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of strict exogeneity, as it is used in the Gauss-Markov
theorem and in estimation methods based on it, takes the

form

2) E[U(to)IX(tl),...X(tk)] =0,
for any {to,tl,...tk}.—l-/
A test is available for the hypothesis that X is exogenous:
Expand the model (1) to the form

3) A(L)Y + B(L)X + G(L)X = C(L)U ,

where G involves only negative powers of 1L, and test

the null hypothesis that all the coefficients in G are

zero. If (1) is the true model with X in fact exogenous,
then the coefficients in G are zero. The polynomial G
could include positive powers of L higher than the degree

of B, but unless we are in the rare situation of having

a priori theoretical constraints on the degree of B, an
econometric model will generally have been chosen by trial and
error to guarantee that no higher powers of L than appear in
B will possess statistically significant explanatory power.

We could also include in G positive powers of L 1less than or

equal to the degree of B, but coefficients on these terms are

1This is actually a slightly stronger assumption than
is required for the Gauss-Markov theorem. That theorem
~would require only that (2) hold for any collection
{t ,t,,...t, } all of whose elements are contained within
thd s%mple period. In time series, if the assumption is
not to be dependent on sample length or on absolute location

in time of the sample, (2) must hold for arbitrary {to,t t }.
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likely not to be identified. 1In an overidentified model,
coefficients on some such terms will be identifiable,
and then G could certainly include such terms.

Testing for exogeneity this way requires that (1)
be identified and remain so when expanded to (3) with
an appropriate parameterization of G. It is not required
that the system (1) be complete -- the number of equations
could be less than the dimensionality of Y. Furthermore,
it is not required, even if A(0) is of full rank, that
A(L) have inverse expressible as a polynomial in positive
powers of L with convergent coefficients. That is, it is

not required that A be "stable";g/

2That A be stable when A(0) is square may seem an
innocuous assumption. However, in the first place there
are applications where gently nonstationary behavior for
Y (e.g., growth at less than 10% per year) may be reason-
able, and a system which generates that behavior endogenously
might involve unstable A. In the second place, Y and
X might both be stationary, even though A were "unstable'.
For example (this example is inspired by unpublished work
by Peter K. Clark of Minnesota and John Kennan of Brown)
we might have a model in which

Vt)-W(t) = (1/x) [(V(t-1)-W(t-1)) ~ P(t-1)] + U(t) ,

where V(t) is the share value of a conglomerate firm, W(t)
is the share value of a subsidiary corporation of the
conglomerate, r is the discount factor, P(t) is earnings
per share of the conglomerate, net of earnings of the
subsidiary, and U(t) is a residual. Under certain assumptions,
it can be argued that the expected value as of time t of
the left-hand side of this equation is the right-hand-side
with the error term suppressed. It then follows that U

is serially uncorrelated and uncorrelated with the variables
appearing on the right-hand side of the equation, so the
equation can be estimated consistently by ordinary least
squares. Under the further assumption that the fortunes

of the subsidiary and of the remainder of the conglomerate
are independent, W 1is exogenous with respect to U and
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If A(L) is square and we know that det(A(L)) has
all its roots strictly outside the unit circle of the
complex plane, then an infinite polynomial in positive
powers of L with absolutely summable coefficients,
called A_l(L), exists such that A—l(L)A(L) =1, In
this case a procedure for testing exogeneity of X exists
even when (1) is not identified. Multiplying (1) through
by A—l, we obtain

4) Y -A—l(L)B(L)X + A—l(L)C(L)U .

