





"BAYES' THEOREM" FOR UTILITY*
by

Leigh Tesfatsion
1. INTRODUCTION

The principal purpose of this paper is to propose a simple
"utility algorithm" for updating an initial period objective (risk)
function by means of transitional utility (loss) assessments, in a
manner analogous to Bayes' theorem for probability.l Specification
of updated probability assessments is not required. The algorithm is
shown to be robust with respect to a fully updated procedure, given
certain empirically meaningful restrictions.

The computation and information required for the numerical solu-
tion of Bayesian sequential decision procedures is often prohibitive
(see DeGroot [2, Part Four]). Consequently, for sequential decision
problems in which utility assessments are relatively straightforward
and probability assessments are vague or of intractable form, a
utility algorithm may be a desirable alternative to a Bayesian pro-
cedure.2 Numerous interesting economic decision problems fit this
description; for many important economic time series appear to be
realizations for nonstationary stochastic processes, difficult to
express analytically in any convincing manner, and intractable to
work with even if so expressed. In contrast, utility assessments
over outcomes can often be based on relatively noncontroversial

. . 3
revenue and cost considerations.

*Research for this paper was suﬁﬁorted by National Science
Foundation Grant GS-31276X, University of Minnesota.
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*
v (w |6) V_ (8)

Va1 (®) 2 TSGR » 020 (4.4)
n n
where
* *
vn(wnle) = exp (un(wn|9 »,
% * 4
v () = f®vn(wn(9)) v (8)m(de);
and select a policy 6;+1 € ® for period n+l which satisfies
v

Vn+1(en+l)-1 Vh+1(6), for all ¢ 0.

Remark: All factors in (4.4) are strictly positive. The normal-
%
izing factors vn(wn) guarantee that
[V _(6)m(ae) =1, n > 2.
ke B
Since Ul is only unique up to positive linear transformation under

the axiomatization discussed in section 3, V., = exp(Ul) can be

1

similarly normalized.
5. ROBUSTNESS AND SMALL SAMPLE PROPERTIES

Certain "small sample" properties of the algorithm will first be
established, followed by a number of robustness results. Although
many of the properties are formally analogous to properties previous-
ly established for probability densities, their interpretation in
terms of utility densities is equally natural and meaningful. The
robustness results have no direct analogy in probability theory.

The assumptions, notation, and definitions of 4.1 and 4.2 will

be maintained throughout this section, except where otherwise indi-
*
1’

flows "realized" over periods 1, 2, ... will be implicitly assumed

*
cated. The existence of a particular sequence w Woeso of state
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in the statement and proof of all theorems. The symbol Kn will denote
a general nth period constant, i.e., a term independent of policy
choices and state flows to be realized in periods m>n. The exact form

of Kn may vary during a proof.

5.1 Small Sample Properties
The first theorem below guarantees that the algorithm is essen-
tially invariant under similar positive linear transformation of the

utility densities.

Theorem 5.1: For each n>1, the set of maximizing policies for
the objective function Vn is invariant under similar positive linear

transformation of the utility densities {uj(°l9):9+R|1§j§p,ee ®1}.

Remark: The sets of maximizing policies for the Vn are not
necessarily invariant under dissimilar positive linear transforma-
tions of the utility densities. The practical implication is that the
utility densities u for each period n should be scored in relation to

a fixed origin and unit determined in the initial period.

*
Proof: Let n>1 be given. For each j,l<j<n, let u, auj +b
*
for some a, b € R, a>0, and let Vn denote the nth period algorithm
*
objective function calculated in terms of the densities uj, 1<j<n.

By assumption,

U (0) = Jqu wle)p (dwle), 6c@.
Hence
* %
aU (6) + b = [ qu (wle)p; (du|o) = U (8), 6 c @,
and
* *
logVl = 1og(exp(Ul)) = along + b. (5.1)
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If n>2, then for all 6 €0,

log V' (8) =1 * (e K V' (e
og V (8) = log (v _ (v _,16) n_1( )) + K

= log(v:_ 1[6) - 2 2|e) ..V (m1|6)V (6))+K
= z? i NCY *lo) + U (8) +K_

= a(zn -1 p Uy (o *lo) + U (8)) + mb + K_

= a log vn(e) + Kn. (5.2)

*
It follows immediately from (5.1) and (5.2) that Vn and Vn have the

same (possibly empty) set of maximizing policies.

