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3. A Necessary Condition for Admissibility 

3.1 Lemma: Suppose that (~,M) is an admissible message process. Then 

for each ea , eb £ E 

satisfied: 

at least one of the following two conditions is 

i) 

ii) 

Proof: 

~(ea) ~ ~(eb); or 

for each A £ (0,1) and each . ° l. such that 

~(e ) ~(eb ) , where a 
Aio Ato 

t:' ui ) if i ~ 
.0 

i a l. , 

e = a A 
i O 

Aui i iO; (w , + (1 - A)~) if i = a a 

f~' 
i 

if i ~ iO 
i u

b
) 

and eb = 
A
1

0 

Au
i + (1 -

i 
if .0 

(wb ' A)u
b

) i = l. • a 

Let e a' eb £ E and suppose that ~(e ) = ~(eb)' a 
.0 .0 

Let 

1 .0 
< K such that 

l. l. and let I be given by < l. W = wb ; n £ a 
i .0 

= 1 for all i ~ 
.0 and l. = O. Then for each A £ n l. , n 

r (A,n,e ,a) = e and a a b a 
Aio 

follows from 2.8 (ii). 

3.2 Definition: For each i and each ea , eb £ E, define: 

i 
e * e a b = 

{

I i-I 
(eb , "., eb 

~ otherwise. 

i+l 
e
b 

, ..• , K) l.' f e
b 

(0,1), 

i 
wb ' and 
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Given ea , ~ € E, the notation ~(ea)n ~(eb) denotes the intersection 

of one point sets. 

3.3 Proposition: Suppose that (~,M) is an admissible message process. 

Then for each i and each e
a

, e
b 

€ E 

i i Proof: Let ea , e
b 

€ E and let 1 < i < K. If w ; ~, the assertion a 

is trivial, that i i 
First that ~(ea) = ~(eb)· so suppose w = ~. suppose a 

Then by 3.1, lJ(e ) = lJ (e ) for each A € (0,1). If A -+ 1, a A bA i i 

e -+ e and a
A 

a Therefore, by the continuity of ~, 

i 

~(e ) 
a 

Similarly, letting A -+ 0 yields 

so Second, suppose that 

observation that 

3.4 Remarks: Since (*) restricts the behavior of ~ only at the endpoints 

of intervals in E, it is not in general sufficient for admissibility. For 

example, suppose that ~ is 1 - 1 on E. Let 

and let lJ' be obtained by identifying the values of lJ at the (at most 2K-
1

) 

static environments generated by repeated applications of the operations 

to ea and e
b

• Then lJ' satisfies (*) but may not be admissible. However, 

Lemma 3.8 (ii) below indicates that for most economically interesting message 
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4. The Competitive Message Process 

4.1 Definitions: Let A denote the relative interior of the unit simplex 

L and let M { (p ,y) e: A )( Y: I: yi = 0 and for each i, py i OJ. R+, = = c i 

For each i, let i Ei ++ M be defined by i i {(p,y): i 
II : II (e ) = y 

c c 

II : E + M be given 
c c 

by Then is the competitive message 

process [11, Definition 25, p. lB5]. 

4.2 Remarks: Since Cobb-Douglas exchange economies satisfy the gross 

substitutes condition [1, p. 225], llC is a Cl function from the KL(L-l) 

dimensional manifold E to the K(L-l) dimensional manifold M • c 

The admissibility of (llc,Mc ) follows from Lemma 3.B (ii), but we 

will give a simpler proof which does not use the Cobb-Douglas assumption. 

As is indicated in [B, Proposition 3.6 and Remarks 3.7], the admissibility 

of the competitive message process also extends to the case in which there 

are many possible states, and the function llc is a selection from the 

static equilibrium correspondence. 

