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LEHl'IA 1: Under Assumption 1*, for every i E I and every x. E Xt, the set 
1 

Y!(x.) = {yo E Rm: (x. + y., y.) E Di} is non-empty and compact. 1. 1. 1. 1. ---

PROOF: Non-emptiness is obvious. Since, by Assumption l(b), X. is bounded 

from below, Y! (x. ) 1. 1. is also bounded from below, so that there is bERm such 

that y. > b for every y. E Hence c Y.(b) and hence Y!(x.) 1. = 1. 1. 1. 111. 1. 1. 

is bounded by Assumption l(c). By Assumption l(a), Di is closed in R2m , so 

that Y!(x.) is clearly closed in Rm. 
1. 1. 

E Xt 
1 

PROOF OF PROPOSITION J: 

but not o x .• 
1. 1 1 

Then 

To show that is complete, suppose that 

there is no y. E Y!(x.) 
1. 1 1 

such that for every 

y! E 
1. 1. 1 

Define a binary relation on by = {(Yi' yi) E 

+ y., y. + y!, y!)}. It is easy to see that is complete and 
1. 1. 1 1. 1. 1. 

transitive, and that the set {y! E Y! 
1. 1. 1 

y! y.} 
1. 1. 1. 

every y. E Since, by Lemma 1, is non-empty and compact, it 
1. 1. 1. ... 

for 

follows from a theorem due to Wallace [10J and Ward [l1J that there is E 
1. 1. 1. 

such that Yi, i.e., ( 0 + 0 o)Qi( 0 +' ') x. y., y. X. y., y. 
1. 1. 1. 1._ 1. 1. 

for every y! E 
1. 1 

Let y. E y!Cx.). 
1 1. 1. 

Then, by (1), (x. + y .• + y!, y!) 
1. 1. 1. l' 1 1. 

for some 

ylC 0) •. x. • 
1. 1 

Y! (x. ), 
1. 1. 

Since ( 0 0 O)Qi( 0 , ') 't f 11 th t x. + y., y. x. + y., y. , 1. 0 ows a 
1 1. 1. 1. 1. 1. 

so that + + Yi , Yi)' Since Yi 

this implies that o 
xi xi' Thus 

1 
is complete. 

(x. + y., y. )Qi 
1. 1 1. 

is arbitrary in 

Suppose xi xi and x! t. x'.'. 
1. 1 1. 

Then there is y. Y!(x.) 
1. 1 1. 

and y! E 
1. 

Y! (x!) 
1. 1 

such that for every y'.' E I! (x! ) 
1 1. 1. 

and 

f "r=V'(") or every y. _ •. x .• Eence ( + ) ,i x. y., y. '«. 
1 1. 1. 1. 1. 1. 



(x! + y!, y!) 
1 ]. 1 

so that 

therefore ..... " x. ~i X •• ]. 1 

for every 

Thus 

y'.' E Y! ( x'.' ) ; 111 
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Let x. E X~ 
1 1 

and let 

~i is transitive. 
\I 

{x. }VE,T be any sequence in the set 
]. ... , h! EX!: 

]. 1 
x! )0. 

1 .... 1 

x.} converging to some x? E X~. For each v E N there is 
]. ]. ]. 

V I ( v) Yi E Yi xi such 
v v • 

that (x].~ + Yi' y.)Q].(x. + y., y.) for every y. E Y!(x.). 
1 ]. ]. ]. 1 1 1 

Since 

a v v v i converges to x. and (x. + y., y.) E D for every v E N, 
]. 1 1 1 

we may assume, as 

in the proof of Proposition 2, that the sequence 
v 

{Yi}VEN 
o converges to some y. 
1 

By Assumption 1*, it follows that y? E Y!(x?). Let y. E Y!(x.). 
1 1 1 1 1 1 

v + y., 
1 

y~)Qi(x. + y., y.) 
1 ]. 1 1 

for every v E N, so that, by Assumption 2*, 

Then 

(x~ 

(x~ o + y., 
1 

y~)Qi(xi + Yi' Yi)· Since Yi is arbitrary in Y!(x.), this implies 
1 1 

that o x. ~. x., "1 ~1 1 i.e., x!t. x.}. 111 Thus (a) of Proposition J is 

established. 