The system (4) is a set of distributed lag relations with
(on the null hypothesis) current and lagged values of
strictly exogenous variables on the right-hand side and
serially correlated errors In the rare situation where
we have a priori knowledge of the orders of A, B, and C
we can obtain a finite-dimensional parameterization of (4)
directly and proceed with estimation. More generally, it
will be as easy to choose a priori finite lengths for the

lag distributions in an approximation to (4), such that

that hypothesis can be tested as suggested above. However
if we add to the system an equation explaining ¥ as a
function of exogenous variables and past values of itself,
the resulting two-equation system has an "unstable" A. This
does not imply that V-W or P must be non-stationary.
It does imply that (V(t)-W(t), P(t)) does not lie in the
space spanned by current and past values of the residuals
in the two—-equation system and of the exogenous variables.
Intuitively, the system is not one which 'determines" V-W
and P from the history of exogenous variables and error
terms, though it is nonetheless a valid pair of behavioral
equations.
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the omitted tails of the lag distributions contribute
explanatory power of'trivial variance. 1In either case,
once estimates of (4) are obtained, future values of X
can be added to the right-hand-side of (4) and the null
hypothesis that their coefficients are zero tested by
standard methods. This null hypothesis is implied by

the hypothesis that X 1is exogenous, and testing it is

therefore a test of exogeneity.é

2. Exogeneity in Vector ARMA Models

If the exogenous variables X in (1) are stationary,
then it is assured that X 1is representable to an

arbitrarily close 4/ approximation by a vector ARMA

3In my earlier paper [A] I emphasized the connection
between the null hypothesis of strict exogeneity and Granger's
[3] definition of a one-way causal ordering. This connection
is real, but it is potentially misleading as well, because
of the variety of ways we use the word 'cause''. We might.
estimate a single equation distributed lag investment accelerator
model without believing that "output causes investment" in
some legitimate sense of the work "cause'; but if we are using
estimation methods predicated on strict exogeneity, we should
nonetheless test for exogeneity of output in the estimated
equation. In fact, Hannan [4 ] had pointed out years ago
that exogeneity tests were possible in principle, and Phillips
[ 6] discussed, even more years ago, the relevance of exogeneity
(and generalizations thereof!) to identification of systems
of time series relations. ' '

4This approximation can be made arbitrarily close in
the sense that the spectral density of X implied by (5)
can be made arbitrarily close to the true spectral density

in the Ll metric by picking the degree of H and J high

enough. This implies that the joint covariance matrix of
X(t+sl), X(t+s2),...,X(t+sk) for fixed S1s SpsceesSy

implied by (5) can be made arbitrarily close to the true
covariance matrix.



structure of the form
5) HL)X = J(L)W ,
where W is a vector of mutually uncorrelated white noises,
His "stable", and H and J are finite-order polynomials in
nonnegative powers of L with square matrix coefficients. 1If
we append (5) to (1), if A 1is square, if Y and X are
jointly stationary, and if X 1is exogenous in (1), then
(1) and (4) together form an ARMA representation for the
vector process (Y, X). Exogeneity can be tested in this
system by testing the null hypothesis that W and U are
uncorrelated;t ahd it should be clear that adding G(L) to
(1) to get (3) and testing the hypothesis G = 0 is a test
of the hypothesis that U and W are uncorrelated;i/

The class of tests for éxogeneity proposed in Section
1 above make no use of (5). This may be ‘an advantage or a
disadvantage. If we begin with the system (1) or (4),
have some a priori knowledge (possibly imprecise) of the
form of one of those systems, and have no a priori knowledge
of the form of (5), then it is éertainly an advantage to
avoid using (5) in forming a.test of the exogeneity of X

in (1). On the other hand we might have overidentifying

5This condition, that if Y and X are jointly stationary

and X 41s exogenous in a behavioral system (1), then we

can form a vector ARMA representation for (Y,X) by appending
(5) to (1) with U and V mutually uncorrelated, has
been noted previously by Zellner and Palme ([10], p. 19-20).
As Zellner and Palme state the condition, however, the reader
might gain the erroneous impression that if an estimated ARMA
representation fails to meet the condition, then X cannot be
exogenous in a behavioral model explaining Y. 1In fact, since
the ARMA representation is not unique, the condition is in a
sense only necessary. This point is taken up again in 6.
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restrictions on both (1) and (5):§ In this case there
would be an advantage in testing the system formed by (1)
and (5) against a more general, but still identified, ARMA
model in which new terms in W appear in (1), new terms
in U appear in (5), and/or new terms in Y appear in
(5). Such a test does test exogeneity of X in (1), but
of course it also tests all the other overidentifying
restrictions at the same time. 1In heavily overidentified
systems, or where identification has beeﬁ achieved by the
use of assumptions more dubious than exogeneity of X in
(1), there is not much point in labeling a test like this
an "exogeneity test''.

