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Introduction 

Recent formulations of social decisions problems focus on rules 

by which a group of individuals (the society) arrives at a choice 

among available alternatives. Such a rule, which we shall call the 

outcome function (Gibbard's "game form," see [ 3 J), specifies the 

permissible strategies of each individual and associates with every 

combination of permissible strategies a particular element (outcome) of 

the set of alternatives. The desirability of choices made is evaluated 

in terms of preferences each individual is assumed to have among the 

alternatives. 

Within this framework, Gibbard and Satterthwaite [3, 8) have shown 

that where there are more than two alternatives, there does not exist 

a non-dictatorial outcome function with dominant strategies for all 

preference profiles. This result encourages the search for non-dictatorial 

outcome functions retaining some of the main advantages of having 

dominant strategies even when such strategies do not exist, in par-

ticular the Pareto optimality of outcomes and the Nash equilibrium 

property of solutions. 

Along these lines, . the present paper deals with the question whether 

there are non-dictatorial outcome functions with the following two 

properties: for every preference profile there exists a Nash equili-
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An outcome function will be called non-dictatorial if there is 

no weak dictator. 

Using this terminology, the problem dealt with in our paper is 

whether there exist non-dictatorial outcome function acceptable (or 

weakly acceptable) for all profiles, or all strict profiles. The 

question is non-trivial only if there are at least two outcomes in A , 

two persons in N , and each per"son's strategy set 

least two elements. 

Summary of Results* 

S. 
1. 

contains at 

Theorem 1 states that for two persons a function that is acceptable 

for all strict profiles is dictatorial. Corollary 1 extends this 

result to weak profiles. 

In Section 2 we provide a complete analysis of the case involving 

three persons, two outcomes, and two-element strategies for strict 

profiles. The "kingmaker" outcome function is shown to be acceptable 

for strict profiles, but it lacks symmetry across persons. It is shown 

that there exists only one type of outcome function possessing such 

symmetry, viz. one in which split votes yield one outcome and unanimous 

votes another. It should be noted that the simple majority outcome 

function, although symmetric, is not acceptable. 

In Section 3 we deal with weak profiles (where indifferences are 

allowed). Theorem 2 states that for the class of all such profiles no 

acceptable outcome function exists. It follows, however, from Lemmas 

I and 2 of Section 3 that functions acceptable for strict profiles are 

weakly acceptable for weak profiles. 

* Some of the results presented in this paper were obtained 
independently by Eric Maskin. 
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Remark: Note that under f
3

, which is non-dictatorial, every player 

always has a dominant strategy relative to his preferences; hence 

f3 is non-manipulable in the Gibbard-Satterthwaite sense on E,2 

This shows that non-manipulability does not imply acceptability. 

When there are no more than two persons the following general-

ization is obtained 

Theorem 1 Let n ~ 2, and, let f be acceptable for En. 

Then f is strongly dictatorial. 

Remark 

A special case of this result is obtained when E is 

substituted for E in the statement of Theorem 1; this will be 

referred to as Corollary 1. 

Proof Clearly, f is strongly dictatorial for n = 1 by definition. 

For n = 2 , we shall think of outcome functions as matrices with 

persons I and II respectively controlling rows and columns. We first 

note that, given an arbitrary non-trivial partition of the set of 

outcomes A into Band B , (B # 0, B = A \ B , B # 0) it is 

not the case that every row and every column contains elements of 

both Band B. Otherwise, NE cannot exist either for profiles of 

the form 

I II 

B B 

B B • 
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(We represent preferences of, say, the first person by 

I 

B 

B 

when this person prefers every element of B to every element of 

B .) 

Therefore, there is either a B-row (i.e., a row consisting 

of elements of B only) or a B-row or a B-column or a B-column. 

Consider the first case, i.e., suppose that there is a B-row. We 

then show that there must also be a B-row. 

Note first that in this case there can be no B-column. Other­

wise, the intersection of this column with the B-row is an element b* 

of B which would constitute a non-PO NE for profiles of the form 

I 

B 

b* 

B \{b*} 

II 

B 

b* 

B \ {b*} 

Now suppose that there is no B-row. Then there is no NE for 

profiles of the form 

I II 

B B 

B B 
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or for profiles of the form 

I II 

B B 

B B 

For person I will always want and be able to prevent a NE with 

a B-outcome (since there is no ~-co1umn), while person II will always 

want and be able to prevent a NE with a B-outcome (since, by hypo-

thesis, there is no B-row'. This contradiction of existence of Nash 

equilibria for all profiles in ~2 implies that there must be a 

B-row. 

Clearly, by symmetry, it follows that, for any non-trivial par-

tition {B, B} of A there are either two rows, a B-row and a 

B-row, or two columns, a B-co1umn and a B-co1umn. 