Let x. E X~ and € > O. As in the proof of completeness of ~l" there is 
1 ]. 

y. E Y!(x.) such that 
III 

(2) (x. + y., y.)Qi(x. + y!, y!) for every y! E Y!(x.). 
]. 1 1 1 ]. 1 III 

V V • 
By Assumption J*, for each v E N there is ex., y.) E Dl such that (x. + y., Y1') 

]. 1 1 1 -• v V 
Q1 ex., y.) 

1 1 
and d((x~, y~), (x. + y., y.)) < l/v• There is v E N such that 

1 1 III 

l/V < £/2. Let x! = x~ - y~. Then ex! + y~, yV) E Di so that y~ E Y!(x!) 
1 1 1 1 1 ill 1 

and x! E X~. 
1 1 

V V V v 
Furthermore, d(x!, x.) < d(x. - y., x. + y. - y.) + d(x. + y. - Yl" 

1 1 = 1 1 1 1], 1 1 

Xl') = d(x~, x. + y.) + d(y~, 
1 1 1 ]. 

Suppose 

Yi ) ~ de(X~' Y~)' (Xi + Yi' Yi » 

x. >-. x!. 
l ...... l 1 

Then there would be 

+ (( v v) d\ x., y. , 
1 1 

y! E Y! (x. ) 
111 

such 

that (x.+y!,y!):iex!+y" y'.') for every Y'l.'EY!(x!), so that (x
1
'+Yl!'Y1!) 

1 1 1 1 i' 1 1 1 
i v v i \I V V v 

Q (xi + Yi , Yi )· Since (xi + Yi' Yi)Q (xi' Yi) and Xi = xi + Yi' it follows 

h t I ) "i( + I , ) h' h t d' t (2) ':'hus x.' '-- d t a ,x. + y., y. ~ x, Y1" Yl. , W 1C con ra lC s \ • ~ r. x. an 
1 '1 1 1 1 1 1 

(b) of Froposition 3 is established. 
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PROOF OF PROPOSITION 4: If (a) of Assumption 4* holds, then a. E X~ for 
l. l. 

every i E It i.e., a E IT. "'IX~. 
l. <: l. 

Suppose (b) of Assumption 4* holds. Then there 

is (z', y') E A, (zit, ylt) ETIiEIDi, and 0 E Rn such that, for every i E I, 

Let x' = z' - y' and x" = z" Ylt - . Then x' E B, x" E 

ni~IXi ' and d(x~' , a.) < 6. for every i E I. Let x. E X~ and d(x. , a.) < 6 .• 
l. l. l. l. l. l. l. l. 

Then (xi T y., Yi) E Di for some y. 
l. l. 

E Rm. Since d«x.+y.) 
l. l. - Yi' ai ) < °i' 

(x! + , y! )Qi(x. + y., y. ) j therefore x! ~i Yi' x .• 
l. l. l. l. l. 1. l. 

rROOF OF PROPCSITION 5: NECESSITY. There is y* E ITiEIYi (xi) such that 

( 1) there is no (x, y) E B )(. TIiEIYi such that Yi E Yi(xi ) and (x't'" + y~, yi) 
l. 1. -

Qi(x. + y., y. ) for every i E 1. 
l. 1. 1. 

Suppose there were 

i E I, there is no 

x E B such that xi ~i xt for every i E I. Then, for every 

Y1.! E Yl!(~1.') such that (x~ + y!, y!)Qi(x. + y., Yl') for 
l. l. l. l. 1. 

every y. E Y!(x.). 
1 .!.- 1 

Hence, for every i E It there is y. E Y!(x.) such that 
1 l. l. 

