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1] + ) 1 ] i (1) (1] " ¥ " .
(x; +yi, yi) sothat (x; +y., y)Q(x + ], y}) for every y§ € Yi(x{)s

therefore x. ». xi'. Thus Xx. 1is transitive.
i~ 71 i

v
[ »* 3 ] LK o [
Let x; € Xi and let {Xi}vEN be any sequence in the set {xi € Ki. X 24

xi} converging to some xg € Xg. For each Vv € N there is y; € Yi(x;) such

v \Y Vy A1 v
+ ' .
that (xi + Yy yi)Q (x.1 Y5 yi) for every Yy € Yi(xi)‘ Since txi}VEN

o v v v i
converges to Xs and (xi + g0 yi) € D7 for every V € N, we may assume, as

in the proof of Proposition 2, that the sequence {y;} converges to some yg

VEN

", By Assumption 1*, it follows that yg € Yi(xg). Let Yy € Yi(xi). Then

€ R
. y;)Ql(xi + Yy yi) for every v € N, so that, by Assumption 2%,
oyA1 . . . . ' . .
\ +
, ji)Q (xi Yo yi). Since y, is arbitrary in Yi(xi)’ this implies

i Ol—’-— M * . ')- ) P .
%y X3 lees, X € {xi € X¥: x;x, x,}. Thus (a) of Proposition 3 is
established,.

Let X5 € X;’ and £ > 0., As in the proof of completeness of biﬁ there is
1
y; € Yi(xi) such that
i

+ ] [ ] ¢ L}

(2) (xg *+ 30 ¥)Q(x; *+ ¥4, y3) for every yi € Yi(x,).
. v i

By Assumption 3%, for each V € N there is (xi, y;) € D' such that (xi Yy yi)

i, v v v v . ) .

Q (xi. yi) and d((xi, yi), (x.1 * Yo yi)) < 1/v. There is V € N such that
, N ' VoV i Voo oy

1/v < g§/2, Let X; =% = ¥;. Then (Xi Yy yi) € D" so that y, ¢ Yi(xi

;v \Y) Vs )
' % ' < + + A +
and )(i ~ X. . F‘urthermore, d(X. y X ) d(x - Y. X, Yl - Y. ) O.(Xi Ye = Vs

1
\ \ Vv v v \Y
x,) = alxgs % *yy) +alyg, vi) €allxgy v (g + gy vi)) + dl(xg, yi)s

Q L] ] (]
(x.l * ¥y yi)) < €. Suppose X; %; Xj» Then there would be y: € Yi(xi) such
' RS " " W e v . ' gt
that (xi * ¥ yi)q (xi * ¥ yi) for every yj € Xi(xi), so that (xi * i yi)
i, , % v . Al v v v _ v .
Q (x.l + ¥ yi). Since (xi * ¥ yi)Q <Xi’ yi) and x; = x; *y;, it follows

/ A1 . . /
{ I + ] 1 ] o [an} 1] .
that \ Xy + Yy yi)q (Xi Yo yi), which contradicts 32). Thus X >i Xy and

(b) of Froposition 3 is established.
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PROOF OF PROPOSITION 4: If (a) of Assumption 4% holds, then a; € X} for
every 1 €I, 1i.,e., a e1Ti€Ix§. Suppose (b) of Assumption 4% holds, Then there
is (z', y') € A, (2", y") E'ﬂiQIDl, and & € R© such that, for every i € I,

" 11) 1] i i
d(zi - ¥is ai) <8, and (Zi’ yi)Q <Xi’ yi) for every (xi, yi) € D° such that

d(x:.L = Vi ai) < 61. Let x' =2' -y'" and x" =2" - y". Then x' € B, x" ¢

1

* " A s c Y% -
jerXy, and d(xi, ai) <o, for every i€ I. Let x; € X} and d(xi, ai) <0,

i m .
Then (x.1 T ¥y yi) € D for some y, € R, Since d((xi + yi) = ¥y ai) < 64
'

Vb oot o)l + o ).
(xi Yo yi)Q (x:.L Yy yi), therefore x; X, X,.