We now apply the last observation to partitions of the form 

{ {a}, A \ {a} } where a is a single element of A It follows 

that, for every a in A there is either a row of ais or a column 

of a's. This, in turn, implies that either there is a row of a's 

for every a in A, or there is a column of a's for every a in A. 

In the first case, person I is a strong dictator; in the 

second case person II is a strong dictator. Q.E.D. 

Remark 

Although we have used the language of matrices, the proof was 

not limited to finite A or S. . Hence the theorem holds for 
1 

infinite outcome and strategy sets, provided there are no more than 

two persons. 
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Now we must require x I y , since otherwise there would arise a 

non-Pareto optimal NE at x when the profile is 

I II III 

x x x 

x x x 

with x I x, X € A. Similarly, we must have v I w. This leaves 

four possible assignments of the values a, b to x, y, v, w. Two 

of these assignments, viz. x = a = w, y = b = v and x = b = w 

y = a = v yield the functions of Figures 3~ and 3l respectively. 

The other two result in the non-existence of NE for certain profiles. 

Remark: Note, in particular, that simple majority voting is not 

acceptable because it can yield non-PO Nash Equilibria. The 

inspection of this outcome function (see Fig. 4~) shows that 

ttttf
' , 

a b 

b b I, 

? 
Fig. 4=-

there is a NE at the encireled outeome, corresp~mding to a unanimous 

vote for a, regardless of the prevailing profile. Such NE is non-

PO when everyone prefers b to a. There also is a NE corres-

ponding to a unanimous vote for b (lower right-hand corner of the 

second matrix), which is non-PO when everyone prefers a to b. 
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Section 3: The Case of Unrestricted Domain E,n 

An Impossibility Result 

Theorem 2 Let f S ~ A be an outcome function with 

n ~ 2 , /FA ~ 2 If f R 1'n ~In or every "'-' there is a NE, then there 

is a pro'file R* such that a NE outcome for R* is non-PO. 

I.e., for n ~ 2, #A ~ 2, there is no f acceptable for E,n. 

Proof Let R be a profile of the form 

I 

a 

b 

C 

II 

b 

a 

C 

III n 

b b 

a a 

C C 

where C = A \ {a, b}. Then only a and b are Pareto optimal. 

Suppose a is a NE outcome. Then consider the profile R* of the 

form 

I II III n 

ab b b b 

C a a a 

C C C 

where I is indifferent between a and b . Clearly a is still 

a NE outcome, but it is no longer PO. 



-18-

On the other hand if b is a NE outcome then the following 

profile R** yields a non-PO NE 

I 

a 

b 

C 

II III 

ab ab 

c c 

n 

ab 

c 

If neither a nor b is' a NE outcome for R, then any NE 

outcome for R is non-PO. 
Q.E.D. 

Remark 

Note that even a strong dictator does not guarantee the op-

timality of all NEls when indifferences is allowed. 

Weak Acceptability 

We now establish two lemmas which imply that outcome functions 

acceptable for En (strict preferences) are weakly acceptable for 

'n 
E (allowing indifferences). 
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no of votes 'or b 
"-

no. of votes for a I-- 0 1 
t--- t----

n n-l 

0 , 
i 
~ 
• 

1 ! x 

! 
l 

(X indicates a voting pattern that is impossible because i + j > n.) 

The accessible set ~(q) can here be written as ~(i,j) and 

is given by 

'J? (i , j ) = {(k,.e) Ik - il ~ 1 , I~ - j! ~ 1 , Ik + ~ - i - j! ~ 1 , 

k ~ 0 , ~ ~ 0 , k + t ~ n} 

and can be represented graphically as follows 

(i-l,j) 

(i-l,j+l) 

/ 

(i,j-l)~-----------*---___________ ~ (i ,j+l) 

/ 
(i+l,j-l) 

(i+1 ,j) 
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(It is understood that all points indicated by arrows are accessible 

provided their indices are non-negative and do not add up to more 

than n . ) 
The construction for n ~ 3 , #A = 3 is accomplished by first 

obtaining acceptable g's for n = 3. 4 and then providing an algorithm 

of extension for arbitrary n > 4 . 

The following table gives a function g acceptable for n = 3 t 

#A = 3. (It may be noted that other g functions, not obtainable 

from considerations of symmetry, have also been found.) 
i I 

~~ll 
! 

1 2 3 0 I 1 

votes Ii I ! 
for a I I , , 

i --=9 .- _.'r--._-
0 a b b c i 

f 

1 c a a X , 
t 

2 c a X X ! 
1 
I 

3 b X X X I 
It may be verified that for every entry (i,j) in this table 

the accessible set ~(i,j) = {a,b,c}. Hence, every NE is PO for all 

profiles in ~3. It remains to show that this g possesses a NE for 

every profile in ~ 3. 