Definitions and Notation: For each n>2, let the preference
function Dn:® +R be defined by

Dn(e) = l v (w [6), e ®,

j

* *
whereui,...,w are the state flows realized over periods 1,...n-1.

n-1
Thus

Vn(e) = KnDn(e) Vl(e), 8 e®.

The (possibly empty) set MEP of policies eﬁp ¢ ® which maximize Dn
will be called the set of maximum preference policies for period n.
The (possibly empty) set of policies GZ € ® which maximize Vn will be

denoted by MZ'

Remark: The preference function is clearly analogous to the
likelihood function of probability theory, with maximum preference

policies corresponding to maximum likelihood estimators.

For "smooth" initial period objective functions U, (equivalently,

1

Vl = exp(Ul)), the algorithm objective function Vn=KnDnV1 can be re-

placed by the preference function Dn with little distortion. For
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uniform (constant) initial objective functions,10

M = M@P , N>2.
n n —

In addition, for various types of utility densities {un} it can
explicitly be shown that

v _ mp .
en Gn >0 ; (5.3)

i.e., the influence of the initial period objective function V1 =
exp(Ul) on the selection of policies by means of Vn becomes negligible
as n increases. The corollary to the following theorem establishes
(5.3) for utility densities having a commonly used quadratic represen-

tation. A small sample normal distribution for Vn is simultaneously

obtained.

Theorem 5.2: Suppose @ €@ = R, and for each n, l<n<n¥, there
exist constants kn and dn’ dn>0, such that
— 2 .
un(w|6) = kn dn[w 8], we, 9 B
i.e., all utility densities u s l<n<n*, are quadratic. Then for each

n, 1<n<n*, the preference function Dn+l:®-+R satisfies
exp(R_.)D ., " N(Bﬁ, 1/ v23), (5.4)

with a unique maximum preference policy

mp _ —
9n+1 w (5.5)
where d_ = 2 d, and w = I° .d w*/a = the "weighted sample mean"
n =173 n =173 i’ n

*
of the realized state flows Wpseees0 In particular, for dl=...=dn,

mp _ .n *
Oprt = Zjo1 v /B

Remark: For each n, the nth period constants kn and dn may depend

* *
on the state flows Wyseee st realized over periods 1,...,n. The
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utility densities may thus reflect fundamental changes in preferences

over time.

Proof: Let 6 €¢® and n, 1l<n<n*, be given. Then

n *le) = d,
T, luJ(wj ) e J =19 [w 9]
_ *2 % 2
=K 1 Zdj[w. 2w.e+e ]
=K +26zd *23 o2
=K 1 ZJ%-ﬂﬁ
"Kh+1+dn[26 mn-e ]
n+1 d [m e]
Thus
exp (Kn+l) D .1 (*) = exp (K 41 ©XP (Z )
N~ N (wn,].//Zdn),
with
mp _ —
en+1 Wyt

Corollary 5.3: Suppose in addition to the assumptions of Theorem
5.2 that @ has finite cardinality N, and the initial objective function
Ul is given by
Ul(e) = ZQ ul(wle) pl(w), 8 e@. (5.6)
Then for each n, 1l<n<n¥*, the algorithm objective function Vn+1:@-+R
for period ntl satisfies

exp (Kn+1) \Y " N(mn,On),

n+l

with unique maximizing policy
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where
m = [dnmn + dlw]/[dn+d1],
o = 2[dn+d1],

and

€]
!