Finally it is possible that (5) is identified and
(1) is not.zj To generate a test forAexogeneity of X
in (1) when (1) is not identified we need to know that X
and Y are jointly stationary and  that A can be chosen
square and with all the roots of det(A(L)) = 0 outside the
unit circle. 1In that case Y can be expressed as a linear
combination of current and past values of X and U, so
on the null hypothesis that X 1is exogenous in (1) values
of Y(t-s) for s greater than zero are uncorrelated with
W(t). This hypothesis can be tested by standard methods.

Even if neither (1) nor (5) is separately identified,

6For example, (5) might be a simultaneous equation model
of a set of macro-economic aggregates and (1) might be a model
of the construction industry in which the macro-economic
aggregates are taken as exogenous.

7E.g., in our construction-industry-model example we might
have a complete model for the aggregate variables X already
available, and merely be contemplating construction of the
model(1l) for the construction industry. As a preliminary step
we might wish to ask whether it is possible that X could be

exogenous in a model like (1).
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it is possible to tést the null hypothesis that X is
exogenous in a system of the form (1). One way to do this
which does not depend on X béing stationary or conveniently
modeled as a vector ARMA has already been described: Testing
for non-zero coefficients on future X in (4). If X 1is
stationary and has some exact representation of the form

(5), then H can be chosen "stable" and J can be chosen

with all the roots of det J(L) = 0 on or outside the unit

8/

circle (stable or borderline unstable).—~ Also, if X 1is

stationary, any approximate representation of X in the

form (5) can be replaced by one implying exactly the same
covariance properties but with H stable and the roots of

det J(L) =0 on or outside the unit circle. These restrictions
do not, however, suffice to identify H and J. Hannan [5]
gives conditions froﬁ which a normalization rule which will

identify H and J can be derived.gj

8If (5) represents X , then X is a rational process,
and a rational moving average representation can be chosen
for it in which the disturbance vector is "fundamental" for
X 1in the sense of Rozanov [8]. For a rational process, W
being fundamental for X in (5) is equivalent to the conditions
on H and J given in the text.

9However, it is in my view a fundamental disadvantage of
ARMA representations in situations where the orders of H
and J are not known a priori that a conservative "overfitting'
procedure (choosing the orders of H and J to be certainly
high enough and probably higher than necessary) undermines
identification. Since purely autoregressive representations
(ARMA representations with J(L)=I) do not suffer from this
defect, can equally well approximate an aribtrary stationary
process, and are generally easier to estimate than ARMA
processes, it will be sensible in many applications to achieve
identification by taking the order of J to be zero, the order
of H to be conservatively high, and H(0) to be upper triangular.
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could reject the null hypothesis even though a relation
of Y to current and past X with X exogenous does
exist.

The problem is that to choose orders of H and J
appropriately we would have to begin with the constrained
ARMA system, which involves estimating (5) in any case.
Having instead estimated a good-fitting unconstrained low-
order vector ARMA representation for (Y,X), an appropriate
test for the null hypothesis that a relation between Y
and X with X exogenous exists must test the hypothesis

that some transformation of the estimated representation

would satisfy the exogeneity conditions. This hypothesis
is complex and nonlinear and will not be specified in detail

here, because there are more convenient test procedures,

3. Details and Pitfalls of Exogeneity Testing

One normalization rule which will identify (5) sets
J(0) to be the identity and H(0) to be upper triangular
with ones down the main diagonal. Maximum likelihood
estimation, on the assumption that J“l exists, amounts to
minimizing the product of the sum of squared residuals in
the residuals in the equations of the system
9) Ttamw x=w .
In the case where J has been chosen to be the identity,
each parameter of (9) appears in only one equation and
ordinary least squares (OLS) can be applied equation by

equation. To test the hypothesis that X 1is exogenous

in (1), under the maintained hypothesis that A in
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(1) has a convergent one-sided inverse (A is stable), we
expand (9) to become

10) Slomewx + kWY =w

where K involves only strictly positive powers of

L (K(0)=0). Under the null hypothesis K must be zero;g/
In the purely autoregressive parameterization (J(L)=I)
this hypothesis is particularly easy to test, since in
that case, if separate coefficients are allowed for lagged
Y's in the separate equations of (10), the null hypothesis
K=0 becomes a set of linear hypotheses in a set of linear
equations estimable by OLS.