(x't'" + y~, Y*i)Qi(x. + Yl." 
1 1 1 

Yi)' which contradicts (1). SUFFICIENCY. For every i 

E I, since, by Lemma 1, Y!(x~) is non-empty and compact, it follows, as in the 
1 1 

proof of Proposition J, that there is Y*i E Y! (x~) 
l. 1 

such that 

(x~ + y! v!) for every y! E Y! (x~ ) • Suppose x* were not a Pareto-optimal 
1. ·1'~1. 1 11 

redistribution. Then there would be (x, y) E B x. TIiEIYi such that Yi E Yi (xi) 

and (x~ + y~, yt)Qi(x. + y., Yi) for every i E 1. Hence, for every i E I, 
1 1_ 1. 1. 1 

(x't'" + y' i' y!)Qi(x. + y., y. ) for every y! E Y!(x~), which implies that x. ~. 
1. 1 1 l. 1 l. l. l. 1. 

* xi' a contradiction. 

LEi'1MA 2: Under AssuP1ptions 1, 2, ~ J, for every (T, h) E Pl(Ll , C1), 

every i E I, every t1 E (Ll)n, and every (x, y) E R2mn, Ti(l'l, x, y) 12 

1 
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non-em-:)tyand closed in R2mn ~ d(Ti(i"i, x, y), (x, y» = max {deDi' (x, y», 

f:(M, x, y)}, where r is determined by T = Tr. 
~ 

FROCF: Since, by Assumption 1, D. 
l. 

is closed in S:(N, x, y) 
~ 

is 

compact and, as was noted earlier, non-empty. Hence, by Assumption 2, there is 

(x*, y*) E S:(I1, x, y) 
]. 

S:(X, x, y); therefore 
]. 

non-empty. Since T. (1'1, 
l. 

such that (x*, y*)Q.(x', y') for every (x' , 
l. 

(x*, y*) ,. T ('I. c • iI, 
~ 

x, y) so that T . (i';, x , y) 
~ 

x, y) = {(x', y') E D. : (x', y' )Q. (x*, y*)} 
l. l. 

y' ) E 

is 

and D. 
l. 

R2mn , it follows from Assumption 2 that Ti(N, x, y) is closed in 

R2mn. Since (x*, y*) E S:(M, x, y), d«x*, y*), (x, y» < max {d(D., (x, y), 
l. :::: l. 

is closed in 

f~(!1, x, y)} and hence d(Ti (r-.1, x, y), (x, y» ~ max {deDi' (x, y»), f~(l>:, x, y)}. 

Suppose d(Ti(M, x, y), (x, y» < max {deDi' (x, y», f~(i1, x, y)}. Then there 

would be (x', y') E T.(H, x, y) such that d«x', y'), (x, y) < 
]. 

max {d(Di , (x, y», f~(I1, x, y)}. Let 0 < f. < max {d(Di , (x, y», f~(M, x, y)} 

- d«x', y'), (x, y». By Assumption J, there is (x", y") E D. such that 
l. 

( x', y') Q. (x", y") 
l. 

and d«x', y'), (x", y"» < E.. Then d«(x", yft), (x, y) < 

d ( (x", y"), ( x', y'» + d ( ( x', y'), ( x, y» < £ + d ( ( x', y'), ( x, y» < 

max {d(D., (x, y», f:(M, x, y)} and hence (x", y") E S:(I-1, x, y), implying 
~]. ]. 

that ( x', y') Q.. (x", y .. ), 
1 

a contradiction. 

LEMr-lA J: Under Assumptions 1*, 2*, ~ J*, for every (T, h) 

• r:: I, H E CL2)n, and every m T. (:'1, x. ) every l. • every xi E R , 
]. l. 

closed in Rm 
~ d(T.CM, xi) , 0) = max {d(Z.(x.), 0) , f~r(r.'j) }, 

1 l. ]. l. 

determined by T = T*r. 