= ZQwPl(w)’

the "prior mean" of w € Q. Moreover,

ev e:P -+ 0 as n > w,

n

Remark: Condition (5.6) implies that the decision maker is ini-
tially certain the realization of a state flow w in period 1 is sto-
chastically independent of his policy choice; i.e., pl(wle) = pl(m) for

all weR,0e @,

Proof: Let Q = {wl,.fng}. As in the proof for Theorem 5.2, it

is easily calculated that

U (8) = 5_u (w°]6)p, ()
= Kl—dlz[w —6]2 pl(w )
- Kl-Zd;[ws—e]z
= x,-d" [w-01?
where d; = lpl(w ), 1<s<N, d' = s—ldé = Zi -1 lpl(w ) = dl’ and
w =z N jdrar = zI::lepl(wS). Thus
exp(Kl)Vl = exp(Kl)exp(Ul)
v N(w, 1//'5?1‘1). (5.7)

Combining (5.7) and (5.4),
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exp (K

nt1) Vna1 (0 = exp (K ) D, (6) ¥, (6)

exp (K1) exp (-d_[ -0]1°-d, [0-01%)

exp (Kn+1) exp (-[20n2]—1[mh-9]2)

2

N(mn,on),

where

m = [dnwn + dlw] / [d + dl];

-2 —_
o, = 2[dn + dl].
. v .
The unique maximizing policy en+l for Vﬁ+l is therefore
v
8 41 = M- (5.8)

Combining (5.8) and (5.5),

v _ WP _ -
en+l en+1 mn wn

dn mn/[dn+dl] - w + dlw/[dn+dl]
- 0 as n > o,

Definitions: A function tn:HnQ+S, S an arbitrary set, will be
called a sufficient statistic for the utility densities {un(-le):

Q+R|ee @} if there exist functions £ and g such that
oy = £ * * .8y + g (W *
un(m ) = n(tn(ml,...,wn_l,w ,0) 8, wl,...,wn_l,w)

for all w e Q and 6 ¢e®. A function Tn:HnQ+S, S an arbitrary set,
will be called a sufficient statistic for V 4y if there exists a

function Hn such that

: * %
Vn+l(6) = Hn(Tn(w ,...,wn),e), 6 e @.
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Theorem 5.4: Suppose for each n, l<n<n*, there exists a suffi-
cient statistic tn for the utility densities {un(-le):Q+R|96C)}. Then
for each n, 1l<n<n%,

vV .(8) = Hn(t

ol .,tn,e),ee:@;

10"
i.e., the algorithm objective function Vn+1 for period n+l depends on

* *
the realized state floWS(i,...,wn only through the sufficient statistic

Tn = (tl,...,tn).

Proof: By assumption, for l<n<n%*,

- n * * n * *
Dn+1(6) = exp(2j=lfj(tj(wl,...,wj),e) + Zj=1gj(w1,...wj))

*
1,.'0

. * * * *
n(tl(ml),...,tn(w .,wn),e)Gn(wl,...,wn).

Thus

Vn+1(6) = vn(w:le) Vn(e) / Vn(w:)

]

Dn+l(6) vl(e) / L@Dn+l(e) Vl(e)m(de)

Fn(tl,...,tn,e) vl(e) /ﬁb Fn(tl,...,tn,e) Vl(e)m(de)

i

Hn(tl,...,tn,e).

Theorem 5.5: Suppose for each n, l<n<n¥*, there exist functions

hsn:Q+R, yn:Q+R, bn:®-+R, and cS:CJ+R, l<s<r, such that

u (w|e) = £ c (0h_(w) +y_(w) +b_(6). (5.9)

Then for each 6 ¢® and each n, l<n<n%,

% %
Vn+1(6) = Hn(Tn(wl,...,wn),e),
where
* * _ n * n *
Tn(wl,...,mn) = (Zj=1hlj(wj),...,Zj=lhrj(wj)),
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a sufficient statistic of fixed dimension r.

Remark: Quadratic utility un(wle) = kn—dn[w-e]2 (cf. Theorem 5.2)

is a special case of (5.9) with r=2. Take (cl(e),cz(e))=(26,l),

(hy () ,h, (@) = (dnw,-dnwz), y (@)=k_, and b_(0) = -dnez.

n *
Proof: By assumption, Dn+l(e) = exp(2j=luj(wjle)) =
n * y * * -
exp(2j=lyj(wj))F(Tn(wl,...,wn),e), where F(Tn,e) =
n r n * LN
exp(Z,_ ;b (8))exp (X, [2, ;b ,(w)]e (8)); And v (v ) =

n *
f®Dn+l(9)Vl(6)m(d6) = exp(Z, 4y (‘*’j))f@ F(Tn,e)yl(e)m(de).

