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II. Integrability. 

Let the "commodity space" X be Rn ,1 and let the family CB of 
> 

compt~titive "budgets" be represented by R~ , so that, if P€RIl>-1 & 11I€R~ , 

then (p,m) represents the budget set 

(II. 1) 

Let~: X ... CB be a C1 "indirect demand function," or "budgeter" 

([27], Part II.A), satisfying the budget identity: 

(11.2) 

A. The Antonelli Matrix 

For each i, j = l, ••. ,n-l, and for each x£X, let 

(II. 3) 

or WI iting ~i (x) = of (x) , 
Xk 

(11.4) Ai j (x) = ~~ (x) - f:lj (x)~~ (x) • 

For each X€X, we define the Antonelli matrix 

A1, n -1 (x) 

(II.S) A(x) = 

An -1, n -1 (x) 

~n (x) • 

The Negative Semi-Definiteness Budgeter Axiom (NSDBA) on a set 

S ~ X asserts that, for each X€S, the matrix A(x) is negative semi­

definite. 





c) 

(II. 7) 

d) 

(I I. 8) 

(II.9) 
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there is a neighborhood N of any X€S such that the partial 

differential equation system (11.7) below has a ck Solution 

U for all x€N, such that Un > 0 on N: 1 

U1 (x) 
-- = - f3l (x) 
Un (x) 

Un - 1 (x) 
= - F\n-l (x) 

Un (x) 

the Ck I-form (J) defined on the tangent spaces T;X of X 

at each X€X by: 

has a positive integrating fac~or on some neighborhood N(x). 

of each x€S; that is, there is a Ck function U: N(x) -+ Rl 

and a ck- 1 function A: N(x) -+ Rl with A > 0, such that: 

A (x) dx U • 

e) for every X€S, there exists a neighborhood N(x) of x and a 

Ck function U: N(X) -+ Rl with Un > 0 on N(x), and a Ck - 1 

function A: N(x) -+ Rl with A > 0 on N(x), such that, for 

every x€N(x), every positive real r, and every C1 curve 

A:[O,r] -+ N(X):2 

(II.lO) 









(rrI.6) 

dU(x('r) ) 
dT 

.. 9 .. 

. 
= A(T) (P(T) ·X(T», 

where A(T) = Un (X(T»). We see from (UI.6) that, when a d function 

U exists and ~ > 0, then (111.5) implies that 

=d U,,-,(=x~( T'-<..).4-) 
dT > 0, 

. 
and so utility increases as we move slightly in the direction X(T) • . 
(Cf. Figure 1.) J.t is therefore natural to call X(T) a direction of 

increasing r€veal~d preference at X(T) when (111.5) holds (cf. Allen 

[ 1], pp. 203-205; Georgescu .. Roegen [10], p. 552; Katzner [18], p. 118).1 

Figure 1 
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V. Revealed Preference and the Ville Axioms. 

As we have seen in Section III. A, the Strong Axiom of Revealed 

Demand Preference (SARDP) is close in spirit to the Ville Axioms. In 

this sense it is suggestive to refer to the SARDP as "the Ville-Houthakker 

Strong Axiom." But suggesting that the SARDP and the Ville Axioms are 

the same obscures the very important distinctions between them. 

Certainly, under differentiability the SARDP implies the Ville Axioms. 

(In fact even much weaker forms of the SARDP imply the Ville Axioms. Cf. 

[27], Theorem 21.) But the SARDP implies much more than the integrability 

condition; it implies the negative semi-definiteness condition as well. 1 

Yet the Ville Axioms do not even imply the Weak Axiom of Revealed 

Demand Preference -- fortiori not the SARDP -- as the following Example 

shows. 

Example. 

(V.l) 

Let the budgeter R2 R2 be defined by: 
> > 

x ' 2 

(1 + (Xl) 2 
) . 