FROCF OF PROPCSITION 5: NECESSITY. There is y* €Tl ¥i(x}) such that

) ' * *
(1) there is no (x, y) € B xTT;erYy such that y, € ¥i(x) and (x} +y%, ¥

¥*
i
Qi(x +y., y.) for every 1i € I.
i i* Y1
Suppose there were x € B such that X3 >i x{ for every 1 € 1. Then, for every

i €I, there isno yi € Yi(x;) such that (x; + yi, y:.'L)Q,l(xi * Yo yi) for

every y, € Yi(xi). Hence, for every i € I, there is y, € Yi(xi) such that
(x; +y% y*{)Qi(xi T Yy yi), which contradicts (1). SUFFICIENCY. For every i
€ I, since, by Lemma 1, Yi(xg) is non-empty and compact, it follows, as in the
proof of Proposition 3, that there is y} € Yi(x;) such that (x; + vt y"i*)Qi
(x; + yi, yi) for every yi € Yi(x{). Suppose x* were not a Pareto-optimal
redistribution. Then there would be (x, y) € BXTY ¥, such that y, € Yi(xi)
and (x?{ +¥Y }f;)Qi(xi * Yy yi) for.every i € I, Hence, for every i € I,

1 ] v i - t 1 % . . . .
(x? t Yl yi)Q (xi * Yy yi) for every y; € Yi(xi), which implies that x, >,

x;, a contradiction.

LEMMA 2: Under Assumptions 1, 2, and 3, for every (T, h) € Pl(Ll' Cl)’

. . : 2mn . .
every i€ I, every M€ (hl)n, and every (x, y) € 7, Ti(m, X, ¥) is
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2mn

non-empty and closed in R and d(Ti(M, Xy ¥), (X, ¥)) = max ﬂd(Di, (x, v)),

fi(M, X, ¥)}, where r is determined by T = T%,

FROCF: Since, by Assumption 1, D.l is closed in RZmn

’ S;(M, X, ¥) is
compact and, as was noted earlier, non-empty. Hence, by Assumption 2, there is
(x*, y*) € Si(M, X, y) such that (x*, y*)Qi(x', y') for every (x', y') €
Si(M, X, ¥)i therefore (x*, y*) ¢ Ti(M, X, y) so that Ti(ﬁ, X, y) is
non-empty. Since Ti(M, x, v) = {((x', y') ¢ Di: (x', y')Qi(x*, y*)} and Di

2mn

is closed in R , 1t follows from Assumption 2 that Ti(M, X, y) is closed in

RP™, Since (x*, y*) € st(M, %, y), a((x*, y*), (x, ¥)) < max {a(D;, (x, ¥)),

£, (M, x, y)} and hence d(T.(H, x, ¥), (x, ¥)) < max (D, (x, ¥)), £:(% x, ¥)}.
Suppose  d(T, (M, x, y), (x, ¥)) < max d(D;, (x, ¥)), £;(, x, y)}. Then there
would be (x', y') € T,(M, x, y) such that a((x', y'), (x, ¥)) <

max {a(D;, (x, ¥)), £5(4, x, y)}. Let 0 <& <max {a(D;, (x, y)), £;(¥, x, ¥)}

- a((x', ¥*), (%, y)). By Assumption 3, there is (x", y") € D, such that

(x', ¥y )Q(x", y") and a((x', y'), (x", ¥")) < & Then a((x", y"), (x, ¥)) €
a((x", y"), (x', ¥')) +a((x', '), (%, y)) < £+al(x', ¥'), (x, ¥)) <

max {d(Dy, (x, y)), fi(m, x, ¥)} and hence (x", y") € si(m, X, y), implying

that (x', y')Qi(x", y"), a contradiction,

LEMMA 3: Under Assumptions 1%, 2*, and 3%, for every (T, h) € PZ(LZ, 02),

every 1 €I, every ME€ (Lz)n, and every x; € R", Ti(M, xi) is non-empty and

closed in R" and d(Ti(M, xi), 0) = max {d(Zi(xi), 0), f;r(M)}, where r is

determined by T = T*r.

PROCF: Similar to that of Lemma 2, in view of Fropositions 2 and 3.