Since the range of g is A, NE's exist for all profiles with 

unanimity as to the first choice. 

If at least one person has a as first choice, the following 

voting pattern yields a NE: one perso~whose first choice is a, votes 

for a, while the other two vote for b The a-voter has no in-

centive to switch his vote since the outcome at (1,2) ii a» which is his 
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first choice; neither b-voter can affect the outcome by switching his vote 

either to a or to c. Hence there is a NE at (i,j) = (1,2) , with 

a as outcome. 

Suppose a is nobody's first choice and there is no unanimity 

as to first choice. 

Consider first the case where a is undominated (hence PO). Then 

there exist two (distinct) persons, say i and j , such that i prefers 

a to c and j prefers a to b. Here the following voting patterns 

yields a NE at the (1,1) entry in the above table: let i vote for 

b , j for a, while the third person votes for c . 

Second, let a be dominated, say by b. Then, since we are at 

present assuming the absence of unanimity as to first choice, there must 

be a person whose first choice is b. A NE at (0,1) is therefore 

obtained when this person votes b while the others vote c. If, on 

the other hand, a is dominated by c, there is an analogous NE at (1,0) 

with a person whose first choice is c voting for a while others vote 

for c. 

Thus, we have shown that the function g in the above table is 

acceptable for all profiles in ~3 • 

When there are four persons (n = 4) , with #A remaining at 3, 

the following g function will be shown to be acceptable. 

i 0 1 2 
, 

3 4 - -~-

2 

o ! b c b II b c 

I I 
I b X a a a 

III X X I a c c , 
i 

3 I b c X X X 

I a I X X X X . 4 
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Proof For n = 3,4 the Theorem has already been proved by construction. 

For n > 4 the proof is carried out by induction whose validity is 

established in the Induction Step Lemma below. 

Before stating the Lemma, we show for illustrative purposes how 

the induction step is carried out for n = 4. 

The problem is to fill the blank spaces (forming what we shall 

call the "new diagonal"(*)) in the table below in such a way that both 

the existence and Pareto-optimality properties present for n = 4 are 

preserved. 

I 
o 5 

c b"'~' b I clJ. 
! I 

a b I alJ. I x 

o b 

I a* 

2 a c* x x 

3 b x x x 

4 x x x x 

5 x x x x x 

In this table, the letter entries define the function g for 

n = 4 which is acceptable and with "interior" NEls for all profiles 

in y:,4 marked by asterisks. 

It can be verified that any extension g of this g (i.e., 

any way of filling of the new diagonal) will possess "interior" NEls 

for all profiles in L5 , since the NEls for n = 4 retain their 

"interior" NE status for n = 5 , and there are enough of them for 

(*) To be dis tinguished from the "old (boundary) diagonal," marked 
by triangles in the above table. 
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all the new profiles. So the problem reduces to that of assuring the 

Pareto-optjmality of all the NE's that appear in the extension ~ 

g • 

It may be verified that the extension presented in the following 

table satisfies this requirement, and is therefore acceptable for 

n = 5 also it has "interior" NE's (marked by asterisks) 

~_O~~1 __ +-_2 __ r-3 __ r-_4~ __ 5 __ 

o b c b c a 

1 a b a b x 

2 c* c a x x 

3 c b x x x 

4 a b x x x x 

5 c x x x x x 

for all profiles in 2::
5 . 

Induction Step Lemma For #A = 3 and n ~ 4 , let g : D (A) ~ A 
n 

be acceptable for all profiles in 2::
n and such that for every profile 

in 2::n there is an "interior" NE. Then there exists an extension 

-g: D
n
+

1
(A) ~ A of g having the corresponding properties for all 

profiles in 2::
n+1 

Proof First we show that any extension g of g to D
n
+1 (A) possesses 

a NE for each profile in 2::
n+1 and has the interiority property. 

Let a profile in 2::n+1 be given. Consider the profile in 2::
n obtained by 
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Section 6: Performance Correspondences and Characteristic Functions. 

In general, a choice correspondence associates a subset of the 

set of outcomes with a given profile. 

Given an outcome function f, its performance correspondence 

is defined as the choice correspondence which associates with a 

profile R the set of NE of f for R. Thus is the set 

of NE of the ordinal game 

Clearly f is acceptable on a class of profiles containing R 

if and only if is nonempty and is contained in the R-Pareto-

optimal subset of A for every R in the class. A choice corres-

pondence W is said to be dictatorial if there is exactly one person 

in N for whom, given any profile R in the domain of W' the set 

contains an element a in A such that aR.b for all b in 
1 

Clearly, if an outcome function is dictatorial, so is its per-

formance correspondence. It is also obvious that the performance 

correspondence associated with an outcome function that is symmetric 

across persons is not dictatorial. We have not determined whether, 

in general, a non-dictatorial outcome function acceptable on n 

generates a non-dictatorial performance correspondence. It can 

easily be seen, however, that the outcome function in Theorem 3a 

generabesnon-dictatorial performance correspondences. In the case of 

the kingmaker outcome function (Theorem 3a), for each person there is 

a profile such that the only NE outcome is his least preferred alter-

native: (An example; the given person's last choice is the first 
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choice of all others). In the case of Theorem 3b, we restrict our 

