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5. Stability

Strictly speaking, the first—order conditions from an optimization
problem describe some relationships that must hold at the optimum concerned,
but say nothing about how to reach that optimum, starting from an initial
non-optimal position. Nevertheless, the frequent use of such first-order
conditions to provide "rules' for public sector shadow pricing, optimal
taxation, etc., suggests that the formulae so obtained are meant to be
used as a means of moving from some initial position to the optimum con-
cerned. This is particularly so of the shadow pricing literature, The
adjustment mechanisms involved are ordinarily not made explicit, however,
and, in addition to the informational issues involved, this leaves unanswered
questions about the convergence of those mechanisms. We now consider the
stability of the iterative process most naturally suggested by the analysis
of section 3 and discussed in the preceding section. We show that, for an
important class of examples, this process is non-convergent. This exercise
suggests that questions of stability are of more than simply theoretical
interest for shadow pricing.

Assuming that 899 is bounded away from zero,gthe equation
8 (%0 x3) =1

can be solved for X, as a function of X3, Using this, we can now express
g3(x2, x3) as a function of Xq alone, which we will denote G(x3). Like-

wise, assuming that f22 is always non-zero the equation

fz(yz, y3) =1+r
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can be solved for y, asa function of Y3 and T. We now use this

and the resource balance equation y3 = 1~ Xq to write
f3(Y29 Y3) - T f23(st Y3)/f22(y2, Y3) = F(X3; ),

where T 1is always a fixed parameter.

Our iterative adjustment process is now

t+l
X

G( 3

) = F(xg; 1) £=0, 1, 2, ... (21)

This process has the second-best optimal solution as a stationary point; but

it converges to that solution if and omnly if

-+ ®&k
1im eIt = el ).
3 3
t > o
: Kk
Now taking a Taylor's series expansion about the point X4 we obtain a

linear approximation to the left member of equation (21),

t+l

ek k% 4+l kk
~ ' -
G(x3 ) G(x3 ) + G (x3 Y (x

3 T %3)
Proceeding similarly with the right member of (21) we obtain the following

linear approximation to equation (21).

t+1

3 (22)

G( *% + G' k% *% - F **. + F' k% t k%
Xy ) (x3 ) (x; - Xy ) = (x3 3 T) (x3 )(x3 - x

3)

We then lag this equation by one period and subtract the lagged equation
from (22) to obtain a first-order difference equation approximation to

equation (21):

tHL oty | o ¥ t _ _t-l
=F (x3 3 T)(x3 X3 ) . (23)

%%
G'(x3 )(x3 - x3)

This difference equation is convergent if and only if
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IF'(Xg*; T)/G'(xg*)l <1. (24)

*% *k
Note that F'(x3 3 T) and G'(x3 ) will ordinarily have opposite signs,

so their quotient will be negative.

Proposition 1: If f and g are any pair of identical Cobb-Douglas

production functions having the form
o
£(y,, y3) =a y, v,
=g g% B
8(x,), X3) = a X, X

where a, o, B>0, o+ B <1 and Tt > 0, then the iterative adjustment

process

t+1 t
G(x3 ) = F(x3, T), t=0, 1, ...

10
is non-convergent.

Proof: see Appendix 1.

A numerical example of such a divergent process is presented in Table 1,
where a =1, o = B = 1/3, and T = 1. The initial point (t=0) is an equil-
ibrium solution where fg =1+, gg = 1, and gg = fg = pg. The second-
best optimal solution is presented in the final row. Obviously,this
iterative process does not converge to the optimum. Although the optimal
solution exists and is a stationary point of this iterative process
(i.e. an equilibrium), it is unstable. In the case of this example,

F'(xz*; T)/G'(X;*) = ~ 1.28. The value of consumption achieved after each
iteration (c;) is given in the final column. Note that ci declines

steadily as the iterative process continues. This example is illustrated

11
in Figure 1. It is easily verified that the non-convergence result does
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%%
not depend on the initial value of Xq5 provided it is not Xq - In such

cases, no matter how close the economy is to the optimum initially, the
iterative process given by equation (21) will not produce convergence to
the optimum.

