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We assume that A is symmetric:® for any x and B,

(11.2) XAB & BAx.

And we assume that:

(11.3) C c A

so if (x,B)eC, then (x,B)eA, and we shall say that (x,B) is admissible.
For the intuitive interpretation we should require that A be the
symmetrization of the relation e, but for our abstract formulation of the

theory, it is advantageous to allow other relations.

We will call (X,®,A,(C) a choice space.?

0f the many ways we can '"slice'" the relation C, two are particularl
y way P y

simple. To emphasize alternatives, we define the function® hC: ® - X by:

C
( ./ = M
(11.4) VBBe@P (B) {xeX: xCB} ,
and we call hC the demand corresponding to (. When the intended C is clear,
we will drop the superscript and write simply "h.'" Clearly hC is what is
usually called a 'demand correspondence" [ 7]. 1If hC(B) is a singleton
for all Be®, then we call gC: ® » X, defined by:

(I11.5) VBB€$§C(B) = x, where hC(B) = {x} ,

a single valued demand corresponding to €. Clearly §C is what is usually

called a "demand function" [39]. We call the set of alternatives chosen

for some budget the range of hC , and denote it by rC:

(11.6) rC = U {hC(B): Be®}.

Cf. Figure 2.
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Assuming that X € R!, we initially consider budgets in ® as represented

by elements (p,m) of the dual space (R**1)* of R*"*!  where p, an element of
(R")* may be represented by (p;,...,p,)€R*. Thus through the usual
identification of (R**1)%* with R**!, budgets in ® may be represented as
elements of R**!, Under special assumptions, one of the following
normalizations may be used to represent budgets by elements of R*, rather
than by elements of R**1, i

(i If m 1is never zero, we may represent (p;,...,p,,m by

(%#,...,%:31), or just by (%#,...,%;ﬁ. We may correspondingly define:

(I1.37) Ag(Prsev,pr) = {xeRL: prxg oot prx = 1}.

(ii) If p = (py,++.,P,) 1is never the zero vector, we may represent

(p]_’"'apn 3m) by

pl pn m

( " 3 s ey n b n )2
21 P (2P P

or just by

P1 Pn-1 m

( n 3oy’ n »y n )'
=
(2P 1§1P1 24P

We may correspondingly define, when p; +...+ p,_; = 1l:

n
(11.38) AX(pl,...,pn_l,m) = {xeR"%: P1¥ teeet p_1%X,; + (1 - iz:lpi)xn < m}.

(iii) If p, is never zero, we may represent (p;,...,p,,m by

%1 Pn-1 m

(—p—n_"", pn ;]-35;1—)9
or just by

P1 pn-l m

(_:0- ’ '_).
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For each i,j = 1,...,n-1, and for each xeX, write

‘ _ OB oy ot 28
(1V.3) At (x) = 3%, (x) a'(x)axn ’

BL(A

or, writing Bﬁ(x) = 3%
3

(IV.4)  AtI(x) =8,(x) - BI(0BL(X).

And then, for each xeX, we define the matrix

[ Al (%) R )
(IV.5)  A(x) = | : )

Anml l(x) L., AL el(x)

The Negative Semi-Definiteness Budgeter Axiom (NSBDA) asserts that,

for each xeX, the matrix A(x) is negative semi-definite.l

The Symmetry Budgeter Axiom (SBA) asserts that, for each xeX, the

matrix A(x) is symmetric.?

For the present, these axioms appear as technical, economically
unmotivated conditions on B. Nevertheless, we will use the duality

theory of Part II and the axioms of Parts III and V to motivate these

axioms.






- 51 -

For each i,j = 1,...,n-1, and for each xeX, let

Al
.7 sUe,m = SEpm + gl (p,m I, m;

, 1 BEL (PyseeePprmy M
or, writing §J(P1’°'°’Pn—1’”9 = — > for j = 1,...,n=1,
J

og! (P1,--'apn_1 , m)

dm ’

and gé(pl,...,pn_l,m) =

M
(IV¢8) SiJ(P ""’pn_lam) = g’g(Pp---,Pn—pm) + EJ (pls"':pn_'pm)gn (Pp---,Pn_l )m)f

And then, for each (p,m)e®, we define the matrix

Si* (p,m) cos S¥ 2-1(p,m)
S(p,m) =

gr =1 -"L(p,m) .o gn=1’n-1 (Psm)_J

The Negative Semi-Definiteness Demand Axiom (NSDDA) asserts that, for

each (p,m)em®, the matrix S(p,m) is negative semi~-definite.