LEMMA 4: Under Assumptions 1, 2, and 3, for every (T, h) € Pl(Ll' Cl)’
t n crot t .
. X
every sequence {l hey in (Li) , every sequence i(x~, y )}teN in D, and
. + + +
every t* £ n, ir Kl = T(I-it x%, 9 ang UL MY 2wt Y, yY) for
every t € N and An(n€Il )~¢ for every t € N, then
limt*w d(Mi, (x . y )) =0 for every i € I,
* * %* %
PROOF: Note that (x° %, y¥'*Yy = (x*, y¥*) for every t € N. By Lemma 2,
t*+t t* t*
d(M; ( )
t*+i+1 T t* ! t*+t t* 1%
a(M; (kv ) = (1 - e T —aMy T, (kv )
j T T I
AkEId(h ( Y ))
* ¥* *
for every j € I and every t € N, so that the sequence {d(M? +t, (xt , yt )>}t€N
~ *t *
is decreasing for every j € I. Let s =1 CId(Mt 1 , (x t , y )) Then
e t¥* t* . ¥ t*
szId(Mj , (x y )) <s for every t € N, Suppose lim, d(Mi’ (x", vy )
* * *
# 0 for some i € I. Then there would be £ > 0 such that d(m; +t, (xt , yt ))
+ *
>€ for every t € N, since the sequence {d(Mt t (xt ))}tGN is
decreasing. Hence
e <a(my T, (L yT))
AL t* t*
= (1 d(mi ! (X ! )d(Mt*+t (Xt* t*))
- d(I‘t ST N S » Y
* ¥*
< (1 - g/l *t. 7 ¥ 5 .
t .t
< (1 - g/s)raluy 7, CSURE)
*+1 * *
for every t € 1, so that &< limtyx(l - ﬁ/s)td(M§ , (xt , yt )) =0, a
contradiction.
LEMMA 5: Under Assumptions 1*, 2%, and 3*, for every (T, h) ¢ fZ(LZ, c,)
t . m . . 1 .
and every sequence {M'} .. in (LZ) , if there exists a sequence {x'}, . in
+1 .
TlieXt such that Lon®, x%) and <% = n(e*, x*) for every t €W, and
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*i
if there exists t* € N such that F nTTieIMz t. # for every t € N, then

. t _ .
limg, d(ki, 0) =0 for every i € I,

PROOF: Similar to that of Lemma 4, in view of Lemma 3.

LEMMA 6: Under Assumptions 1, 2, and 3, for every (T, h) € Pl(Li' Cl) and

t . n . . t t
every sequence {M }tGN in <L1) , Aif there exists a sequence {(x~, y )}tGN

Mt+1 t .t t+1

in A such that =M%, <%, ¥Y) amd MU, yYTH = nG, <f, vY) goer

»* *
every t € N, then, for every t* € N such that (xt ’ yt ) is not a Pareto-

optimal allocation, there exists t' € N guch that t' > t* and
t'
An (N M) # 8

PROOF: There is (x, y) € A such that (xt*, yt*)a;(x, y) for every i € I,
By Assumption 2, there is € > 0 such that, for every i € I, (x', y')ﬁZ(x, y)
for every (x', y') € Di such that d4((x', y'), (xt*, yt*)) < €, Suppose
AN (ﬂieIM;') = ¢ for every t' > t*, By Lemma 4, there would be t > t* such
that d(M;'l, (xt*, yt*)) <& for every i € I. Note that (xt-l, yt-l) =
(xt*, yt*). If (x, y) ¢ M; for some i € I, then (x, y)az(x', y') for some

- * * * *
(x', y') ¢ S§(Et Lo, Y and nence a((x', v'), (x%, y¥)) <

W

- t=-1 t* t*
Zoov psad(M] (x", vy ))
cI-{i} ! L t=l t* ¥ ab=1 t* t*
]_ iy 1‘;_-1] , t* 1% d(“i ’ (X y ¥ )) < d(x"li ’ (X y 7 )) <&, so
L’]FIG\M" Ty X, Y )
L '.)

that (x', y')§;(x, y), a contradiction., Therefore (x, y) € h; for every 1 €
I, implying that A N (niélmg) # @, a contradiction,
(L

LEMMA 7: Under Assumptions 1%, 2%, and 3%, for every (T, h) €t c

2y72! 2)

and every sequence {I"’lt}te\T in (Lz)n, if there exists a sequence {xt}tcN in
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t+1

+
B such that mttl oo T(Mt, xt) and X = h(Mt, xt) for every t € N, then,

*

for every t* € N such that xt is not a Pareto-optimal redistribution, there

: L} L] t.
exists t' € N such that t' 2 t* and F nTTiEIMi #é.
PROOF: Similar to that of Lemma 6, in view of Lemma 5.