attention to voting systems g that are fixed at all points of the 

set N2 of potential kings. Then for every profile ~ , the value 

1\r(~) of the performance correspondence contains the first choices of 

all potential kings for a day. Hence the uniqueness requirement in 

the definition of a dictatorial choice correspondence is violated. 

We may note that had the uniqueness requirement been deleted 

from the definition of a dictatorial choice correspondence (thus 

making the class of non-dictatorial correspondences smaller), the 

performance correspondence associated with the kingmaker outcOme 

function would have remained non-dictatorial. 

Furthermore, no person is a "dununy" in the kingmaker outcome func-

tion. (The i-th person is called a performance correspondence dummy 

if on the domain of cp , the set is dependent of R. .) 
~ 

Note however, that for outcome function of Theorem 3b, with N1 

and N2 disjoint, every person in N1 is a dununy of the associated 

performance correspondence - without necessarily being a dununy of the 

outcome function. For example, if the fixed function g is that of 

plurality voting with some tie-breaking rule (see Section 4 above), 

then no person is a dununy of the outcome function. Yet cp(E) con-

sists of first choices of potential kings for a day (members of N2), 

and hence is independent of the preferences of the members of N1 • 

Dictatorship and dununy status constitute the extremes of power 

positions of game participants. An alternative approach to the analysis 

of power relationships is to investigate games in von Neumann and Morgenstern 

characteristic function form corresponding to a given outcome function. 
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First, for an outcome function f:S~, we define the character-

istic function v (.) as follows: for a set of persons 
f.'!I 

MeN, v (M) = 1 
(X 

if and only if the coalition M ~-dictates every 

outcome a in A otherwise we set v (M) = 0 
q 

The characteristic 

function v (.) a is defined analogously. (A coalition M is said to 

~-dictate the outcome v if there is an M-1ist of strategies yielding 

the outcome v regardless of the strategies chosen by those outside 

the coalition M. A coalition M is said to S-dictate the outcome a 

if for any choices of strategies by persons outside M there are 

st.rategies for members of M yielding a.) 

Characteristic function v(.) is said to have a dictator if 

there is a player i such that, for every coalition M, v(M) = 1 

if and only if i belongs to M. It follows from our definitions 

in the Introduction that an outcome function f has an ~-dictator if 

and only if v has a dictator. 
(Y 

It is also evident that an outcome function dummy is necessarily 

a characteristic function dummy (in the sense that he does not affect 

the value of a coalition by joining it). It is not known, however, 

whether the converse is true. 

An advantage of the characteristic functions approach is that it 

reveals certain symmetries that are not otherwise apparent. Thus, 

for instance, in the three-person kingmaker outcome function of 

Section 4, the characteristic function has the values v (M) = v (M) = 1 
a 8 

for #M~ 2 and zero otherwise. Hence there is symmetry of the char-

acteristic function with respect to players even though the outcome 

function is not symmetric across persons. 
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Another example of a symmetric characteristic function associated 

with an asymmetric outcome function is a special case covered by 

Theorem 3b where Nl = N2 ,#Nl is odd, and voting is by plurality with 

some tie-breaking rule. 

Clearly, the tie-breaking rule makes f asymmetric. However, 

both v 
ex 

and are those of a simple majority game and hence are 

symmetric. 

A more general notion of a characteristic function can be intro-

duced as follows. We define V: M ~ B where M ~ Nand B ~ A , 
QI 

where b E V (M) if and only if M ~-dictates b • V~ is defined 

analogously. It is seen that V (V ) 
~ S 

is more informative than 

vQl(va) and thus its symmetry properties may be regarded as more 

plausible indicators of equal power of the players. 

So far we have been discussing the construction of character-

istic functions given the outcome functions. It is of considerable 

interest to consider the reverse process of finding outcome functions 

that will "implement" given characteristic functions. 

For instance, a simple majority characteristic function game for n per-

sons (n odd) can be "implemented" by an outcome function of the type 

described in Theorem 3b, with Nl = N2 = N, lIN = n , and with plurality 

voting system and some tie-breaking rule. The use of such an outcome 

function provides a well-defined procedure for realizing the given 

characteristic function, with a guarantee that the outcome will neces-

sarily be Pareto-optimal. It would be of interest to develop a method 

of specifying outcome functions for broader classes of characteristic 

function. 
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