The Symmetry Demand Axiom (SDA) asserts that, for each (p,m)e®, the

matrix S(p,m) 1is symmetric.

Again, it is difficult to see an economic or behavioral motivation
for these axioms, although they are natural in the mathematical context
of this approach. The economic motivation will, however, emerge from
the duality theory of Part II and the axioms of Parts III and V. We
shall also present simplified proofs that together they are necessary
and sufficient conditions for the existence of a worth for C, and

thereby a utility if A = @®.
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37, n. 2. Since we have not required that p+E(p,m) = m, but only

Page

p+E(p,m) = m, we could define a different, weaker, notion of
revelation by requiring pey = m rather than p.y = peE(p,m). This
same observation will apply to many of the revelation notions that

follow.

37, n. 3., By the asymmetric part of a binary relation R we mean

Page

the relation P defined by: xPy & xRy & not yRx.

38, n. 1. By the transitive closure of a binary relation R on X

Page

we mean the smallest transitive relation on X that includes R.

40, n. 1. We could change the axiom, so that (III.3) would read:

Page

peE(p,m) < peE(p,m) = p+E(p,m) > m .

This is just one of many points at which the theory bifurcates,
leading in the end to a very large catalogue of definitions,
axioms and theorems. Part of the problem is to pick out the
most useful ones., 1In any case, it is usually assumed that,

for all (p,me®, p+£(p,m) = m; and then these differences, at

least, wvanish.

47, n. 1. Recent developments in the theory of generalized

Page

differential equations would perhaps permit this assumption to

be weakened.

1M

n
49, n. 1. I.e., for all (y;,...,y,)€R", liZzlA“(x)yiyJ £ 0.

Page

i

49, n. 2. TI.e., for all i,j = 1,...,n-1, A'9(x) = All(x).

Page

54, n. 1. Debreu's extension rests on the basic extension theorem

of ordinary differential equations (cf. [19], pp. 12-13, Theorem

3.1), which requires only continuity of f.



- 70 =

Page 55, n. 1. Each level surface of W, through any point (5,&), is

described by the function u(e+,p,m) which is concave, since, by

(Iv.12):

[y (P’IS:EI) §1 (PaM(P,I;,El)), (1 = 1,...,1?1’1)
S0

by (pyPsm = 3 (pop(p,psm) + € (p,ulp,p,m)uy(p,p,m) (i = 1,...,n-1)

Y (p,u(p,pom) + EX (pou(p,p,m)E! (p,p,m)

st (PsM(P’I—),El)) .

Since S(p,p(p,ﬁ,ﬁ)) is negative semi-definite by NSDDA, p(-,ﬁ,Eﬂ
is (strictly) concave on R;‘l (cf. [16], pp. 87-88, Theorem 35;
{41, pp. 199-200, Corollary 2). From this it follows easily that

W is quasi=-convex.

Page 55, n. 2. We indicate the details briefly., Since

L= {(p,m): W(p,m) = w(ﬁ,ﬁ)} is convex, it has a supporting
hyperplane at (ﬁ,ﬁ), say with normal r, so that, for some real
o and all (p,m)eA, re(p,m) 2 . The boundary of L is given by
the level surface of w(ﬁ,ﬁ), which has at (5,&) the normal «r
of (IV.14), which can therefore be taken equal to ;, so

o =1e(pm = pr & (p,m) +o.ot P E7H(p,m) - m = -E° (p,m)

(by IV.8). Suppose that (p,m) did not minimize W on K; say
W(p,m) < W(p,m) for some (p,meK. Since W is continuous,
W(p,mt§) < w(ﬁ,i) for some real & > 0, so (p,mtd)eA, and con-
sequently re(p,mtd) 2 o = -§1(5,&): that is,

P& (p,m) +..ut p_1 821 (p,m) - m - 6 = €% (p,m), sO
plgl(ﬁ,ﬁ) +...F pn~1§n"1(§,&) + g‘(ﬁ,ﬁ) > m, contradicting the
fact that (p,m)ekK.



- 71 -

Page 56, n. 1, For k = 1, part (b) is essentially Debreu's formulation

({9], pp. 606-610) of the Antonelli approach ([2], [3]) (since [9]
agssumes that ' = X, so a partial utility is a utility). (The
assertion that the utility is C® ([9], p. 610) does not follow

when 8 is only Cl; cf. [10].)

Page 57, n. 1. Although [29] postulates a C' demand, only differen-

tiability is actually needed for these theorems.

Page 60, n. 1. Here and elsewhere we interpret derivatives at 0 and

r as being from the right and from the left, respectively.

Page 63, n. 1. By Theorem 12,
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