Proposition 2: For every non-convergent shadow pricing process where

k% %%
F'(x3 ; T)/G'(x3 ) < - 1, there exists a simple revised process of the form

G(X§+1) =p F(X;; T) + (l - p)G(X;), t=0’ l, 2’ cees (24)

where 0 < p < 1, which is convergent.

What this amounts to is that there always exists a value of p small
enough such that this damped adjustment process will converge. Taking a
Taylor's series expansion about x;* as before and proceeding similarly

we find that this process is convergent if

*k k%
PF' (x4 5 1) + (1 = p)G'(%5)
3 3
v < 1. (25)
G'(x3 )
. , Kk y Kk

Denoting F'(x, ; 1)/G (x3 ) by K, we now suppose -~ o < K < - 1. Now
choose p such that 0 < p < lEK < 1. The condition for convergence is now

ok +1 -p] = |1 -0 -K)| = |1 -m| <1,

where p =m/l -K, 0 <m<2, But -1<1-m<1, so [1- m| < 1.
So any p such that 0 < p < 2/1 - K will give convergence. Therefore,
by choosing successively smaller values of p, a non-convergent shadow

pricing process could always be converted into a convergent one.
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Table 1: Non-Convergent Shadow Pricing Adjustment Process
t t t, t t
Xq G(x3) F(x3,r) P, ¢
t=20 0.6667 0.2357 0.2946 0.2357 0.5107
t=1 0.4267 0.2946 0.2247 0.1797 0.5090
t=2 0.7339 0.2247 0.3297 0.2638 0.5052
t=3 0.3407 0.3297 0.2095 0.1676 0.5009
t =4 0.8440 0.2095 0.4306 0.3445 0.4880
t=5 0.1997 0.4306 0.1901 0.1521 0.4764
t =26 1.000 0.1925 - - 0.3849
Optimal
Solution 0.5614 0.2569 0.2569 0.2055 0.5137
Figure 1: A Non-Convergent Shadow Pricing Adjustment Process
t
G (x5) F(x357)
A r 3
Public t t, Private
firm G(x3) Fxg37) firm
0.4 1 + 0.4
O~2 L o N : 1 Il ; lﬁ' 0-2
o T | 1 ; 1 1
| 1
| | | | | -
| | { ' o
| b D !
0 . ey — : . 0
0 ;! L | by l [
| 1 b : I | ! :
5 3 N * o 2 4 6
*3 *3 ¥3 ¥y 33 73 3
X I
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6. Some Alternative Solutions

Let us now suppose that the second-best solution described in section 3
is unattainable, in that the planner is unable to shadow price the non-
traded input correctly. This might be so, for example, because the inform-
ational problems involved are unmanageable or because of a bureaucratic
constraint on the shadow pricing methods he can employ. We will suppose
the planner to be constrained to shadow price the non-~traded input at its
domestic market price. We now ask whether, given this, it is better to
shadow price the traded input at its international price or at its (tariff—
distorted) domestic market price. Clearly, both these procedures are
informationally feasible. The first is what a simplistic interpretation
of the LittlefMirrlees and Dasgupta-Stiglitz recommendations would consist
of (valuing the non-traded input at its producer price and the traded inpdt
at its international price), while the second is what Weckstein and Rudra
recommend (valuing all commodities at their domestic market prices). We
will ignore questions of stability and consider only the values of con-
sumption achieved at the respective equilibrium solutions.

First we consider whether, given that the non-traded input is to be
valued at its equilibrium market price in both the private and the public
firms, the optimal shadow price for the traded input is still its inter-
national price.

Problem 3: max c¢, subject to (1), (2), (4) and gy = fq.