4.3 Proposition: The competitive message process is admissible. Moreover, 

Proof: 

(p ,y) = 

Since 

Let 

II (e ) and, if c a 

(p ,y) 
i i 

e: II (e ) c a 

i i n = 0, let w 

II (e ) = II (e
b
). 

c a c 
Let 

i = w a 
i 

=~ and let xi i = Y + 
i w . 

and (p,y) i i 
e: llc(eb), it follows by definition 

in 
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that i maximizes i subject to 
i i and 

i also x u px < pw , x a -

maximizes i subject the constraint. Then i maximizes u
D 

to same x 

combination of i and i subject to the same constraint, any convex u ~ a 

(p,y) i i 
AU

i + i 
all Thus whenever so € llc(W , (l-).)u

b
) for A. a 

" (e ) - " (e) we have "or (s) = " or (s) = " (e ). "c a -"c b ' "c a "c b "c a This completes 

the proofo 

4.4 Remarks: There are stochastic environments (A,n,ea,eb ) € S for which 

ill or (s)} is also 
c a 

an expectations equilibrium. 

The following result, which is adapted directly from [6] and [11, 

Theorem 35, p. 190], shows that the competitive message space is locally of 

minimal "size" subject to the requirements of nonwastefu1ness and admissibility. 

4.5 Theorem: Suppose that (ll,M,g) is a nonwastefu1 allocation process and 

that (ll ,M) satisfies (*). Then M has a subset which is locally homeo-

morphic to M • c 

Proof: Let e = (w,u) € E, and let E = ie' € E: w' = wl. Then E w' W 

identified with UJ is a K(L-1) dimensional manifold. By Lemma 3.8 (i), 

II is 1 - 1 on E Let V be a neighborhood of ll(e) in M. Then 

ll-l(V) contains a compact neighborhood V' of e in E. 
W 

Since M is 

Hausdorff, it follows that ll: V' + ll(V') is a homeomorphism. Since 

int V' and M are manifolds of the same dimension, the result follows 
c 

easily. 
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i i i i i e e+ p(e )w , which associates with each e e: G the value of w 

i . 
i El£ (e )w

1
] I at the price p (e ). Then i i PH,- PH.' (p~/pr) , 

de e i 

sirice 
i 

w •• 
1J 

= k. for all j: Also if and only if 

PiJ' J PJ*" so we can choose nand n' so that p. - p. ,(p*/p*,) J O. T • N N 1i 1i i i T 

Thus the function iii e + p(e )w is locally injective. 

budget shares for all commodities other than i and 

Also, the 

i' are 

constant on G. Since i' fI.. p(')w =K. 
i for all i':I i, it follows that 

for each j:l i,i', the function on G obtained by projecting 

1 K 
lJ(e., ... ,-, ... e.) 

1 1 
to the th i-- agent's excess demand for commodity j 

is locally injective. This implies that for some e i e: G, if 

(p~, y~) = ll(e~, ••• ei, 111 
N ... e. ) 
1 

then j • The 

Lemma follows directly. 

5.11 Theorem: A data process (f,Z) satisfies (*') if and only if (f,Z) 

is either discrete or trivial. 

Proof: Since (ll,M) is admissible, any discrete data process is 

admissible. Condition (*') is obvious for trivial data processes. 

Necessity follows directly from Lemma 5.10. 

5.12 Remarks: Theorem 5.11 indicates that if the expectations of uninformed 

agents are based on any nontrivial condensation of the competitive message 

process, expectations equilibria can fail to exist, even in the class of 
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two-event Cobb-Douglas exchange environments. It follows that if (f,Z) 

is a data process which admits the existence of expectations equilibria on 

any class of stochastic exchange environments containing S, (f,Z) must be 

discrete or trivial. 

This result depends on the requirement that all uninformed agents use 

the same data process. If this assumption is relaxed, the proof of 4.3 

indicates that complete information expectations equilibria exist when the 

.th, . d·· d (i) f h i agent s expectat10ns are con 1t10ne on p,y , or eac . 

Theorem 5.11 also establishes an interesting informational efficiency 

property of the competitive message process. If (f,Z) is a data process 

is a message process,and the partition of E induced by is as 

fine as that induced by In the language of [16], reveals as much 

as Then 5.11 implies that any privacy preserving message process which 

reveals less than the competitive process must map E to a constant. The 

crossing condition (x) implies that the partition induced by a privacy 

preserving process is a "product partition", having the characteristic prop-

erty that each element is of the form for each i. 