So is Coo. Since n = 2, the system (11.6) becomes a single ordinary 

differential equation, so the integrability symmetry conditions are 

trivially satisfied and no Ville cycles exist. Indeed the solutions of 

(11.6) are the level curves of the function f: R2 Rl given by 
> 

(V.2) 

Cf. Figure 2. 

f(x X) = x1
2 + X2

2 
l' 2 
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2 

1 

1 2 

Figure 2 

Now it is clear from elementary calculations or from Figure 2 that 

y = (1,2) is directly revealed preferred to z = (2,1), and that z 

is directly revealed preferred to y: 

(V.3) 

~1(1,2)1+2 2.5 > 2 = ~l (1,2)2 + 1 

and 

~1(2,1)2 + 1 = 5 > 4 ~1(2,1)1 + 2, 

a contradiction of the Weak Axiom of Revealed Demand Preference (indeed, 

even a contradiction of the Weak Weak Weak Axiom ([27], Part III.C.l(c))). 

If they don't even imply the Weak Axiom, what then do the Ville 

Axioms imply? As we have shown, nothing more nor less than the mathematical 

integrability conditions, the SBA. 



- 15 -

VI. Duality 

If, instead of starting with a budgeter ~: X ~ m we had started with 

a single valued demand ~: m~ X, then according to the Duality Metatheorem 

of [27] we would get a theorem dual to Theorem 1, asserting the equivalence 

of the symmetry of the Slutsky matrix and the absence of Ville (budget) 

cycles. For details, see [27]. 
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VII. Comparison With Ville's Method 

Although it does not give as strong a result as Theorem 1, we have 

included in Appendix B (Section X) an outline of Ville's method of 

proof. Here we will sketch the difference in results. 

Our method, based on our Theorem of [16], does not require that 

~ be more than c}, in order to obtain the SBA and hence a Ck utility U. 

Ville's method on the other hand, is based on the theorem of Darboux 

(cf. Section X), which is usually stated in terms which would require 
co 

~ to be C. By carefully keeping track of the order of differentiability 

in the proof of the Darboux theorem, one can state it (as we have done in 

Section X) for Ck I-forms; but then its application to our present 

problem requires the strong hypothesis that k ~ 2n + 1. 

It should also be noted that the conclusion of Theorem 1 is stronger 

than would follow from Ville's application of Darboux's Theorem. In 

particular, Theorem 1 asserts that, if x has a neighborhood Nl containing 

no Ville cycles, then the SBA holds on N1 • But application of the 

Darboux theorem would only allow the assertion that there is a nonempty 

subset S of Nl (not necessarily containing x) on which the SBA holds. 

Finally, Ville did not assert the "only if" part of Theorem 1. 
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VIII. Historical Remark 

In seeking to circumvent the difficulties with Ville's method, it 

became apparent that Carath~odory's accessibility theorem ([4], §4) 

could be used to give a better result. This led to an examination of 

the manner in which Carath~odory had applied his theorem to prove the 

existence of entropy in his foundational work on thermodynamics. More 

recent modifications ([34], [39]) of Caratheodory's approach employing 

the Kelvin-Planck Second Law of thermodynamics suggested that a still 

better theorem could be obtained by replacing the Kelvin-Planck Axiom 

with the Ville Axiom, yielding thereby an improved formulation of the 

Second Law of Thermodynamics. Cf. [16]. 

It is interesting that Ville's contribution was also somewhat ahead 

of the thermodynamics literature of its time. Much the same method 

(described in Section X below, and based on Darboux's Theorem) that 

Ville used in his 1946 paper was employed later in Landsberg's 

Thermodynamics of 1961 to yield a proof ([20], pp. 51-53) of Carath~odory's 

accessibility theorem which is then used to prove the existence of 

entropy, assuming Carath~odory's axiom ([4], pp. 55-56). 

It should be noted that already in the older literature there are 

ideas concerning the relationship of consumer theory to thermodynamics. 