E P2(L2, C
2

) , 

is non-empty and 

where r II 

PROOF: Similar to that of Lemma 2, in view of l'ropositions 2 and J. 
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LEMMA 4: Under Assumptions 1, 

every sequence {I~t\EN in (L1)n, 

every t* E H, if Mt+l = T(Ht, xt, 

2, ~ ), for every (T, h) E Pl(L l , Cl ), 

every sequence {ext, yt)}tEN in D, ~ 
yt) ~ (xt+l, yt+l) = h(I'1t, x\ yt) .fQr 

( t*+t) ¢ every tEN ~ A n niEIMi = for every t E H, ~ 

( t (t* yt*» = 0 I limt d 11., x , for every i E • 
-too 1 

PROOF: Note that ( t*+t x , t*+t) (t* Y = x , yt*) for every tEN. By Lemma 

d(M~*+t, t* t* 
d(M~*+t+l , (xt*, yt*») 

(x , y» t*+t 
(xt*, yt*» (1 - .1 

t* t* )d(M. • t*+t J ~EId(I\ ' (x , y» J 

2, 

( t*+t (t* t*), for every j E I and every tEN, so that the sequence {d Hj , x ,y )\EN 

~ (t*+l t* t* is decreasing for every j E I. Let s = ~.cId M .. , (x ,y »). Then 
J'- J 

,. t*+t (t* ,vt*») I: .rId,!VI. , x ,,' ~ s 
Jt::: J 

( t (xt*, yt*) for every tEN. Suppose limt~) d Mi' 

f 0 for some i E I. Then there would be f. > 0 such that d(i/{:*+t, 
l. 

> £ for every tEN, since the sequence t*+t t* t*) {d(Mi ,(x ,y }tEN is 

decreasing. Hence 

t < d(M~*+t+l, (xt *, yt*» 
1 

.t*+t (t* t*) 
d(.!'l. ,x, y t*+t 

= (1 ~ 1,t*+t t* t* )d(Mi ' 
~.f=Id(k. ,(x ,y » 

J - J 
< / ) (t*+t (t* yt*» <= (1 - E- s d ~;. ,x, _ ••• 

l. 

< (1 _ f/S)td(t.rt+1, (xt*, yt*») 

for every t E jJ, so that 
t t*+l t* t* 

C -;; limt~( 1 - f/s) d(\ ' (x , y » = 0, 

contradiction. 

LEM~~ 5: Under Assumptions 1*, 2*, ~ J*, for every (T, h) ~ ~2(L2' CZ) 

t )m and every sequence {N \EN in (L2 ' if there exists a seguence - t 
l.X }tEN in. 

"t+l T("1t t) d t+l h(Mt t) n. rIX'!" such that i'j = r, x illl.. x = , X 
1, 1. 

for every tEN, ~ 
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if there exists t* E N t*+t 
such that F n TIiEIHi = ¢ for every tEN, 

limt d(~;~, 0) = 0 for every i E 1. 
+00 1. 

PROOF: Similar to that of Lemma 4, in view of Lemma J. 

LEMMA 6: Under Assum~tions 1, 2, ~ J, for every (T, h) E P1(L
1

, C
1

) .a!E. 
t 

iu (Ll)n, if there (t t every seguence {M }tEN exists a seguence { x , y )}tEN 

i!l A such that I1t+l = T(Mt, t yt) ~ 
( t+1 t+1) ,.t t t x , x , y = h(l'l , X , Y ) .f.2!: 

ever;z:: tEN, then. for ever;z:: t* E N such that (t* t*) x , y is not a Pareto-

o~timal allocation, there exists t' E N such that t' > t* ~ 

t' 
A n (niEIMi ) r ¢. 

PROOF: There is (x, y) E A such that t* t*-(x , y )Q.(x, y) 
1. 

for every i E I. 

By Assumption 2, there is 

for every (x', y') E D. 
1. 

E> 0 such that, for every i E I, (x', y')~(x, y) 

such that d«x', y'), (xt*, yt*» < E. Suppose 

t' 
A n (niEIMi ) 

that d(M~-l, 
1. 