1

We formulate the Lagrangian

ki
L =cy t Kl[g(xz, Xq3) + £(yy, ¥3) - cp T ¥y " yz) + A, - x5 - yq)

+ A3(f2 - L+ 1)) + 2 (Ey - gg).  (26)
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Proceeding as before we obtain, for Yos Y35 Xg >0,
*hk 1+ f*** kkk f*** %Kk + f*** k%% D -1
8y =1+ T f38y3 (fyy (B33 + f33) - (fy5) 27
kkek

where (""7) denotes evaluation of the derivative concerned at this "third-

best" optimum.
From the strict concavity of f we know that the Hessian matrix of
second derivatives [}ij]i §=2,3 is negative definite, with the possible
b 9

exception of a countable number of isélated points}zso f22, f23 < 0 and
' 2

f22f33 - f23 > 0. Likewise 833 < 0, so the term in square brackets is
positive. Ordinarily, we expect f23, 893 > 0; but note that if either

of these terms is vanishing (for example, if either f or g is additively

*kk k%%

separable), 32 = 1 as before. If both are non-zero, s2 > 1 and the

international price is no longer the optimal shadow price for the traded
input. Obviously, if the non-traded input cannot be wvalued correctly for

informational reasons, presumably equation (27) cannot be evaluated either.

Hkk
2

price (unity) or the domestic market price (1 + 1) is superior. We now

But given that s > 1, it is not obvious whether the international

define
Problem 4: Let s§4) =1, S§4) = p§4)’ and

Problem 5: Let sés) =1+, S§5) = p§5)’

%) (5)
Pj3 3

where and p denote the equilibrium market prices of the non-

traded input resulting from these two shadow pricing strategies, respec-
tively. We now ignore questions of convergence and compare the equilibrium

levels of consumption of commodity 1 resulting from these strategies,

(4) (5)
1 1

denoted c and c¢ , respectively.
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Proposition 3:

Let £ and g be any pair of identical Cobb-Douglas production

functions of the form

£(yy> ¥3) = a yg yg ,

g(xz, x3) = a xg XS

where a, o, B >0 and a+ B < 1, then c£4) ;:cis) for all <t such

that -1 < 1 < o,

Proof: see Appendix 2.
For this limited class of production functions, then, it is always better
to value the traded input at its international price than at its tariff-
distorted domestic market price when the tariff is the only distortion
present, It is very difficult to extend the proof of Proposition 2 beyond
the class of identical Cobb-Douglas production functions, but the author
has been unable to construct a counter-example when the public and private
sectors are allowed to have different Cobb-Douglas production functions.
Nevertheless, such examples may exist. In the first 5 columns of Table 2
we illustrate the complete numerical solutions to Problems 1 through 5
for the following specific case.

Numerical Example I: Let

1/3 _1/3
f(st Y3) = y2/ Y3/ and

1/3 _1/3
g(xzs X3) = xz X3 .

For Problems 2 through 5 we have set 71 = 1.

(4)

Note that ¢y decreases moving across the table, and that ¢y greatly
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exceeds cis)

N

. Figure 2 illustrates the relationship between and

®
in this case when 7T is allowed to vary.

Once a distortion is introduced directly into the market for the
non-traded input, however, this result no longer holds. It is then no
longer true that when the shadow price of the non-traded input is set at
its (distorted) domestic market price, it is always better to shadow price
the traded input at its international price than at its domestic market
price—-even for the restricted class of production functions considered

in Proposition 3. This is illustrated by Problem 6 in the final column

of Table 2.

(6) _
2 =1 and s

6) _ (5
3 " P3 -

Problem 6: Let s
Think of the economy initially being at the solution to Problem 5 and the
market price.of the non-traded input thereafter being held fixed at this
initial value. Now let the planner change the shadow price of the traded
input from its domestic market price to its international price, but con-
tinue to shadow price the non-traded input at its (fixed) market price.

In this case the public firm expands to eliminate the private firm com-
pletely and ¢y falls dramatically. The solutions for Problems 1 through
6 are summarized in Figure 3 for the above Cobb-Douglas example. The
solutions are denoted (1), (2), ..., (6), respectively.

Finally, we present an example to show that when the non-traded input
is shadow priced at its domestic market price, shadow pricing the traded
input at its international price can be worse than shadow pricing it at its
tariff-distorted domestic market price, even when there are no distortions

present in the market for the non-traded input.