Pareto ([24], p. 543) observed that utility could be obtained as an integral, 

as in thermodynamics entropy was obtainable as an integral. Samuelson 

([28], p. 70) noted a general analogy between utility theory and thermodynamics. 

Davis ([6], Chapter 8, Section 5) remarked on Pareto's observation, and 

was followed by Lisman [21], who noted in particular the similarity of 

the budget identity to the First Law of Thermodynamics, but remained 

. dubious about establishing analogies between utility theory and the Second 

Law of Thermodynamics. (See [16] for an indication of how the Ville 

Axioms establish such analogies.) Georgescu-Roegen ([11], p. 17) also 

noted the similarity. 
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IX. Appendix A (Integrability Theorem) . 

For the reader's convenience, we restate here the integrability 

theorem proved in [16]. 

Let M be a Cr n-manifold (1 ~ r ~ ~) and let w be a Ck 

I-form (1 ~ k ~ r) on M which never vanishes. We seek conditions on 

W that it admit, for a set N ~ M, a Ck integrating pair (W,A) on N, 

more specifically a never-vanishing function (integrating factor) 

A: N ~ Rl and a Ck function cp: N ~ W such that AW = dcp on N; it 

follows that such A would be Ck - 1 and could be chosen either positive 

or negative. 

For any N ~ M, by a Cr positive w-cycle in N we mean a Cr 

function y: [O,T] ~ N, for some real T > 0, such that yeO) = yeT) . 
and for all t€[O,T], Wy(t) (y) > 0. 

Theorem. Let y€M. There is a neighborhood of y on which w 

admits a Ck integrating factor if some neighborhood of y contains 

no Cr positive w-cycle and only if some neighborhood of y contains 

no continuous, piecewise d positive w-cycle. 
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X. Appendix B (Ville's Method). 

We may write the l-form (11.8) as: 

(X. 1) 

where (;/, •.• , i') is a local coordinate chart. Assuming that ill does 
not admit a positive integrating factor, we want to construct a Ville 
cycle. If all the function zl,yl were functionally independent locally, 
so we could vary them locally at will, then it would be easy to construct 
a Ville cycle (cf. (X.14-X.17)). But of course we are not free to vary 
these variables arbitrarily: for example, the zl, representing the ~1 
values, are dependent on the yl values. Nevertheless, a normal form 
theorem of Darboux for l-forms asserts that ill has a different repre­
sentation in terms of variables that are functionally independent; and 
then Ville showed how to use this theorem to obtain Ville cycles1 when ill 
does not admit a positive integrating factor. 

We first state Darboux's normal form theorem for l-forms. 

Darboux's Theorem. 2 

Let M be a Ck m-dimensional manifold3 and suppose that S is a 
coordinate neighborhood on M. Let ill be a Ck l-form on S such that 
ill never vanishes on S. By standard results,4 ill has a representation 
on S of the form: 

r 
(x.2) Va UVv T silla (v) = 2: Xl (xl (a), ... ,xr (a)daxi (v), 

aE: VE: a i = 1 

for some positive integer r ~ m, where the Xl are real valued Ck 

functions on S and are independent on S,5 and the Xl are real valued 
Ck functions on (XL, ••• ,x) (S) ~ Rr. Suppose that k ~ 2r+1. Then 
there is a Ck + 1 - r coordinate chart (y~ ... ,yn) on S such that either: 

(X.3) 

i) for some p with 2p+l ~ r, ill has a representation on some 
nonempty open subset V ~ S: 

Va VVv T villa (v) = Zl (yl (a), •.. ,y (a)dayl (v) + ... aE: VE: a 

+ ZP (yl (a) , • . . , yr (a» da yP (v) + da yP + 1 (v) 

for some Ck + 2
- 2r functions Z1: (yl, •.• ,y) (V) -+ Rl, where 

.; , • . • , yP + 1 , Zl (yl ( .) , • • • , yr (.» , ••• , ZP (yl ( • ) , • . . , y (.» are 
functionally independent on V; and indeed, if we define 
F1 (.) = Zl(yl(.), ... ,yr(.) for i = l, ... ,p, then for all 
aE:V, the matrix 



