) of the norm.

Proposition 6'. Suppose b is bounded variation in an open in-

terval including in the point to. Define

~ 1
b(to) =3 ifg[b(toﬂ) + b(to—e)].

Let ¢ be some positive constant and suppose there exists woe(O, m) such
that

@ |1 Ivylae]] = A <=

(ii) Al(w)/XN(w) < d < = almost everywhere;

, 2dA
f .
(1ii) in Al(m) > S Al(w) duw;

w<w wl>ﬂ

0
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(iv)  sup ||1~>(w) Il < -g—(j—;

w >w0
: 1 r it w
(V) lfb(to) iy S blw)e "0°dw|| < e/4, t, integer.
w|<mT

Then
l|b(to) - B(t0)|| < €.

y iwt 1 T~ ~
Proof. |lb(to) - B(to)ll :'Illw{>n b(w) e "0 dw|| + 2wll_£ b(w) - B(w))

e1vto dw| | (B.1)

By (v) the first term of (B.l) is bounded by &/4. The second is the

norm of
1 -1 o g 5 iwtg
= L IFIS 1@ 177 £, 5 (wt2nk) [b(w) - b(wt2mk)]}e ™ 0dw
1 7 -1 iy iwt 1 7 -1
= == Odw - —
7 _4 [F[Sx](w)] k;OSx(w+2nk)b(w)e dw > _% [F[SX](w)] 5.2)
©I s (wk2mk)b(wtark) e 0dy
k#0
Applying Lemma 5' the norm of the first term of (B.2) is bounded by
I Al(w+2wk) L Al(w+2nk)
1 T k#0 ) d T k#0 iy
= ] Ib@]law < & F 0 15 6] |de
ngm AN(w+2vm) m=§w Al(w+2ﬂm)
iy , -1 d
<5- [ sup |b(w)]1 + [ inf @IS A (Wdw + 5= sup
" wl 2w, wl>w, w|>m ' wl>w0
iy 3 € _E
!lb(w)l| i.4 + L 2
The norm of the second term of (B.2) is bounded by
I A, (wr2mk)b (wt27k)
d T k#0 L d iy £
5 J —~ =57 sup |b(w) ] Ay
m=§m kl(w+2vm) Im|>n
Corollary 7'. Suppose that b is an absolutely integrable function

of bounded total variation. Define
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b(t) = -%-lim[b(t-i-e) + b(t-g)].
e>0
Suppose

(1) for all w* > 0, inf AL(w) > 0:
l H

{1 A @AW <d <= ae.

Then
lim||b(t) - nB(t)|| = 0 for all integer t.
n->e
Proof. Given any integer t, and ¢ > . It suffices to show the
existence of W and n* such that for all n > n¥*,
(144 nf A @) 2 ZE s W)
W] <w |w|>nn
-0
(iv") sup |!b(m)|‘§_we/2d;
w|>w
0
@Y b -2 1 b eM™aul] < /4.
w|<nm

Just as in the proof of Corollary 7, such existance is the consequence
of the Riemann-Lebesgue Lemma, finite variance of x and the basic con-

vergence result for Fourier series.

Proposition 8'. Suppose the bj are square and absolutely integ-

rable functions of bounded total variation, T IRX (t)| < o for all
i

t=—oo
i, and the roots of Sx(w) are all positive a.e. Let there exist d < «

such that Al(w)/AN(w) < d a.e. Then
o2 mply C &y M - p&yT =
1m = F "B -1 "B - b = 0.
n-oe
Proof. Proceed as in the proof of Proposition 8. (a) converges

to 0 exactly as before, and use Lemma 5' to bound (b) and (c) by
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)} Xl(w+2nnk)
nm ka

-n% - b(w) "b(w)dw (B.3)
m=§w AN(w+2nwm)
and
I A, (w+2nmk) 2
nm | k#0 1 o ~
—t m=§w b (w+2nmm) 'b (wt2nmm) dw (B.4)

b +
m=§m AN(w 2nmm)

respectively. ((B.3) is the analogue of (17), (B.4) the analogue of

(18).) Observing that

b2 Al(w+2nﬂk) d z Al(w+2nﬂk)
k#0 . _k#0
m=§w AN(w+2nﬂm) Z, Al(w+2nnm)

<1 a.e.

and

I Al(w+2nﬂk)

lim k£0 = 0 a.e.,

e o
m=§m Al(w+2nvm)

one can use the Lebesgue Convergence Theurem exactly as in the proof

of Proposition 8 to prove that (B.3) and (B.4) converge to 0.
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