= ¢ for every 

(xt*, yt*» < £ 

t' ~ t*. 

for every 

By Lemma 4, there would be t > t* such 

i E 1. Note that ( t-l x , t-l) y = 

(xt*, yt*). If (x, y) t M~ for some i E I, then (x, y)~(x', y') for some 
1. 

( t* t*»_ x , y :; (x', y') E S~(Et-l, xt*, yt*) and hence d«x', y'), 

t-1 (t* t*» 
~,jq_{i}d(Mj , x , y ("t-l (t* t*\) < d('.1t-1 (t* .rt*» 

":1 t* t* d I', ~ , X , y) I.., X 'J < E., 
~ ,(,,1,- .. r ) -'- l. 
~'r-~G\l·'. , \.x ,y 

J:.l J 

th::tt (x', y')Q.i(x, y), a contradiction. 'Therefore (x, y) E ;"~ for every 

I, implying that A n «()iEIj'j~) r ¢, a contr::tdiction. 

so 

, E 

LEit.!'lA 7: Under Assumptions 1*, 2*, and J*, for every (T, h) ,:: 1-'2(L2, c2) 

if there exists a seguence 
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for every t* E N such that t* x is not a Pareto-optimal redistribution, there 

t' 
exists t' E N such that t' ~ t* ~ F n niEIt\ f ¢. 

PROOF: Similar to that of Lemma 6, in view of Lemma 5. 

PROOF OF THEOREM 1: Let (x, y) be a weak equilibrium outcome. Then there 

is M E (L
1
)n such that (x, y) = h(G(~!y)(N), (x, y» for every tEN. For 

each tEN, let Mt = T(Mt - 1, x, y) with MO = M. Then (x, y) = h(Xt - 1, x, y) 

for every tEN, so that A n (niElfvi~) ::: ¢ for every tEN and hence, by 

Le~ma 6, (x, y) is a Pareto-optimal allocation. 

?ROOF OF THEOREI1 4: Similar to that of Theorem 1, in view of Lemma 7. 

PROOF OF THEOREM 2: 

For each tEN, 

t-1 t-1) x ,y , 

Let M E Let (x, y) be a Pareto-optimal allocation. 

let rr.t = T(Mt - 1, xt - 1, yt-l) and (xt , yt) = 

It suffices to show 

that A n (niEIM~) = ¢ for every tEN. Suppose A n (niEIM~) f ¢ for some t 
.t' 

EN. Without loss of generality, we may assume that A n (niEl'i ) ::: ¢ for every 

( t-1 t-1) _ () (') ( t) t' < t. Then x ,y - x, y. Take any x', yEA n n. (::I~" • Let i 
l_ l 

( 1. ( " y") E ~r(I t-l ) Let. x , :::li", x, y. ...-

(x, y». 

Then E ;;. '"' By Assumption ), there is (x", y" ) E D. such that ( x, y )'["(x" , y" ) \.) . 
l l 

and d( (x, 
, 

(x" , y" 11 f. It fol'ows thEtt (x" , y" ) E ,s('t-l y) and y) , <', :::l.!'. , X, I I l 

I.lence that (x', y' )Q.i(x", y" ';. 'T'hU ( V)'-Q (x' v') J.'.' S x," i 'J • Since i is arbitrary 
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in I, this contradicts the assumption that (x, y) is a Pareto-optimal 

allocation. 

PROOF OF THEGREM 5: Similar to that of Theorem 2, in view of Proposition 3. 

PROOF OF THmR~M 3: Let (x, y) be any cluster point of {(xt - 1, yt-l)}tEN. 