(x.4) 

or 

(X.S) 

(X.6) 
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OF1 I O~ 
oxl a OX a 

oFP oFP 
oxl a OX a 

~I QL 
a ox'" a 

oy'P+ 1 oy'P + 1 I a oxl a oxr 

has rank 2p+l; 

ii) for some p with 2p 2 r, w has a representation on some 
nonempty subset V ~ s: 

Va VVv T ·J.I)a (v) = Zl (r (a), ..• ,y (a»dar (v) + •.. 
a€ V€ a V 

+ ZP (r (a), •.. ,y (a»dayP (v) 

for some Ck + 2-2r functions Z1: (r, ... , y) (V) ~ R1, where 
r , ... , yP , Zl (I ( .) , ... , y ( .» , •.. , ZP (I ( .) , ... , y ( .» are 
functionally independent on V; and, indeed, for all a€V, 
the matrix 

OFl 
oxl a 

oFP 
axr a 

~I a a 

~~ I a 

has rank 2p. (End of Darboux's Theorem.) 



- 21 -

Remark. In cases (i) or (ii) we have, respectively: 

i ') 
P 

W = l: z1 dy1 + dyp+1 , or 
1 =1 

ii,) 
P 

W l: Zi dy1 
1 =1 

where the z1, y1 are functionally independent variables on a neighborhood 
in R2 p+1 or R2 P, respectively. 

Use of Darboux's Theorem to construct Ville-cycles when integrability 
conditions fail to hold. 

Let W be the Ck l-form defined on X by (11.8), with ~: X ~ ffi 
the indirect demand function as in Section II. Let N be a nonempty open 
subset of X, such that w fails to have a positive integrating factor on 
every nonempty open subset of N; and assume that k ~ 2n + 1. We will 
use Darboux's Theorem to show that N contains a Ck +2 - 2n Ville cycle. l 

(Taking the contrapositive, this will show that the absence of Ville cycles 
on N implies the existence of a nonempty open subset on which w has a 
positive integrating factor. Cf. the second remark in Section VII.) 

By Darboux's Theorem there is a ck+ 1 - n coordinate chart 
y = (yl, ... ,yn) on N such that either: 

(X. 7) 

(X.8) 

i) for some p with 2p+l ~ n, w has a representation on some 
nonempty open subset V of N, of the form (X.3), with r = n, 
such that (X.4), with r = n, has rank 2p+l on V; we may 
thus rewrite (X.3) for this case as: 

p 

Va VVv T vWa (v) 
a€ V€ a 

l: F1 (a)daFp+l (v) + da F2 p+l (v) 

where: 

.' <a) ~ ~ 

1 =1 

Z1 (yl (a), ..• ,'/ (a)), 

y1- P (a) 

so F: V ~ R2 P+ 1 ; 

i 1, .•. , p 

i p+l, .•. ,2p+l 

or ii) for some p with 2p ~ n, w has a representation on some 
nonempty open subset V of N, or the form (X.S), with 

(X.9) 

(X. 10) 

r = n, such that (X.6) has rank 2p on V; we may thus 
rewrite (X.S) for this case as: 

P 
Va VVv T . .UJa (v) = l: F1 (a)daFP+l (v), 

a€ V€ a V 1 =1 

where 

F1 (a) = 
) Z1 (yl (a), ..• ,,/ (a)), 

I y1- p (a) 

so F: V ~ R2P. 

i 1, ... , p 

i p+l, ... ,2p 
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In case (ii), the rank condition implies that F is Ck + 2- 2n 

and bijective on a nonempty open subset V* of V, and the image of 
V* under F is an open subset W of R2P. Note that p # ° since 
w is not the zero form. If p = 1, then clearly, (X.S) (with r = n) 
shows that 

1 1 
F1 ( 0) Z1 (yl ( 0) , ••• , yn ( 0) ) 

is an integrating factor for w on V (the denominator is never 
zero since w is never the zero 1-form (cf. (11.8)). So either 
l/Fl(o) or its negative is a positive integrating factor on V, 
contradicting the assumption on N. 