PROOF OF THEOREM 1: Let (x, y) be a weak equilibrium outcome., Then there

is M€ (Ll)n such that (x, y) = h(GE;ly)(M), (x, y)) for every t € N, For
?
each t € N, 1let nt - T(Mt_i, X, y) with Mo - '« Then (x, y) = h(Mt-l, Xy ¥)

for every t € N, so that AN (ﬂieIM;) =@ for every t € N and hence, by

Lemma 6, (x, y) is a Pareto-optimal allocation.
PRCOF OF THEOREM 4: Similar to that of Theorem 1, in view of Lemma 7.

PROOF OF THEOREM 2: Let (x, y) be a Pareto-optimal allocation., Let M ¢

-1 t-1 te=l
y X oY)

(Ll)n. For each t € N, let Mt = T(Mt and (xt, yt) -

h(Mt-i, xt-l, yt’l), with M° = ¥ and (xo, yo) = (x, y). It suffices to show

‘t .t
that A 0 (n, feT 1) = ¢ for every t € N. Suppose A N (ﬂielhi) # @ for some t
€ N. Without loss of generality, we may assume that A N (ﬂ. IM; ) =@ for every

- - t .

t' < t. Then (xt 1, yt 1) = (x, y). Take any (x', y') € AN (nlﬁl 1) Let 1
¢ I, Then (x', y')Q.(x", y') for every (x", y") € S§(h , X, V). Let

d(V v (x, ¥))

I-{ ’
¢ - —Cl=tl) aii™h (x, ).

EId(mj [ (Xt Y))
Then € > 0. By Assumption 3, there is (x", y") € D; such that (x, y)ﬁ?(x", ")
ta
and d({x, v, (x", y")) < €. It follows tmat (x", y") € SL(:*7F, «, y) and

hence that (x', y')Qi(x", y',. Thus (x, y)az(x'. y'). Since i 1is arbitrary
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in I, this contradicts the assumption that (x, y) is a Pareto-optimal

allocation.
PRCOF OF THEOREM 5: Similar to that of Theorem 2, in view of Proposition 3.

FROOF OF THEOR<M 3: Let (x, y) be any cluster point of {(x'~1, y*~1)3
ot t
{(x (V>, y (V))}

ten®

Then there is a subsequence veN converging to (x, y). Suppose

(x, y) were not a Pareto-optimal allocation. Then there would be (x', y') € A
such that (x, y)ﬁ?(x', y') for every i € I. By Assumption 2, there is £ > 0

such that, for every i€ I, (x", y")EZ(x', y') for every (x", y") € D, such

]
that d((x", y"), (x, y)) < ¥, Hence there is t' € N such that Zr('r'l-i'-l)t <

€. Without loss of generality, we may assume that t{(v) > t(v -1) +t' +1 for
t(v t(v

every V € N. Since is convergent and hence Cauchy-

VvEN
convergent, there is u € N such that

(1) a0V, 30, (x, ) < 2@,

(2) a(GHY, V), (MO, vy o pas Y

for every Vv 2 u. Without loss of generality, we may assume that (xtk“), yt(u))

# (xt(u>-1, yt(“)-l) and hence that A n (N, Mt(u)) # §, which, by Lemma 2,

€I’
+
= (xt(u)+s' yt(u> S) for every s £ {1, ..., t}, it follows from Lemma 2 that

ieli
implies that d(M;(u)+1, (xt(u), yt(u))) =y for every i € I. Since for every
+ ) )
t €N if AD (ﬂi Mt<“) Sy = ¢ for every s € i1, ..., t} then (xt<u), yt<“/)

(3) for every t € N, if AN (ﬂielﬁz(“)+s) =@ for every s € {1, ..., t}
then d(M;<u)+S, (xt(u), yt<U))) = r(ﬂ'-i--l-)sm1 for every s € {1, ..., t}
and every 1 € I,
We shall now show that A N (niEIM;(u)+t) = ¢ for every t ¢ {1, ..., t' *+ 1},

Suppose that A N (ﬂielﬁ§<u>+t) #@ for some t € {1, ..., t' + 1}, Without loss
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of generality, we may assume that A N (niEIM;(u)+S) =@ for every s € {1, ...,
t - 1}, Hence, by (3), d(Mz(“)+t. (), yt )y | (A=) ()"