Numerical Example II: Let
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2 2
f(y2, y3) 99y2y3 - 50y2 - 50y3 + 3y3 s

g(xz, x3) = 99x2x3 - 50x§ - 50x§ + 3x3 s

and let 1 = 1. It is easily verified that f and g are strictly
concave,13 and that f£(0, 0) = g(0, 0) = 0. The complete equilibrium
solutions for Problems 1 through 6 are presented in Table 3. This example
has a number of interesting features,14 but note especially that in this
case SZ** is close to 1 + T (Problem 3). Given that 83 is set equal
to P3» it is better in this case to value the traded input at its domestic

market price than at its international price (ciS)

> c£4)), even though
Py is a perfectly competitive equilibrium price and the tariff is the
only distortion present.

This is a disturbing result. If the informational problems of finding
the correct second-best shadow prices of non-traded commodities are pro-
hibitive, requiring that their market prices be used instead, then we can-
not, in general, be sure that it is better to shadow price traded commod-
ities at their international prices than at their domestic market prices.
This is so even when the only distortions present in the economy are
tariffs on the traded commodities and the markets for the non-traded com-

modities are perfectly competitive. Examples of the above kind are

admittedly difficult to construct; but this problem should be appreciated.



Table 2: Numerical Example I
Problem Problem Problem Problem Problem Problem
1 2 3 4 5 6
cq 0.5443 0.5137 0.5110 0.5107 0.4811 0.3849
Xy 0.4082 0.4326 0.4550 0.4714 0.2887 0.5774
X, 0.1361 0.1442 0.1438 0.1571 0.0481 0.1925
X3 0.5 0.5614 0.6548 0.6667 0.5 1
S,y 1 1 1.0544 1 2 1
83 0.2722 0.2569 0.2316 0.2357 0.1925 0.1925
Y1 0.4082 0.2704 0.2399 0.2357 0.2887 0
Yo 0.1361 0.0451 0.0400 0.0393 0.0481 0
Y3 0.5 0.4386 0.3452 0.3333 0.5 0
P, 1 2 2 2 2 -
Py 0.2722 0.2055 0.2316 0.2357 0.1925 -
Table 3: Numerical Example II
Problem Problem Problem Problem Problem Problem
1 2 3 4 5 6

¢y 1.5225 1.5176 1.5127 1.3944 1.5125 1.0200
3 1.2463 1.2463 1.2514 1.6834 1.2313 2.0000
Xy 0.4850 0.4850 0.4850 0.7313 0.4750 0.9800
Xy 0.5000 0.5000 0.5097 0.7487 0.5000 0.9975
Sy 1 1 1.9610 1 2 1
Sy 1.0150 1.0150 0.0443 0.5200 0.0250 0.0250
Yy 1.2463 1.2313 1.2117 0.6710 1.2313 0
Yo 0.4850 0.4750 0.4654 0.2287 0.4750 0
Y3 0.5000 0.5000 0.4903 0.2513 0.5000 0
P, 1 2 2 2 2 -

1.0150 0.0250 0.0443 0.5200 0.0250 -

25
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Figure 2: Equilibrium Consumption Level with Varying Tariff
(Numerical Example I)
(4)
i N E)
1
- 0.2

' v r— T

-1 , 0 1 2 3 4
" Figure 3: Solutions to Numerical Example I
Commodity 1 Commodity 1
Commodity 3 Commodity 3
A A
Public Private
firm firm
83 £
0.44 L 0.4
0.2 3 o NGt N e 0.2
I (3= £53/800) 1, B3| _
2 2 2
. 0
0 0 1
Xy —
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7. Summary and Conclusions

Shadow pricing is essentially a topic in the economics of the second-
best. The technical literature on shadow pricing derives shadow pricing
"rules" from the first-order conditions from an optimization model and
this typically results in rules which link public production to inter-
national trade. In the case of non-traded commodities, however, this
exercise merely provides a description of some relationships that must
hold at the second-best optimum concerned, and says nothing about the
mechanism by which the economy can move to that optimum, starting from
some initial non-optimal position. This point has been overlooked in the
literature, and the informational and convergeﬁce properties of possible
adjustment processes to achieve this transition have not been investigated
for a mixed, open economy. The present paper attempts to study these
issues with a highly simplified but still fruitful model.