Hence

fl

LA

*
n+. Dn+l(e) Vl(e)/vh(wn)

F(T_,8) vl(e)/j'® F(T_,0) vl(e)m(de)

Hn(Tn,e).
5.2 Robustness

The algorithm objective functions {annzl} require only the prior
U1 and the transitional utility densities {un}. Consequently they
require a lower information state than the "fully updated" policy model

objective functions {Unlnz;} given by
u_(8) = [ u_(w]e)p_(dule), o c @,

where the functions {un} are transitional utility densities as in the
definition of the algorithm objective functions {Vn}, and the functions
{pn} are transitional probability densities (see section 4).

*
s W

*
Generally the state flows w geee

1

would differ from the state flows w?,w;...

realized under the algorithm

realized under the objective
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functions {Un}. However, if the state flows w are stochastically inde-
pendent of present and past policy choices, i.e., for all weQ,6e ®,n>1,

u u
P (0|8 = pluls,upseeein ),

then presumably it would hold that

* * u u
(wl,wz,...) = (ml,mz,...).
. . v v U u
In this case maximizing policy sets Mh = {en,...} and Mh = {en,...} for
Vn and Un can be simultaneously derived; and the relative robustness of
the algorithm can be measured by the differences

u v
u_(62) - U_(6)), n>1, (5.10)

between "true" maximum expected utility for period n and "true" expected
utility corresponding to the policy choice GX selected to maximize the
algorithm objective function Vn,qil.

In Theorem 5.7 below it will be shown that for a given sequence
w:,w;... of "realized" state flows the differences in (5.10) are asymp-
totically negligible if the transitional utility assessments {un}
eventually stabilize and the transitional probability assessments {pn}
asymptotically approximate empirical frequencies. 1In Theorem 5.10 below
it will be shown that Vn asymptotically selects out the maximizing policy
for Un under essentially the same conditions. Theorems 5.7 and 5.10
therefore establish empirically meaningful conditions for the robustness
of the algorithm relative to the fully updated policy model objective
functions {Un}, assuming state flows are stochastically independent of
policy choices.

* %
Notation: Letui,wz.a. be a sequence of state flows realized over

periods 1,2... For any weR and n>1, define
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where

Thus n(w)/n denotes the frequency with which w appears in the first n
*

*
realizationsui,...,%f

The short-hand notation
£(A) v g (B)
will be used for

Lim [sup{|f_(a)-g (b)|:aeA ,beB }] = 0.

For each n>1, the (possibly empty) set of policies 63 € ® which

maximize Un will be denoted by M;.

Remark 5.6: For any strictly positive real-valued function f,
log(f) and f have the same (possibly empty) set of maximizing elements.

Thus for every n>2,

M; ={0' ¢ ® | Vv (8') = max V_(8)}

0e®

= {g' e@lllov (e") = max & _logV () };
n-1"°8"n n-1"8Y, i

0e®

MEPE {8 ec)an(e') = max Dn(e)}

6e®

- 1 = .
= {9' eC)|n_110gDn(6') max 1 logDn(e)}

0e® n-1

Theorem 5.7: Assume (a) Q has finite cardinality N; (b) for some
constant K, Iun(wle)l <K for all 6 €e®, w € 2, n>1; (c) there exists

h: Qx® >R such that for each wef, un(wle) N h(w|e) uniformly in 0;
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(d) for each wef, pn+l(m|6) v n(w)/n uniformly in 8; and (e) for all
sufficiently large n, the maximizing policy sets Msp, Mﬁ, and Mﬁ for Dn’

Un’ and Vn are nonempty. Then

p u AT/
U_fF) v U L) » U ).

Remark: Condition (¢) is satisfied if the utility densities {un}
are stationary; i.e., if un(mle) = ul(wle) for all weQ, 6e®, n>1.
Condition (e) is satisfied if ® is compact and the utility and proba-
bility densities are continuous in 6.