+ (4 ()"
for every 1 € I. It follows from (2) that (xUW¥1) ,t(u¥1)y 4 T por

+
every i € I. Since (xt(u) t, yt(u)+t) € Mz(u)+t

(xt(uﬂ)' yt(“"l))qi(xt(“)*t, yt(u)%

for every i € I, if

) for some i € I then (xt(u+1)’ yt(u+1))

€ Hi(p)+t, a contradiction, Hence (xt(u+1), yt(u+1))§;(xt(u)+t, yt(u)+t) for

every i € I. But t(p) +t <t(u) +t" +1<t(n+1) and the sequence

{(xt-l, yt-l)}tGN is non-decreasing with respect to Q, for every 1€ I, so

t(u+1)’ yt(u+1))Q_<xt(u)+t t(p)+t

that (x ) for every i € I. This is a

t(u)+t

contradiction, Thus A N (nch =¢ forevery t € {1, ..., t' + 13,

Therefore, by (3), d(It(“>+t 1 , (x t(“) t(p))) = p(B— 1)t. for every i

n
Wyttt +
tu)rt’+1 is closed in RZmn’ there is

ey ) € P on that a((er, y7), GE, R - p@S Y gy

(1), al(x", ¥"), (xo ¥)) <al(x"s y), (M, gty wgt) | tamdy oy
1.t!
)

€ I, Let i€ I, Since, by Lemma 2, V

- '
< Er(n < €, so that (x", y")Q (x', y'). Since (x", y") € M;(u)+1 +1’
this implies that (x', y') € Vt(“>*t . Since i is arbitrary in I, (x', y')

+
e an(n, xtITHY L oh contradicts the fact that A n (n, ut(W)TYy o g

i€I i€eli

for every t € {1, ..., t' + 1},

¢RCUF OF CORCLLARY TO THECREM 3: BSince A 1is compact, the sequence

"- -
{(x" 1, yt 1>1t€N has a cluster point (x*, y*), which is, by Theorem 3, a
Pareto-optimal allocation, Hence there is a subsequence {(xt(v) t(v )}VGN

converging to (x*, y*). Since the sequence {(xt-l, yt-l)} is non-decreasing

tel

with respect to Qi for every 1 ¢ I, it follows that, for every i € I,

yt<v'))Q.(xt(v). yt<v>)

whenever V' > v, By Assumption 2, (x*, y*)Qi

AN 1
(x"Y7, yt\v)) r

for every Vv € N and every 1 € I, If ui(xt, yt) > ui(x*, y*)
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for some t € N and some 1 € I, then ui(xt(v), yt(v)) > ui(xt, yt) > ui(x*’ v*),
i.e., (x*, y*)@;(xt(v), yt(v)) for some Vv € N such that t(v) > t, a

contradiction. So (u.(x*, y*))iEI > u® for every t € N. Thus, for every 1 €

I, the sequence {u }tCN is non-decreasing and bounded from above, so that

. t . t .
llm,c_’oc ug exists. Hence the sequence {u }tEN is convergent. Now suppose that
u, 1is lower semi-continuous for every i € I. Clearly ui(x*, y*) 2 lim u§

. -yt t . \
for every 1 € I, Suppose ui(x*. y*) > 11mt+w ug for some 1 € I. Since ug

is lower semi=-continuous and {(xt<v), yt(V))}vEN converges to (x*, y*),

t(v tlv . t t _ty . t(v tiv
ui(x ( ), y ( )) > llmtyx ug for some V € N so that ui(x y ¥y )2 ui(x ( ), y ( ))
+
>1im,  u/ for some t € ¥ such that t 2 t(v), a contradiction. Thus
. t . . . 1
ui(x*, y*) = lim,, u, for every i €1, id.e,, lim, u’ = (ui(x*. y*))iel

LEMMA 8: Under Assumptions 1*, 2*, 3*,6 and 4%, for every (T, h) € PZ(LZ’ C
!

2)
LeN in Rmn' if xO = a and there exists a sequence

t. h(Mt-l, xt—l) for

and every sequence {x

oy o dn (1) such that b = (M, M) ana x

teN
every t € N, then there exists t € N such that x' € B.