Thus, among partitions induced by data processes, the competitive partition 

is a minimal nontrivial product partition. 

This property appears to be quite different from the type of informa-

tional efficiency established in [6] and [11], of which Theorem 4.5 is an 

application. Both properties seem sufficiently fundamental to the structure 

of the competitive process that their formal relationship should be explored. 

Another question for future research is whether the continuity assumption, 

which is used in Lemmas 5.4 and 5.6, can be dropped. 
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2 The Knowledge Required to Form Expectations 

The expectations equilibrium concept presumes that uninformed agents 

can predict their future utility from the current message whenever the 

two states generate distinct messages. However, the fact that m I m' does 

not by itself enable an agent to predict state a when m is observed, 

and state b when m' is observed. This section is addressed to the 

question of how much information is used in making such predictions. Unlike 

the main results of the previous sections, the results obtained here are not 

directly inherited by stochastic environments with many states, and should be 

regarded as merely suggestive. 

It is perhaps most natural to suppose that expectations are formed on 

the basis of empirical observation. If an uninformed agent observes that 

the message m is generally followed by the return he obtains in state a, 

he will predict state a given m. An expectations equilibrium is sustained 

under this type of expectation formation. Whether or not it can be dynami-

cally achieved in this way is a question which will not be treated here. 

The observed relationship between messages and states for a particular 

stochastic environment can be represented by an ordered pair (ma'~)' such 

that the set {ma'~} is an expectations equlibrium. Knowledge of the 

ordered pair (ma'~) clearly suffices for associating states with elements 

of the expectations equilibrium set {ma'~}. Of course if ma = ~, the 

message is associated with the given probability distribution of the two 

2The topic of this section was motivated by some comments of 
Professor Radner. 



- 27 -

states. 

This leads to the question of whether the entire ordered pair (ma'~) 

is needed. Any condensation of ordered pairs can be represented by a function 

v on M x M, so the question becomes: What functions v have the property 

that for each stochastic environment, v(ma'~) contains sufficient informa­

tion for associating cond~tional probabilities of states with elements of an 

equilibrium set {ma'~}. Consider a message process {~,M}, such as the 

competitive process, with the property that for each stochastic environment 

m. a Knowledge of 

predict states according to the following rule: 

otherwise expect state b. 

enables agents to 

if m = expect state 

The difference between the expectations formed with the information 

(ma'~)' and those formed with only the information ma , is that the latter 

are never probabalistic. If ma = ~, uninformed agents will always expect 

state a with certainty. 

a, 

However, if {~(ea),~(eb)} is always an expectations equilibrium, it 

must be the case that whenever ~(ea) = ~(eb)' ~·rb(s) = ~(ea)' Thus agents 

will be mistakenly certain of state a only when the resulting equilibrium 

message is the same as if they had formed the statistically correct expectations 

given the message. In the particular case of the competitive process, an 

uninformed agent's excess demand would be unaffected if his expectations were 

corrected. (Under the Cobb-Douglas assumption, the force of this observation 

is somewhat diminished by the implication of 3.8(i) that ~ (e ) = ~ (eb ) only cae 

if i i 
ua = ub for each uninformed agent i. However, the proof of 4.3 indicates 
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that the Cobb-Douglas assumption can be relaxed for this argument.) These 

remarks indicate that in determining the amount of information used to form 

expectations, it may be useful to require only correct expectations equili-

bria, rather than correct expectations. We now show that this requirement 

can be formalized using a privacy condition for uninformed agents. 

6.1 Definitions: An inference process is a pair (v,N), where v: M x M + N. 

An information process is a pair of processes (~,M;v,N), where (~,M) is a 

message process and (v,N) is an inference process. 

Given a message process (~,M), let ~o: S + M x M be given by 

o 
~ (A,n,ea,eb ) = (~(ea)' ~(eb»' An information equilibrium for a stochastic 

environment s and an information process (~,M;v,N) is a set reM x N 

such that r = E x {v·~o(s)}, where E is an expectations equilibrium for 

s and (~,M). An information process (~,M;v,N) is said to be admissible 

if (~,M) is admissible. An equilibrium correspondence for an admissible 

information process is a correspondence ~: S ++ M x N such that for each 

s e: S, ~(s) is an information equilibrium. 