Proof: By (a) and (b), uniformly in 6,

Ul(e)/n = ZQ[ul(wle)/n]pl(w|e)+0.
By (a), (b), and (c), uniformly in 8,
5% u (w*le)/n nog? h(w*le)/n =z h(w|6)n(w)/n'
=173 =1 ] Q ’

and
ZQh(w|6)n(w)/n v ZQun(w|6)n(w)/n.
Finally, by (a), (b), and (d), uniformly in O,

ZQun(wle)n(w)/n v Zgun(w|6)pn(w]6).

Thus, uniformly in 6,

1

1 jogve= t %1y (w*le) + U.(8) - K (5.11)
n-1 n n-1 "j=1 jj n-1 "1 n
1 .n-1 w* -

v Zj=l uj( j|e) K

=L log D (8) - K (5.12)

" n-1 n n

1 _n-1 *
V=S zj=1 h(wjle) - K

th(w[e)(n-l)(w)/(n-l) - K
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e

zQun(mle)(n-l)(w)/(n-l) - K

e

ZQun(w|e)pn(w|6) - Kn

IH

U (8) - K . | (5.13)

‘By definition, the set of maximizing policies for (5.13) is Mg; and by
Remark 5.6, the set of maximizing policies for (5.11) is MZ and for (5.12)
it is Mmp.
B
Given €>0, it follows from the above that for sufficiently large n,

1 _n-1 *
| Un(e) ey Zj=1 uj(wj|6) | < e/2

for all 6 e®. In particular, given any 6: £ Mﬁ and GZP £ M:p,

u, - u u
U (6) = ZQun(w|9n)pn(w|6n)
1
< = J 1 J(w |e ) +€/2
i}
1l .n-1

mp
AR AC ]e ) +€/2

A

mp
Un (en ) + €.
. mp u u
Since U (6°°) < U (8°) by definition of M, it follows that
nn’ ~ n n n
u, _ mp
| U (6) - U (6 ") | < e.

Thus
p u
Un(M: ) v Un(Mn)'

u v, . .
The proof for Un(Mﬁ) N Uﬁ(Mh) is similar.
Corollary 5.8: Assume (a) Q2 and ® are finite; (b) uh(mle) "N h(wle)

for all w e Qand 8 € ® ; and (c) pn+1(m|6) v n(w)/n for all w €  and

0 e ®. Then
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P u v
Un(M: ) Un(Mh) n Un(Mn).

Proof: 1t is easily shown that conditions (a)-(c) in Corollary 5.8

imply conditions (a)-(e) in theorem 5.7.

Lemma 5.9: Suppose the policy choice set @ is finite, and there

exists a policy 6% ¢ @ such that for each 6 # 0%,

lim sup [ = =% _u, (w lo) - L% u (wi]e™)] <o0.  (5.14)
imsup [ 24 g4y =1%3 'Y : ¥
Then
. (0 if 0 # 6,
%ig Vn(e) - i} if 8 = 6*:
Proof: 1In terms of vj = exp(uj), 1<j<n, (5.14) implies that for
8 # 0%,
. 1 n * n *, *k
%ig sup T log (Hj=1vj(wjl6)/nj=lvj(mjIe ))< 0,
hence

n * n *, %
14 I,_,v,(w,|{8)/I, .v.(w,|6 < 0.
lim sup [ j=1 J(NJI ) j=1 J(wJI ) 1<

By positivity of the Vj’ it follows that

n * n *, %
14 I, _,v.(w,|0)/I, v, (w,|6 =
lim [ j=1 J( JI )/ j=1 J( J| )]
Thus for any policy 6' ¢ ®,

1
Vn+l(e )

v (06" V_(6")/v_(u0)

n
= [ LS (w lot)/m i=1 J(w Ie ) 1 v, (e")
n
ZoepTi=1"5 (9 le)/nJ AACH *le"y1 v 1€8)

L0 4f 0 # o%;
1 if ' = o%,
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Theorem 5.10: Assume (a) Q and® are finite; (b) there exists
h:@x @R such that un(w|6) N h(wle) for each wef and 8 € ®; (c) pn+l(m[6)
v n(w)/n for each weQ and 8 € ®; and (d) there exists a policy 6% ¢ ©®

such that for each policy 6 # 6%,

lim sup [Un(e) - Un(e*)]< 0.

n->«©

Then

lim Vn(e) =40 if 0 # 8% ;
Do 1if 6 = 6% ,
Proof: Under conditions (a)-(c) it is easily shown (cf. theorem 5.7,