PROCF: If a C]T ; then the lemma is trivial. So we assume that a ¢

IT\

I
TTiGIX;' Suppose xt = xO for every t € N. Then F ﬂTTiEIME = ¢ for every t

€ N, It follows from Lemma 3 that, for every 1 € I and every t € N, if

0) > JCI {1}i<1 0)

ot 1+
d(Zi(ai) d(mi, 0) then d(mi , 0) = d(Zi(ai), 0) <

. t
: . M
‘.iCI-Li}d(H. O) ,,t

a(Mt, 0); wnile if d(Z,(a,), 0) < a(xt, 0) then 1™, o)
1 1 1 d(M ) i 1
J€I j!
. RN
| Sserogqyiltiy 0)

+
d(xi' 0) < d(M;, 0). Hence d(M; 1, 0) < d(M;, 0) for every

J€Id(h , 0)
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1

s = . t
i €1 and every t € N, Let s =232 d(Mi, 0). If 1im o d(Mi, 0) > d(zi(ai)'

“iel

0) for some i € I, then d(Mi, 0) > d(2,(a,), 0) for every t € ¥, so that

t N
a(u,, o) a(z,(a,), 0)
+ ’ '
(™, 0) = (1 - =41}, 0) £ (1 = —2——)a(K, 0) < ...
LjGId(mj, 0)

< (1 -4a(z.(a,), O)/s)td(M}, 0) for every t € N and therefore 1lim d(MP, 0)
= it i t oo i

. . .t .
<0, a contradiction. Hence lim d(hi, 0) < d<Zi(ai>’ 0) for every i € I,

By Proposition 4, there is x' € B and ¢ € R? such that, for every i ¢ I,

-~

e < p: t %
d(ai(ai), 0) 6, and x}x, x, for every x; € X¥ such that d(xi, ai) < 8.

So there is t € N such that d(Mi, 0) < 6, for every 1€ I. For every i€ I,

since, by Lemma 3, Mz is closed in R", there is z, € Mz such that d(zi. 0)

20

1 . .
= V. . . toa, * . Ly ds) <0
d(Il, 0). Hence, for every i € I, z; *a; € X} and d(zl *a, dl) <oy

which implies that x! %». z. * a.; therefore x! - a, € MF. Thus x' - a €
i~i 71 i i i i

~

F ﬂ]TiEIMi, a contradiction., Hence xt # xO for some t € N. Without loss of

] ES
generality, we may assume that xt = xo for every t' < t. Then xt # X" 1,

so that x' € (F ﬂTTiEIM;) - {xt-l} and hence x° = z + x*} for some z €
t £ t-1y t R .

F n]TiGIii' For every 1 € I, 2 € hi so that x., =1z, + €

< Z,(x,
My i %11 i

Therefore xt € B,
PROOF OF THEOREM 6: Similar to that of Theorem 3, in view of Lemma 8,

PRCCF OF CCORCLLARY TO THEOREM 6: Similar to that of Corcllary to Theorem 3,
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FOOTNOTES

1 The greed process has another performance characteristic, called essential
single-valuedness. In this paper, we shall be concerned only with non-wastefulness,
unbiasedness, and stability.

2 For a study in this problem, see Nount and Reiter [9 ].

3 H., Kanemitsu has, independently, developed a similar non-tatonnement

resource allocation process in a paper presented at the Third World Congress of

the Econometric Society, Toronto, Canada, 1975.

4 {x, y)Qi(x', y') is interpreted to mean that (x, y) 1is at least as

=y

desired as (x', y') for agent i. Completeness of %; means that, for every
(x, v), (x', y") ¢ D,, either (x, y)Qi(x', y') or (x', y')Qi(x, y). Hence,
completeness implies reflexivity,

5 Throughout this paper, d stands for the distance function in some Buclidean
space Rk, defined by d(p, q) = max {lp1 = Qs eees [Py - qkl}. The number k
may be either 2mn, mn, or m, 1in each case of which the same symbol d will

be used., The only place in which the reader should be carefullis in the proof of
part (b) of Proposition 3, where the distance in R" and that in RZm appear in
3 series of inequalities,

6 Given two points p and q of Rm, we write p 2 q Aif and only if 198 >

) for every h & H.

ih
7 x! > x, means that x! ». x. but not x.X%. x!.
i71 7 i~ " i~ i
8 Given 3 subset U of RZmn and a point v of RZmn' the distance of U

from v is defined by 4(U, v) = infuCUd(u, v). The same definition will be used

. : 5 . n
for the distance between a subset and a point of R,
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