There are no informational problems involved in the correct second-
best shadow pricing of traded commodities; given the usual "'small country”
assumption, these are simply their international prices. But in the case
of non-traded commodities the informational problems are significant. It
is important to distinguish the informational requirements of moving
directly from an initial non-optimal allocation to the second-best optimum
(determining the numerical values of the second-best optimal shadow prices
of non-traded commodities in a single step) from those of moving to that
optimum iteratively. The informational requirements of the latter are
more reasonable. This raises the question of the stability of the iterative

adjustment process concerned, and we have shown that for an important and
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realistic class of examples, the most obvious adjustment process, where
shadow prices are revised over time according to the "rule" given by the
first-order conditions, is non-convergent. In such cases a revised adjust-
ment process is needed, and we have shown how this can be done.

Finally, we have considered what should be done when the informational
requirements of determining the second-best optimal shadow prices of non~
traded commodities are judged to be prohibitive. If the shadow prices of
these commodities are set at their domestic market prices, the question
arises whether it is still desirable to shadow price traded commodities at
their international prices, rather than their tariff-distorted domestic
prices. For an important class of examples, we have shown that this
is so, provided that the tariffs concerned are the only distortions present.
But we have also shown that there exist reasonable cases where even this
result does not hold. 1In such cases, when non-traded commodities are
shadow priced at their domestic producer prices, shadow pricing traded com-
modities at their international prices is actually worse than shadow pric-
ing them at their tariff-distorted domestic prices, even though these

tariffs are the only distortions present in the economy!



Appendix 1: Proof of Proposition 1

Proceeding as in the text for

g(xz, X3) = a xg xs , and

£(y,5 ¥3) = a v, }'2

where a, o, 8 >0, o+ 8 < 1 and v > 0, we obtain

o+p-1

- + -
uull @ (xg l) 1= , and

t+l 1/1-a

G(x3 ) = a R

1~0 1/1~a otf-1
t, _ 1/1-c o of B o t, l-a
F(x3, ©=a [?[1+T] i [1+T] J (1—x3)

' %% %%
Writing K for F'(x3 ; T)/G'(X3 ) we obtain

l-a

e _l_-u/l—a v oo _l;_l/l-a a+B-1
1+t 1-a {1+t '

> <
Clearly 1l-a/o+B-1 < -1, so |K| = 1 as |R| = 1,
where R 1is the term in square brackets in (28). We now show that

Suppose |R| > 1. Then
a/l-a
1 T a
[1+’L‘J [1 * [141] ll—a]:l z1l,

or 1+ [—E—J r > (1+ T)r

and 1+ @+ Dt 2@+ o)t

29

(28)

|IR] < 1.
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where r = afl-0 >0, so r+ 1 >1. Let r + 1 be a rational number
(if not, we can approximate it by a rational arbitrarily closely so as
to preserve the inequality) equal to n/m, where n and m are positive

integers such that n > m. Then

m
{1 + I%EJ > @1+ 0. (29)

We now take a binomial expansion of each side

m 1 2 m-1 m
[1+£] =1+2T+ln-(—m:-l[£] +...+m[32} +[ETJ . (30)
m m 2 m ’

+ ... + nt i (31)

It is now easily verified that each of the mtl terms of (30) is
smaller than or equal to the corresponding term of (31). But the follow-
ing n-m terms of (31) are all positive. This contradicts (29). Hence
|R| <1, and thus |K‘ > 1, and the proof is complete. A simple extension

of the proposition is that if

g(xz, x3) = a xg xg , and

f(y2’ Y3) =b y(; Y§ ’

where a, b, o, 3 >0, a+ 8 <1 and T > 0, then |K| > 1 whenever a Zb.