For each pair of stochastic environments s = (A,n,ea,eb) and 

S I = (' I I I ') d h A ,n ,ea ,eb ,an eac i, let 

{( 

I i,i ) A,n,eaB ea,ebB eb 

s otherwise. 

if A = A I and 
i ,i 

n = n = 0; and 

An information process is said to be adequate if it admits an equilibrium 

correspondence ~ such that for each s, s' e: S and each i, 

(*") Hs) f1 i i 
Hs ' ) = Hs ' * s) 0 Hs* S'). 
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6.2 Proposition: An equilibrium correspondence cp satisfies (*") if and 

only if there exist correspondences i ( ) {( i i) i Cii,i} ~ ~ : 0,1 x e ,eb : w = ~ a a M x N 

for each i, and A i i 
cp : (0,1) x IIie:A (E x E ) ++- M x N for each A C {I, ••. K} 

such that for each stochastic environment s = (A,n,ea,eb), 

where i A = {i:" n = I}. 

Proof: This follows directly from Proposition 3.6. 

6.3 Remarks: Given a message m, the expectation which the ith agent 

associates with m determines whether he responds to m according to the 

utility function i i 
ua ' ~, or AU! + (1 - A)U~. If (ll,M;v,N) is an adequate 

information process then o VOll (s) contains all the information an uninformed 

agent needs to make the appropriate response to any message he observes in an 

expectations equilibrium. For example, let 

suppose that ml = ll(el ) and 

and s' = (A,n,e2 ,el ) with 

m2 
i n = 0 

and 

and 

llora(s') 1 llorb(s'). Then {~,m2} is the unique expectations equilibrium 

for sand s', but the relation between messages and states differs between 

the two cases. If v(ml'm2) = v(m2 ,ml ), then to satisfy (*") we must have 

i i {ml ,m2 } = {ll(elB e2), ll(e2B e l )}. Since II must be privacy preserving 

(Proposition 6.4 below), this may require that 

i i th 
{ml,m2}~ II (e2); or in other words, that the i-- agent's response to the 

two messages is independent of the expectations he associates with them. If 

h ,th I "d d f h' , t e 1-- agent s response 1S not 1n epen ent 0 1S expectat10ns, v must 

d ' t' 'h b t th d d ' ( ) d (m
2

,m
l

) so that the ~th 1S 1ngu1s e ween e or ere pa1rs ml ,m2 an L 
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agent can form the correct expectations. For the competitive message process, 

these remarks are formalized in Lemma 6.9 below. 

6.4 Proposition: Suppose that (~~M;v,N) is an adequate information process. 

Then the message process (~,M) is privacy preserving. 

Proof: Let e,e' £ E, let 1 ~ i ~K, and let s = (A,n,e,e) and 

s' = (A,n,e' ,e'), with i O. If cJ> is an equilibrium correspondence n = 

for (~,M;v,N), then <I>(s) = {~(e)} x {v(u(e) ,1J(e»} and 

cJ>(s') = {~(e')} x {v(1J(e'),~(e'»}. Theref"ore 

</>(s) n </>(s') cJ>(s' *is ) fl i = cJ>(s* s') only if 

~(e) n ~(e' ) i i = ~(e'e e)n ~(ee e'), which completes the proof. 

6.5 Proposition: Suppose that (~,M) is a privacy preserving admissible 

message process. Let N = M x M and let v be the identity map on M x M. 

Then (~,M;v,N) is an adequate information process. 

Proof: Let the equilibrium correspondence </> be given by 

<I>(s) 
( {~(ea)' ~(eb)} x {v·~o (s)} if ~(ea):(: ~(eb); and 

= L {~'ra(s)} x {v·~o(s)} otherwise. 