Then there is a subsequence {(xt(Y), yt(Y»}YEN converging to (x, y). Suppose 

(x, y) were not a Pareto-optimal allocation. Then there would be (x'. y') E A 

such that (x, y)~(x'. y') for every i E I. By Assumption 2. there is t> 0 
1 

such that. for every i E I. (x". y" )~(x', y') for every (x". y") E D. such 
1 1 

th~J.t d « x", y"), ( x. y» n - 1 t' Hence there is t' E N such that 2r( ) < 
n 

E. Without loss of generality. we may assume that t(v) > t(v - 1) + t' + 1 for 

{( t(v) t(v»} . C every v E N. Since x • y vEN 1S convergent and hence auchy-

convergent, there is ~ E N such that 

(1) d«xt(v), yt(v», (x, y) < r(n ~ 1)t'. 

(2) d«xt(v), yt(V», (xt (V+1), yt(V+1») < r(n ~ 1)t' 

for every v ~~. Without loss of generality. we may assume that (xt(~), yt(~» 
f (x t (u)-1, yt(~)-1) and hence that A n (n'FIrwj~(~» f ¢. which, by Lemma 2, 

1_ 1 

implies that d(N{(~)+l. (xt(u), yt(Il») == r for every i E 1. Since for every 

. ( t(Il)+S) _ d } (t(u) t(~» t t= li 1f Ann. '1M. - 'P for every S E 1.1, ••• , t then x • y 
1<:: 1 

(xt(~)+S, yt(u)+S) for every S ~ {1, ••. , t}, it follows from Lemma 2 that 

(3) f t E \T ;f A n (n l,t(fJ.)+S) = d 
or every "'."'- I " '(:.1'" 'P 1~ 1 

for every S E {1, ••• , t} 

th d( ::t(~)+s (t(u) t(IJ.») = (n - 1)s-1 en !!. , X ,y r 
1 n 

for every S E {1, •••• t} 

and every i E I. 

We shall now show that A n (niEIIVI{(~)+t) = ¢ for every t E 1.1, ••• , t' + D. 

Suppose that A n (niEI;'i{(~)-t-t) f ¢ for some t E {i ••.. , t' + D. Without loss 
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of generality, we may assume that A n (niEIMi(~)+S) = ¢ for every s E {i, ••• , 

t - D. Hence, by (3), d(Ni(!l)+t, (xt (Il), yt(Il») = r(n ~ i)t-i ~ r(n ~ i)t' 

for every i E I. It follows from (2) that (xt (ll+i ), yt(P+i» t M:(/J)+t for 
1 

every i E 1. Since (xt(/J.)+t, yt(~I)+t) E M:(Il)+t for every i E I, if 
1 

( t(u+i) t(ll+l»)Q ( t(p )+t t(/J.)+t) f . E I th (t(u+1) t(Il+1» x , y iX, Y or some 1 en x , y 

E j.li(fJ)+\ a contradiction. Hence (xt(ll+i), yt(Il+1»~(xt(Il)+\ yt(/J.)+t) for 

every i E I. But t(ll) + t ~ t(u) + t' + 1 ~ t(1l + 1) and the sequence 

{( t-i t-i)}. '. x ,y tEN 1S non-decreas1ng w1th respect to Qi for every i E I, so 

thilt (xt (U+i), yt(P+i»Q. (xt(ll)+t, yt(p)+t) for every i E 1. This is a 
1 

contradiction. Thus A n (n. CIN~(U)+t) = ¢ for every t E {1, ••• , t' T 1}. 
l~ 1 

() d(lft(ll)+t'+l (t(lJ) t(/J)) _ (n - i)t' f l' Therefore, by 3, 'i ,x, y - r n or every 

I T' E I ..... b L 2 rv: t (il)+t'+i . 1 d' R2mn there;s E • ...et 1 • ;:::i1nce, y emma ,Ii 1S C ose 1n , ... 