The test suggested in section 1, adding future values
of X to the right-hand-side of (4) and testing the null
hypothesis that they have zero coefficients, tests the same
null hypothesis as the one that K=0 in (10), if both (1)
and (5) hold. The difference between the two tests is
that the test based on (10) requires that (5) hold, but
not necessarily that Y be stationary or that we know

how to specify (1). The test based on (4) requires that

9The requirement that K(0) be held to zero, i.e. that
no contemporaneous Y's be added to the equation in (10),
stems from the fact that (1), with stable A, implies that
Y 1is a linear combination of current and past X and
current and past U. Since W in (5) is uncorrelated, on
the null hypothesis, with U, W is uncorrelated with past
Y. But current Y contains a current X component, hence
a current W component, and hence is in general correlated
with current W on the null hypothesis.
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we know how to specify (1), but not necessarily that we
know X is stationary or that we know how to specify (5).

It has been suggested in several unpublished papers
(e.g. Feige and Pearce [2]) that tests be simplified by
estimating an analogue of (10) in two steps. It is proposed
that both (5) and an analogous representation for Y alone
be estimated in a first step. Exogeneity can then be tested
using statistics based on the cross—correlation functions
of the residuals of the two estimated representations. The
apparent simplifications available from this two-step procedure
are, however, illusory.

In the initial step, we would estimate a system of
the form
11) A(L)Y = c(L)U ’

H(L)X = J(LWw

with U and W each a vector of white noises, A and H
stable, C and J stable or borderline unstable, and
identification achieved by some normalization rule. On
the null hypothesis that X 1s exogenous in a relation
like (1) with A in (1) dinvertible, lagged values of
U from (11) should be uncorrelated with current values
of W , by the same argument which makes lagged values of
Y uncorrelated with current values of W and justifies
the test based on (10). Of course if the roles of X and
Y are reversed, the possibility of Y's being exogenous

in a structural relation can be tested by examining whether
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lagged W's are correlated with current U's. This

suggests a particularly simple and symmetrical procedure:

find the cross—-correlation of the U's with the W's at
various relative lags, test first whether the cross-
correlations are zero for all negative lags, then whether

they are zero for all positive lags. This symmetrical
procedure might look particularly attractive in bivariate
systems where Y on X regressions and X on Y regressions
are roughly equally plausible as structural relations.

The facts that U and W are each a vector of serially
uncorrelated white noises, énd that on the null hypothesis
the particular set of cross-correlations being examined is
zero, give the estimated cross-correlations of the true
U and W a tractable asymptotic distribution. If RUV(t) =
E(U(s)V(s~-t)") , if RUV(t) = 0 for all t greater than
zero, and if Rgv(t) is the estimate of RUv(t) formed-from
a sample on U and V of length T, then T%Rgv(t) converges
in distribution to a matrix of independent normal variates.
The joint distribution of a finite collection of such
estimates at different positive values of t 1is also asymp-
totically normal, with the asymptotic covariances of estimates
at different t =zero.

However, in implementing this apparently natural pro-
cedure we must use estimates of U and W. Cross-covariances
between U and W estimated from estimated U and W do not
have the same asymptotic distribution as cross-—covariances

estimated from actual U and W , unless all cross—-covariances
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between U and W are zero. In testing whether lagged
values of U are correlated with current W , we are in
effect testing whether, in the equation

12) Trwr@x + k@U =W ,

with K(0) constrained to be zero, a non-zero K contributes
toward the explanation of current X. Replacing U by