So we may assume p s 2. 
and let °1 ,°2 be a curve a: 

Let w = (Z1' .•. , zp 'Y1 , ... ,yp) € W ~ R2p 
[O,2n] ~ R2p 

a1 (t) zl °1 sin(t) 

a 2 (t) z2 + °2 sin(t) 

a1 (t) z1 (i 3, ... ,p) 
(X.11) 

a P +1 (t) + °1 cos(t) Y1 

aP + 2 (t) Y2 62 cos (t) 

a1 (t) = Y1 (i = p+3, ... ,2p) 

Since W is open, for all small enough 01 ,°2 , a will take all its 
values in W; in fact we also choose 01,62 so that 01Z1 = 02Z2. Now 
we can define a curve y: [O,2n] ~ N by: 

(X. 12) 1ft td ° , 2 n] y (t) = p-1 (a ( t) ) , 

and a simple calculation shows that, for all t€[O,2n]: 

~1 (y(t))y1 (t) + •.• + ~n-1 (y(t))yn-l (t) + yn (t) 

. (X. 13) 
. 

Wy (t) (y (t)) 

p • 

E Fl (y(t))da~ (y(t)) 
1 =1 

~ F1 (y(t))dF1 (y(t)) 
1 =1 dt 

~ a 1 (t) daP + 1 (t) 
1 =1 dt 

- (Z1 151 sin(t))61 sin(t) + (Z2 + °2 sin (t»)62 sin(t) 

«01)2 + (C 2 )2)sin2(t), 
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which is positive except for multiples of n, where it vanishes. Thus 
in case (U) (arbitrarily small) positive Ville cycles can be constructed 
in N. 1 

In case (i), if P = 0, then (X.3) shows that 1 is a positive 
integrating factor for ill on N, contradicting the definition of 
thus we may assume that p ~ 1. 

N' , 

The rank condition for case (i) implies (by the Inverse Function 
Theorem) that F is Ck +2- 2n and bijective on a nonempty open subset 
V·l( of V, and the image of V* under F is an open subset W of R2p+1. 
Let w (Z]., ... ,zp'Y1, ... ,yp+1) € W ~ R2p+1; since W is open, we can 
assume that all components of ware nonzero. 

If P ~ 2, we define 0: [0,2n] ~ R2P+1 as in (x.11) together with: 

(X. 14) 02p+1 (t) yp+1 

Then, with y: [0,2n] ~ N defined as in (x.12), the same sort of 
calculation as in (X.13) shows that, for all t€[0,2n], we again have 

(X. 15) ~1 (y(t»y1 (t) + ... + ~n-l (y(t»yn-1 (t) + yn (t) 

and we thus have positive Ville quantity cyc1es2 for all small enough 
01 , O2 • 

It only remains to obtain a Ville cycle for the case p 
we define 0: [0,2n] ~ R3 by: 

(X.16) 0 1 (t) Z1 - sin(t) 

0 2 (t) Y1 + 01 cos(t) 

1. Then 

and since (z1 'Y1 'Y2) is in the open set W, for all small enough 01,°2 , 
o will take its value in W. Again defining y: [0,2n] ~ N by (X.12), 
calculations similar to our earlier ones show that, for all t€[0,2n]: 

(X. 17) ~1 (y(t»y1 (t) + ... + ~n-1 (y(t»yn-l (t) + yn (t) 

So, as we pick 61 > ° and 02 = 01 Zl, then we again obtain (arbitrarily 
small) Ville commodity cycles in N, as was to be shown under the special 
assumption that k ~ 2n + 1. 
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FOOTNOTES 

* Research aided by National Science Foundation Grant GS3l276X. 

