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We assume that A is symmetric: l for any x and B, 

(II. 2) xAB ¢:> BAx. 

And we assume that: 

(11.3) ( ~ A; 

so if (X,B)EC, then (x,B)€A, and we shall say that (x,B) is admissible. 

For the intuitive interpretation we should require that A be the 

symmetrization of the relation E, but for our abstract formulation of the 

theory, it is advantageous to allow other relations. 

We will call (X,(B,A, C) a choice sEace .:2 

Of the many ways we can "slice" the relation (, two are particularly 

simple. To emphasize alternatives, we define the function3 he: (B ~ 'W. by: 

(11.4) {XEX: xCB} , 

and we call h( the demand corresponding to C. When the intended ( is clear, 

we will drop the superscript and write simply "h." Clearly h( is what is 

usually called a "demand correspondence" [ 7 ]. If h(B) is a singleton 
( 

for all BE(B, then we call g : ffi~ X, defined by: 

(I1.5) x, where hC(B) = {x} , 

a single valued demand corresponding to (. Clearly gC is what is usually 

called a "demand function" [39]. We call the set of alternatives chosen 

for some budget the range of h( , and denote it by r(: 

(11.6) 
c 

U {h (B): BECB}. 

CL Figure 2. 
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Assuming that X ~ R~, we initially consider budgets in ffi as represented 

by elements (p,m) of the dual space (Rn+I)~'< of Rn+l, where p, an element of 

rhus through the usual 

identification of (Rn+l) -k with Rn d, budgets in ffi may be represented as 

elements of W·+ 1 • Under special assumptions, one of the following 

normalizations may be used to represent budgets by elements of Rn, rather 

than by elements of Rn+1. 

( -, II If rn is never zero, we may represent (PI ""'Pn ,m) by 

(EL, .•. ,BL,l), or just by (EL, ... ,~). We may correspondingly define: 
m m rn rn 

(I 1. 37) AX (Pl , ••. , Pn ) 

(ii) If P = (PI""'Pn ) is never the zero vector, we may represent 

(Pl, •.• ,Pn,m) by 

PI Pn m 
(--"---""'--n---'--n---)' 
i;~lPl i~lPl i~lPi 

or just by 

PI Pn -1 m 
(--n--,··· ,'-n--, n ) . 

I: Pi 1=1 I: Pi 
1 = I I: Pi 

1 = 1 

We may correspondingly define, when P1 + .•. + Pn-1 ~ 1: 

n 
(II. 38) AX(PI '''',Pn-l ,rn) = {xER~: Pixi + ... + Pr-1~-1 + (1 - i~lPi)~ ~ m}. 

(iii) If Pn is never zero, we may represent (P1'''' ,Pn ,m) by 

~ Pn-l m 
(--, ... ,---,1,--), 
Pn Pn Pn 

or just by 

PI Pn -1 m 
(--, ... ,----,--). 
Pn Pn Pn 
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For each i,j l, .•• ,n-l, and for each X€X, write 

(IV.3) 

or, writing ~~(x) 

(IV.4) Ai j (x) 1 B, (x) - ~j (x)~i (x). 
" !'I 

And then, for each X€X, we define the matrix 

All(X) Al, n -1 (x) 

(IV.S) A(x) 

Ar, -10 1 (x) N -1. n -1 (x) 

The Negativ~ Semi-Definiteness Budgeter Axiom (NSBDA) asserts that, 

for each XEX, the matrix A(x) is negative semi-definite. 1 

The Symmetry Budgeter Axiom (SBA) asserts that, for each X€X, the 

matrix A(x) is symmetric. 2 

For the present, these axioms appear as technical, economically 

unmotivated conditions on~. Nevertheless, we will use the duality 

theory of Part II and the axioms of Parts III and V to motivate these 

axioms. 
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For each i,j l, ••• ,n-l, and for each X€X, let 

(IV. 7) S t j (p, m) cst j k 
op j (p, m) + ~ (p, m) om (p, m); 

or, writing S~(P1""'Pn-1,m) 
o~t (P1"" Pn-l' m) 

oPJ 

and ~ (P1 , •.. , Pn -1 , m) 
OS1 (PI"" ,Pn -1 ,m) 

dm 

And then, for each (p,m)€ffi, we define the matrix 

S Cp, m) 

I SE :p, m) 

l s,-;, 
S1. n- l (p,m) 

1 (p, m) sn -::"n -1 (p, m) 

for j 1, ... , n=l, 

The Negative Semi-Definiteness Demand Axiom (NSDDA) asserts that, for 

each (p,m)€(B, the matrix S(p,m) is negative semi-definite. 

The ~mmetry Demand Axiom$DA) asserts that, for each (p,m)€ffi, the 

matrix S(p,m) is symmetric. 

Again, it is difficult to see an economic or behavioral motivation 

for these axioms, although they are natural in the mathematical context 

of this approach. The economic motivation will, however, emerge from 

the duality theory of Part II and the axioms of Parts III and V. We 

shall also present simplified proofs that together they are necessary 

and sufficient conditions for the existence of a worth for C, and 

thereby a utility if 6 = ill. 
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Page 15, n. 2. Cf. [15], pp. 68-69. 

Page 15, n. 3. That is, we take the universal closures of the formulas 

in [5], pp. 507-508. 