(x", y") f t,;~(Il)+t'+l such that d«x", y"), (xt(IJ), yt(IJ») = r(n - i)t'. By 
. 1 n 

(1), d«x", y"), (x, y) ~ d«x", y"), (xt(~l), yt(!l» + d«xt(!l), ytdl», (x, y» 

<? (n - l)t' < E so that (x", y")~(x', y'). Since (x", y") E H:(!l)+t'+l, ~r n' 1 1 

this implies that (x', y') E r1~(!l)+t'+1. Since i is arbitrary in I, (x', y') 
1 

E A n (niE1Mi(!l)+t'+1), which contradicts the fact that A n (niEII1i(Il)+t) = ¢ 
for every t E {1, ••• , t' + 1}. 

,-H(X<F UF COROLLARY TO THEOR~M J: Since A is compact, the sequence 

(xt - i , t-ill. ha 1 t . t (* *) h' h' b Th J y / tEN . sac us er pOln x, y , W,lC 1S, Y eorem ,a. 

Pareto-optim3.l allocation. Hence there is a subsequence {(xt(\I), yt(V))}VEI'{ 

( t-i t-l) converging to (x*, y*). Since the sequence {x ,y }tEN is non-decreasing 

with respect to Q. for every . 1 

( t(v') t(V'»A (t(V) t(v» x , y ~i x ,y 

( t(v) t(V) r 
X ,y for every v E 21 

i E I, it follows that, for every i E I, 

whenever \I' > v. By Assumption 2, (x'*, y'*)Q.. 
1 

and ever'J i E I. If ( t t) - ('* * \ U. X ,y ~ u. X , Y I 
1 1 



30 

i.e., (* *)~( t(v) t(v» x ,Y iX, Y for some v E N such that t(v) > t, a 

contradiction. So 

I. the sequence 

(ui(x*, y*»iEI ~ u
t 

for every tEN. Thus, for every i E 

t 
{ui\~N is non-decreasing and bounded from above, so that 

Hence the sequence t 
{u }tEN is convergent. Now suppose that 

u. 
]. 

is lower semi-continuous for every i E 1. Clearly u.(x*, y*) > lim u~ 
]. = t-+oc 1 

for every i E I. Suppose u.(x*. y*) > limt u~ 
1 +00 1 

is lower semi-continuous and {(xt(v) yt(v»} , vEN 

for some i E 1. Since u. 
1 

converges to (x*. y*), 

( t(v) t(v» > l' t u. x , y lm
t 

u. 
1 ~ 1 

for some ( t t). (t(v) v ~ N so that ui x ,Y ~ ui x , 

~ t(v), a contradiction. Thus 
4-

> limt u~ for some t E N such that t 
-+00 1 

U. (x*. y*) l' t for every i E I, = 1mt ex: U. 
1 ... 1 

LEMMA 8: Under Assumptions 1*, 2*, 3*, ~ 4*, for every (T. h) E P2(L
2

, C
2

) 

and there exists a sequence 

~ xt = h(l~t-1, xt - 1) .f2!: 

every tEN, then there exists tEN such that xt E B. 

PROOF: If a E n. ~IX~ 
1':: 1 

then the lemma is trivial. So we assume that a ~ 

t 0 n. ~IX~, Suppose x = x 
L 1 

for every t E :'l". Then F n n. EIH~ = ¢ for every 
1 1 

r- N. It follows from Lemma 3 that, for every i E I and every tEN, if 

~'c1 {.}d(M~, 0) t 
d(Z.(a.), 0) ~ J_ - 1 t 1 d(M

i
, 0) 

1 1 - t.cId(M., 0) 

d(M~, 0); 
1 

J,- J 

while if d(Z.(a.), 0) 
1 1 

.~ d(r,t 0\ 

then d(M~+l. 0) = d(Z.(a.), 0) < 
1 ]. 1 

d(N~. 0) 
1 

then 

t 

.:.. ·E1-.[· } 'I .,) t t 
J ~l_ J d(v 0) < dey 

t l.i' I'i' 0). Hence 0) < d(t·;~. 0) = 1 
for ever; 

I:jE1d(I1 j • 0) 
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i E I and every tEN. Let s = ~'~Id(M~, 0). If limt~ d(M~, 0) > d(Z.(a.), 
1_ 1 1 1 1 