Then condition (*") can be verified directly, using the fact that if 

s = (A,n,ea,eb ) and 

i 'i 
n = n = 0, then 

i r (s'* s) = 
a 

A' = A and 

i r (s')e r (s). a a 

6.6 Definition: An information process (~,M;v,N) is said to be complete 

if the correspondence <1>: S ++ M x N, given by </>(A,n,ea,eb ) = 

o x {v·~ (s)}, is an equilibrium correspondence and satisfies (*") • 
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6.7 Proposition: Suppose that (~,M) is a privacy preserving message 

process such that for each stochastic environment (A,n,eaeb), 

{~(ea)'~(~)} is an expectations equilibrium. Let N = M and let 

V be the projection (ma'~) ~ mae Then (~,M;v,N) is a complete 

information process. 

Proof: The proof is direct. 

6.8 Remarks: Proposition 6.7 formalizes the remarks made at the 

beginning of this section. The message process (w,a) ~ (I lall 1, ••• ,1 laKI I), 

where 11·/ / is the euclidean norm, (also discussed in 3.9) is an admissible 

privacy preserving process but does not satisfy the hypothesis of 6.7. If 

V is the projection (ma'~) ~ ma , then the information process (~,M;v,N) 

is not adequate. 

Proposition 6.10 below indicates that the projections (m ,m.) 1+ m 
a 0 a 

and (ma'~) ~ ~ are minimal inference processes for the competitive message 

process, subject to the adequacy requirement. 

6.9 Lemma: Suppose that (~ ,M ;v,N) is an adequate information process. 
c c 

If m and m' 

Proof: Let 

are distinct messages in M c 
then 

m and m' be distinct messages in 

v(m,m') 1 v(m' ,m). 

M. 
c 

It is straight-

forward to construct a stochastic environment s = (1/2,n,e,e') such that 

i) ~ (e) = m and ~ (e') = m'; c c 

ii) ]l or (s) 1 ]l or (s)· and c a c b ' 

iii) for i, i = 0, i i{m,m'}, some n ~ (e* e') c 
i {m,m' }. and ]l (e'* e) ¢ c 

Let s' = (1/2,n,e',e). Then (i) and (ii) imply that {m,m'} is the 
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unique expectations equilibrium for sand s'. If v(m,m') = v(m',m), 

then (iii) is in conflict with (*"), so we must have v(m,m'):/: v(m',m). 

6.10 Proposition: Suppose that (~,M ;v,N) is an adequate information 
c c 

process, that N is a Hausdorff space, and that v is continuous. Then for 

each m e: M , at least one of the functions v (m, • ) and v (. ,m) is one to one. c 

Proof: Let m e: M . We will show that v (m, ~ (.)) and v (ll (.) ,m) are c c c 

privacy preserving. Let 1 < i < K and let e1 ,e2 e: E. It is straight-

forward to construct stochastic environments s = 1 (A,T)1,ea1 ,e1) and 

i i 
n1 = n2 = 0, {m'~c(e1)} is the unique 

expectations equilibrium for sl' and {m'~c(e2)} is the unique expec-

tat ions equilibrium for s2' Let ~ be an equilibrium correspondence 

Similarly, 

is privacy preserving. 

v (ll (.) ,m) 
c 

It follows from Theorem 5.11 that the functions v(m,·) and v(·,m) 

are either constant or one to one, and Lemma 6.9 implies that at least 

one of the two functions must be nonconstant. This completes the proof. 

6.11 Remarks: Proposition 6.10 does not extend to all message processes 

which realize a nonwastefu1 allocation process. For example, if II is the 

identity, an inference process which yields a complete information process can 

be constructed as follows. Let v be the identity on E x E and let e e: E. 
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Let el ,e2,e
3

,e4 € E, let E' 

by repeated applications of the 

be the set of static environments generated 

i 
B operations to el 

be the set of environments similarly generated by 

and e2 , and let 

and e4 . Then if 

E" 

E' 1\ E" = </> and e € E' V E", identify the values of " on {e} x E', and 

identify (with a different value) the values of " on E" x {eL If the 

continuity assumption can be dropped from Lemma 5.6, it can also be dropped 

from the proposition. 

The discussion of this section has been limited to inference processes 

which are empirical in the sense that, if an information process is complete, 

the inference process is a function of the messages which are observed in an 

expectations equilibrium. It would also seem possible to use the adequacy 

condition (*") to analyse inference processes which convey information about 

the stochastic environment which is not reflected in the observed messages. 
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