UT , the estimate of U obtained from a sample of length

T on Y and X, does not affect the legitimacy of a test
based on joint estimates of J_lH and K. In fact, any
weighted sum of current and past Y's, including Y itself
as in (10), could replace U in (12) without affecting the
asymptotic validity of such a test. But replacing W by
WT and examining sample correlations as if they had been
estimated from W and U instead of WT and UT amounts
to estimating J_lH initially on the assumption that K

is zero, then examining the correlations of UT's with the
WT’S treating the estimated paraﬁeters of J—lH as fixed.
When (12) is interpreted as a regression equation, it is
easily understood that this leads to mistakes in inference.
In a multivariate regression, correlations between estimated
residuals and omitted variables whose true coefficients

are zero have smaller asymptotic variance than correlations
of the tfue residuals with those same omitted variables
unless the omitted variables are uncorrelated with the
included variables. This widely understood fact is a special
case of a general result proved by Durbin {1]: If we have

a vector of parameters (a,b), if ag is the maximum likelihood
estimate of a conditional on b=0 from a sample of size T,

and if bg is the maximum likelihood estimate of b conditional
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on a=ag » then the gsymptotic variance of bg on the null
hypothesis that b=0 is smaller than the asymptotic variance
which would be estimated on the assumption that ag is
fixed, unless when the likelihdod function is maximized
jointly in a and b the resulting estimates are asymptotically
uncorrelated. (For a more precise statement of this result,
see the original Durbin article.) Thus this kind of procedure
creates a bias, even in large samples, in favor of the null
hypothesis b=0 . In our particular application, this is
a bias in favor of K=0 , i.e. in favor of finding no feed-
back.

The bias vanishes only when U and X are uncorrelated
at all lags.

To see how this bias works out in practice, consider

this simple example:

13) Y(t) X(t) + U(t)

X(t) aX(t-1) + v(t) .

Here X is in fact exogenous in the first equation of (13),
under the usual assumptions that U and V are mutually
and serially uncorrelated and |a] < 1. If we introduce
Y(t-1) on the right hand side of the second equation of (13),
estimate a and the coefficient of Y(t-1) jointly by OLS,
and test the null hypothesis that fhe coefficient of lagged
Y i1is zero by a standard t test, we have an asymptotically
justified test of exogeneity. In fact, if we add any

linear combination of past values of Y to the right-hand-
side of (13) and test the coefficient of this additional

variable by a t-~test, we will have a legitimate test. But

Y(t-1) or the lagged value of any prewhitened version of
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Y will in general bé correlated with X(t-1). Estimating
a first in a regression of X(t) on X(t-1), then doing a
separate standard test on the éorrelation of lagged Y or
lagged prewhitened Y with the estimated residuals & from

the first stage regression in effect ignores the effects

of collinearity. In the limit as a goes to zero and the

variance of U goes to zero, the bias in favor of the null
hypothesis goes to infinity, in the sense that the true
probability of type I error under (say) a nominal .05 level
test goes to zero. This is large-sample bias--it does not
diminish in large samples.

The bias of this two-step procedure is small if the
relation between Y and X 1is weak. Thus if the null
hypothesis to be tested is that Y and X are unrelated,
tests based on the cross—correlogram of separately pre-
whitened series are legitimate. On the other hand, it is

not safe to conclude that when the statistical significance

of distributed lag relations between Y and X is low,
tests based on the t&o-step procedure are not likely to be
strongly biased.

For example, it would be natural to test for significance
of the relation between Y and X by examing the sum of
squares of the cross-correlations of pre-whitened versions
of Y and X. With, say, 100 quarters of data, we might
examine lags in the range + 12 quarters. To achieve

significance at the ten per cent level under the usual
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asymptotic distribution, this sum of squares would have
to exceed 34. But if the sum of squares of the true
cross-correlations of whitened Y and whitened X
were 34, the bias in the estimated variance of the
correlation of a single lagged value of whitened Y with
current whitened X could, on the null hypothesis that
this correlation is zero, be as much as 34 per cent. This
is sufficient bias to convert a nominal 5 per cent level
test to 11 per cent, a nominal 10 per cent level test to
18 percent, a nominal 1 per cent level test to 4 per cent.
Of course, in addition there is the nearly obvious
point that in many applications if we really believed that
the relation between Y and X were very weak, there
would be little point in checking carefully whether X 1is

strictly exogenous in this very weak relation.
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