0) for some i E I, then d(M~, 0) > d(Z.(a.), 0) for every tEN, so that 
111 

t+1 d(M~, 0) t d(Z.(a.), 0) t 
d(M

i 
,0) = (1 - 1 t )d(M., 0) < (1 - 1 1 )d(M., 0) ~ 

LjEId(M j , 0) 1 s 1 

~ (1 - d(Zi(ai ), o)/s)td(Mi, 0) for every tEN and therefore limt +oc d(M~, 0) 

< 0, a contradiction. Hence limt d(l'l~, 0) ~ d(Zi(a), 0) for every i E I. 
= ~ 1 

By Proposition 4, there is x' E B and () E Rn such that, for every i t.: I, 

d(Z.(a.), 0) < 6. and x! >. x. for every x. E X~ such that d(x. , ai ) < O •• 
1 ""1 1 1 1 1 1 1 1 1 

t 0) < o. So there is tEN such that d(H. , for every i E I. For every i E I, 
1 1 

since, by Lemma J, t M. 
1 

is closed in there is E 
.. t z. l~·i. 

1 1 
such that d(z., 0) 

1 

= d(h~, 0). Hence, for every i E I, z. + a. 
1 1 1 

which implies that x! t. z. + a. ; 
111 1 

therefore 

E X~ and d(z. T a., a.) < C
1
" 

]. 1 1 1 

I E "t Th I x. - a. l'i. • us x - a E 
]. 1 1 

F nniEI11{, a contradiction. Hence xt r xO for some tEN. Without loss of 

generality, we may assume that t' 
X 

t ( t) t-1 so that x E F nTIiEII\ T {x } 

F n TTiEIM{. For every i E I, zi E 

Therefore xt E B. 

o 
x for every t' < t. 

t t-l and hence x = z + x 

1,t Z ( t-1) 1'1. c: • X. , 
1 1 1 

so that 

Then t -1 t-1 x T x , 

for some z E 

t-l z. -+ x. E 
1 ]. 

PROOF OF THEOR8M 6: Similar to that of Theorem J, in view of Lemma 8. 

X~. 
1 

PRCCF OF:::OROLLARY TO TdEOR8M 6: Similar to that of Corollary to Theorem J. 
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FOOTNOTES 

1 The greed process has another performance characteristic, called essential 

single-valuednes3. In this paper, we shall be concerned only with non-wastefulness, 

unbiasedness, and stability. 

2 For a study in this problem, see Mount and Reiter [9 J. 
3 H. Kanemitsu has, independently, developed a similar non-tatonnement 

resource alJ_ocation process in a paper presented at the Third World Congress of 

the Econo~etric Society, Toronto, Canada, 1975. 

4 (x, Y )Qi (x', y') is interpreted to mean that (x, y) is at least as 

desired as (x' , y' ) for agent i. Completeness of Q.. means thilt, for every 
1 

( y) , (x' , y' ) E D. , either (x, y )Qi (x' , y' ) or (x' , y' )Qi (x, \ Her:ce, \ x, 
1 

y) • 

completeness implies reflexivity. 

.5 Throughout this paper, d stands for the distance function in some Euclidean 

space The number k 

may be either 2mn, mn, or m, in each case of which the same symbol d will 

be used. The only place in which the reader should be careful is in the proof of 

~~rt (b) of Proposition 3, where the distance in Rm and that in R2m ~ppear in 

q series of inequalities. 

6 Given two points p and q of Rm we write p ~ q if and only if Ph ;;.-, 
= 

q!l. for every h E H. 

'7 x~ ~. x. me'lns thi'l.t x! t. x. but r:ot x. >-. x! • f 

1- 1 1 1 1 1 1 ""1 1 

q Given 3, subset U of R2mn and a point v of R2mn , the distance of U 

from v is defined by d(U, v) = infuEUd(u, v). The same definition will be USed 

for the dist~nce between a subset and a point of Rm. 
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