** Research aided by National Science Foundation Grant GS35682X. 

Page 1, n. 1. Indeed, we shall see that this contribution was essentially 

a mathematical one, as applicable to thermodynamics as to consumer 

choice. 

Page 1, n. 2. I.e., derivability from utility maximization. Cf. [27], 

Part II. B.l; [26]. 

Page 1, n. 3. This generalizes Samuelson's result in [28], or a dual 

version of Samuelson's result in [29] and in [31], pp. 112-113. 

Page 3, n. 1. We define ~> = {x€Rn: x> O} and ~~ = {x€Rn: x ~ OJ. 

For X€~, x > 0 means that each component of x is strictly 

positive, and x ~ 0 means that each component is nonnegative. 

Page 5, n. 1. Subscripts on U denote partial differentiation. 

Page 5, n. 2. The superscript dot denotes differentiation with respect 

to the argument t. 

Page 7, n. 1. It might be less confusing to use, instead of "revealed 

preferred to," an expression such as "selected over" ([29], p. 65) 

or "chosen over" ([30], p. 246) in order to emphasize that only 

choice acts are being described, rather than preferences. Cf. [28], 

p. 65. 

Page 8, n. 1. The superscript dot denotes differentiation with respect 

to the "time" variable T. The derivatives in (III. 9) are to be 

interpreted as right or left hand derivatives as appropriate at 

the boundaries of [O,r]. 
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Page 8, n. 2. Cf. Georgescu-Roegen's discussion of '" illusions' ," [10], 

pp. 566-568. See also Samuelson's later discussion [32], pp. 367-372. 

Page 9, n. 1. We use revealed preference terminology to emphasize that we 

are referring only to characteristics of choice acts, rather than 

preferences. Cf. footnote 1, page 7. A better terminology might be 

"direction of choice" or "selection direction" rather than "revealed 

preference direction." 

Page 13, n. 1. The SARDP implies the Weak Weak Axiom of Revealed Demand 

Preference, which is equivalent (by [27], Theorem 12) to the Weak 

Weak Axiom of Revealed Budgeter Preference ([27], Part III.C), which 

in turn is equivalent (by [27], Theorem 20) to the negative semi­

definiteness of the Antonelli matrix when ~ is differentiable. 

Page 19, n. 1. In a slightly weaker sense, allowing a finite number of 

zero values. 

Page 19, n. 2. This is essentially Darboux's theorem as stated in [5], 

p. 26, section V. Cf. Goursat [12], p. 14; Sternberg [33], p. 141, 

Theorem 6.2; Dieudonne [9], p. 105, Problem 3(c). 

Although these authors either do not mention differentiability 

hypotheses or assume the functions Xi and xi are Coo, we have 

taken pains to indicate precisely the differentiability hypothesis 

assumed for the method of proof given by Darboux and Goursat. 

Page 19, n. 3. For our present purposes, nothing is lost by thinking 

of M as an open subset of Rn. 

Page 19, n. 4. Cf. [22], pp. 134-135 and [13], p. 163 (Proposition), 

which show that we can let r equal m. 
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Page 19, n. 5. That is, for any aES and any coordinate chart 

(zl , ... , zm) in a neighborhood of a, the matrix 

oxl I a •.. 
ozl 

OX I a •.. 
ozl 

has rank r. 

Page 21, n. 1. Note that since we are assuming that integrability 

fails on open subsets of N, we know that n ~ 3, so if k < 00, 

then k + 2 - 2n < k + 3 - 2n < k. 

Page 23, n. 1. This is essentially Ville's construction, although he 

seems to implicitly assume that the Z1 can all be chosen equal 

to zero. 

Page 23, n. 2. In the weaker sense of footnote 1, page 19. 
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