Appendix 2: Proof of Proposition 3

For brevity, we will outline the argument. 1The equilibrium levels

of consumption resulting from Problems 4 and 5 are, respectively,
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1~-a~-B
o ¢ 19,
4y _ o [1~o 1-a~R
¢y [1+T] 1+ (1+1)
1 1-g || oLl L
o (1-o 1-o0-B8 1-a-8 1-o
- (I;;J 1+ (1+1) 1+ (1+1) a
1-a-8 o S
G) _ ., 1-a o |1-o o |[1-of 1-a
and ¢p =2 T+t T4 a

Now consider T as a variable and a, o and B as parameters. We now

(5) 4
1 4

write ¢ D(t;a,o,B). Proposition 3 states that D(r3a,a,B) £ 0
for all a, a, B > 0 such that o + B8 <1 and all 1 such that

-1l < 1 < o, It is clear that D(0;a,a,B) = 0. It can also be shown that
DT(O;a,a,B) = 0 and that DT(T;a,a,B) 20 for T £(-1,0) and

DT(T;a,a,B) 20 for 1 €(0,0). These relationships hold for all

a, o, B satisfying the above conditions. Hence, since D(:) is con-

tinuous in T, it is impossible that D(trja,a,B8) > 0; thus D(r;a,a,B) £ 0.
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FOOTNOTES

This paper owes its origin to a suggestion from Leonid Hurwicz. The
author is responsible for all views and any errors it contains.

The proposition is trivially false in the case where all commodities
are traded.

Examples are R. S. Weckstein, '"Shadow Prices and Project Evaluation in

Less-Developed Countries,'" Economic Development and Cultural Change XX

(April 1972), 474-494, and A. Rudra, "Use of Shadow Prices in Project

Evaluation,’” Indian Economic Review VII (N.S.)(April 1972), 1-15.

Examples are P. Dasgupta and J. E. Stiglitz, "Benefit-Cost Analysis and

Trade Policies," Journal of Political Economy LXXXII (January/February

1974), 1-33, I. M. D. Little and J. A. Mirrlees, Manual of Industrial

Project Analysis in Developing Countries (Paris: Organization for

Fconomic Cooperation and Development, 1969), and I. M, D. Little and

J. A. Mirrlees, Project Appraisal and Planning for Developing Countries

(New York: Basic Books, 1974).

For a critique of the Dasgupta-Stiglitz argument on this point see

P. G. Warr, "A Note on Shadow Pricing with Fixed Taxes,'" Discussion
Paper No. 74-52 (December 1974), Department of Economics, University
of Minnesota.

See, for example, P. Dasgupta, S. A. Marglin and A. K. Sen, Guidelines

for Project Evaluation (New York: United Nations Industrial Development

Organization, 1972), Ch. 17.
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There are irregular cases in which the derivatives fii may vanish,
even though f 1is strictly concave, but only at a countable number of
isolated points. These points form a "negligible" subset of the domain
of f£.

For a contrary claim, see R. Boadway, 'Benefit-Cost Shadow Pricing in

Open Economies: An Alternative Approach,'" Journal of Political Economy

LXXXIII (April 1975), 419-430.

Since equation (4) must hold for all Py and, from the implicit
function theorem, the demand functions ¥y = Yz(pz, p3) and

Yy = Y3(p2, p3) are differentiable, this differentiation is legitimate.
This follows from the negative definiteness of [gij]i,j=2,3'

Obviously, the requirement that o + B < 1 1is necessary to ensure the
strict concavity of f and g. Readers attached to constant returns
to scale may think of a third factor being specific to the two firms

in equal quantities, whose exponent in the production functions is
1-0a-8.

Note the resemblance of Figure 1 to the '"cob-web" diagrams of inter-
mediate price theory.

See footnote 6.

[fij] = [gij] = [_lgg —138] , Which is negative definite. Hence f
and g are strictly concave.

For example, note that the first-best and second-best optimal shadow

prices are identical, even though f and g are not additively

separable.
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