Page 16, n. 1. Indeed, since the Metatheorem simply says that "names do 

not matter," it is valid more generally than in our statement for' 

just the two constants X and ill. So it is just a special case of a 

general "Symmetry Metatheorem. lI 

Page 16, n. 2. For our more difficult theorems, we make use of the fact 

that the real numbers, and notions of continuity and differen­

tiability, are also definable in l. 

Page 17, n. 1. Of course that will change quasi-concavity into quasi­

convexity, upper semi-continuity into lower semi-continuity, etc. 

(Cf. Theorems 3,4,5, 6, 8, 11, and 12). 

Page 19, n. 1. This is just another, more complicated, way of saying 

that the statements and proofs of Theorem 1 could be translated 

into purely preference statements. 

Page 28, n. 1. Another reason is that, for our purposes, to simply 

assume that our utility or worth was "continuous enough" would be 

to assume away the essential difficulty. 

Page 32, n. 1. Continuity for correspondences is defined in [4]. 

Page 37, n. 1. In Samuelson's original terminology, we would say that 

S(p,m) is selected over y ([35], p. 65) or chosen over y ([37], p. 

246). This nonpreference terminology has the definite advantage 

of not sounding as if the existence of a preference is already 

being assumed, but the revealed preference terminology of [37] 

and [38] (to which we have added the word "direct") is very 

suggestive. 
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Page 37, n. 2. Since we have not required that p'S(p,m) = m, but only 

p's(p,m) ~ m, we could define a different, weaker, notion of 

revelation by requiring p.y ~ m rather than p.y ~ p·S(p,m). This 

same observation will apply to many of the revelation notions that 

follow. 

Page 37, n. 3. By the asymmetric part of a binary relation R we mean 

the relation P defined by: xPy ~ xRy & not yRx. 

Page 38, n. 1. By the transitive closure of a binary relation R on X 

we mean the smallest transitive relation on X that includes R. 

Page 40, n. 1. We could change the axiom, so that (111.3) would read: 

> m • 

This is just one of many points at which the theory bifurcates, 

leading in the end to a very large catalogue of definitions, 

axioms and theorems. Part of the problem is to pick out the 

most useful ones. In any case, it is usually assumed that, 

for all (p,m)cffi, p'S(p,m) = m; and then these differences, at 

least, vanish. 

Page 47, n. 1. Recent developments in the theory of generalized 

differential equations would perhaps permit this assumption to 

be weakened. 

n n 

Page 49, n. 1. I.e., for all (Yl'''''Yn)€Rn
, i~11~lAiJ(X)Y1YJ ~ O. 

Page 49, n. 2. I.e., for all i,j 1, ••• , n -1, A 1 j (x) A j 1 (x) • 

Page 54, n. 1. Debreu's extension rests on the basic extension theorem 

of ordinary differential equations (cf. [19], pp. 12-13, Theorem 

3.1), which requires only continuity of f. 
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Page 55, n. 1. Each level surface of W, through any point (p,m), is 

described by the function ~(e,p,m) which is concave, since, by 

(IV.12): 

(i l, ... ,n-l) 

so 

1-11 j (p, p, m) (i 

Since S(p,l-1(p,p,m» is negative semi-definite by NSDDA, l-1(e,p,m) 

is (strictly) concave on Rn - 1 (cL [16], pp. 87-88, Theorem 35; 
> 

[4], pp. 199-200, Corollary 2). From this it follows easily that 

W is quasi-convex. 

Page 55, n. 2. We indicate the details briefly. Since 

L = {(p, m): W(p, m) ~ W(p, m)} is convex, it has a supporting 

hyperplane at (p,m), say with normal r, so that, for some real 

a and all (p,m)EA, re(p,m) ~ a. rhe boundary of L is given by 

the level surface of W(p,m), which has at (p,m) the normal r 

of (IV.14), which can therefore be taken equal to r, so 

r e (p, m) 1 - - + .•• + Pn-I Sn-I (p,~) -a = = PI S (p, m) - m = - Sn (p, m) 

(by IV.8). Suppose that (p, m) did not minimize W on K; say 

W(p,m) < W(p,m) for some (p,m)EK. Since W is continuous, 

W(p,m+6) < W(p,m) for some real 6 > 0, so (p,m+6)EA, and con­

sequently r e(p,m+6) ~ a = -Sn (p,m); that is, 

PI s? (p,m) + .•• + Pn-l Sn-l (p,m) - m - 6 ~ -Sn (p,m), so 

PI SI (p,m) + ••• + Pn-I Sn-l (p,m) + ~ (p,m) > m, contradicting the 

fact that (p,m)EK. 

1, ••• ,n-l) 
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Page 56, n. 1. For k = 1, part (b) is essentially Debreu's formulation 

([9], pp. 606-610) of the Antonelli approach ([2], [3]) (since [9] 

assumes that r = X, so a partial utility is a utility). (The 

assertion that the utility is C2 ([9], p. 610) does not follow 

when ~ is only C1 ; cf. [10].) 

Page 57, n. 1. Although [29] postulates a C1 demand, only differen­

tiability is actually needed for these theorems. 

Page 60, n. 1. Here and elsewhere we interpret derivatives at 0 and 

r as being from the right and from the left, respectively. 

Page 63, n. 1. By Theorem 12. 
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