(5.11)-(5.13)) that uniformly in 6,

l.n *
= Zj=1uj(wj|e) v UL (). (5.15)

Together with condition (d), (5.15) implies

, 1l .n 1. * *
%ig sup [n Zj=1uj(wj|6) A Zj=luj(wj]e )] <O

for 6 #0*, The claim then follows from Lemma 5.9.
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FOOTNOTES

1Bayes' Theorem for the probability of events E and H states that
Prob (E|H) = Prob (H|E) Prob (E)/Prob (H),
provided that Prob(H) # 0. Bayes' theorem for probability has been

justified by fundamental coherency arguments (see de Finetti [1, Chapter 4]).

2Similar arguments have been given to justify the minimax and maxi-
max decision rules which are also based on utility assessments. However,
under these rules prior beliefs play no formal role, and new observations
only become relevant for the decision maker when they change the worst or

best possible outcomes he associates with each of his available actions.

?This may have been a motivating factor for the Marschak-Radner
team model (see Marschak and Radner [4]) in which all team members are
assumed to have identical preferences over outcomes. However, the team
members are also assumed to be in complete agreement concerning the

basic probability distribution over states.

4Unlike the situation for probability (see de Finetti [1]), no
general coherency arguments exist which necessitate the finite additivity
of a decision maker's utility assessments; i.e., the utility U(E) a deci-
sion maker associates with the realization of an event with finite set
representation E is not genérally expressable by

U(E) = ZweEU(w).
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On the other hand, it is the content of a number of expected utility
theories (e.g., see Jeffrey [3]) that a decision maker's utility assess-—
ments are finitely additive with respect to some (probability) measure
P, appropriately conditioned; i.e.,

U(E) = stEU(w)P(w)/P(E).

5The "policy model" presented in sections 2 and 3 is discussed in

greater detail in Tesfatsion [6] and [7]. As shown in Tesfatsion [6],
the expected utility model of Savage, the Marschak-Radner team model,

the Bayesian statistical decision model, and the standard optimal control
model can be viewed as special cases of the policy model. The policy
model is extended to a policy game in Tesfatsion [8] and shown to be a

generalization of the standard n-person game in normal form.

6A binary relation > on a set D is a weak order if for all a, b,

(1) a>borb>a (i.e., > is connected);

(2) a> b and b > c implies a > ¢ (i.e., > is transitive).

7A collection F of subsets of a nonempty set X is said to be an

algebra in X if F has the following three properties:
(1) X ¢ F;
(2) If A € F, then A ¢ F, where A® is the
complement of A relative to X;

(3) If A, Be F, then AUB ¢ F.
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8It will always be assumed that a decision maker's utility assess-
ments specified in an information state s known with certainty coincide
with the utility assessments he would make conditioned on that informa-
tion state; symbolically, us(w) = u(w|s). Similarly for a decision
maker's probability assessments. (The latter assumption is implicit in

nearly all Bayesian arguments.)

9If the state flows w are not stochastically independent of policy

choices 6, then the reasoning implied by (4.2) can lead to undamped vacil-~
lation between policies as the decision maker vainly attempts to achieve
certain state flow-policy matches. Costs incurred by switching policies
from period 1 to period 2 could be handled by the inclusion in the
definition of Ul(6|wi) of an additive cost term c(ele*), where 9; is

the decision maker's first period policy choice. Suchlcosts will not be

considered in this paper.

10In probability theory the use of uniform probability densities to

represent initial ignorance has often been criticized. For example, if
the decision maker is ignorant of the true value of 6 ¢ (0,=), then the
same must be said for the true value of 1/6. Yet the simultaneous speci-
fication of uniform probability densities over (0,») for both 6 and 1/6
leads to contradiction. Moreover, uniform probability densities are often
"improper;" i.e., their associated distribution functions assign infinite
probability to the set of possible values.

In contrast, a uniform initial period objective function U1 un-

ambiguously represents the initial indifference of the decision maker
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between available policy choices. Since utility assessments need not be

additive, no contradictions arise. 1In particular, it is meaningless to

ask whether Ul is

"proper" or "improper."
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