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1. Introduction

1.1 General Background

In Production of Commodities by Means of Commodities, Piero Sraffa

investigates the prices, wage, and rate of profit that prevail in a stationary
or "self-replacing” economy. His main conclusions are that under certain
technical conditions: a) for each wage rate there is a unique rate of profit
and set of normalized commodity prices making the value of the output of each
p:oductive process equal to the value of its inputs plus profit; b) a higher
wage rate is associated with a lower rate of profit and with lower commodity
prices relative to the wage rate. Result a) shows that there is an indeter-
minacy in the price and distribution system even after prices have been
normalized., Several authors have tried to explain or evaluate Sraffa's model1
but disagreements remain, as we see from the recent exchange between Burmeister
[3] and Levine [6]. The controversy persists partly because Sraffa's presentation
is informal with intuitive arguments taking the place of rigorous proofs. So
far, no precise formulation of Sraffa's model has appeared in print. The

present paper seeks to f£ill this gap.

1. See Levine [5] for a survey of this literature.


















2.2 Technical Results

Let A be a real n x n matrix, A= 0, There is a real scalar )\ = 0

and 8 vector y 2 0 with Ay =)y and )\ 2 l Y | for any characteristic

value vy of A. (This is Theorem 3 in Gantmacher [4, pg. 66].) We call }

1
the maximal characteristic value of A, denoted by p(A). The Frobenius

theorem, Theorem 2 in Gantmacher [4, pg. 53], states that 1f A= 0 is

irreducible, then p(A) > 0 and the characteristic vector associated with

A =p(A) 1is strictly positive: y > O. .
According to Theorem 3.1 (i) of Mangasarian [8, pg. 90]? if A, B and

X are real n x n matrices with A =BX and X = 0, then
¢)) B" y20 = A" y= 0 for any nx 1 vector y.

Theorem 4.1 (ii) of Mangasarian [8, pg. 91] states that if B has
rank n and condition (1) holds, there is a scalar y= 0 and a vector y

satisfying
(2) A" y =vB'y and B'y 2 0;

and for any solution to (2), vy =pX).

Applying these theorems to A, B and X where X = B-1 A= 0, we get

. part (a) of our Lemma 1 below. Part (b) of Lemma 1 is a restatement of the

first part of Theorem 4.1 (iii) in Mangasarian [8, pg. 92].

Lemma 1 Suppose that A and B are real square matrices with B non-
singular and B-1 A=z 0.
(@ If ATy =yB'y and B'y=>0 for some y with y = 0, then
v = o3 1a),
() 1I1f Aly=y By and B'y >0 for some y with y= 0, then

-1
v= p(B A).

1. p(A) 1is sometimes called the spectral radius of A .

2. We thank J. J. Camio who participated in the seminar on Sraffa for

useful conversations about Sraffa's book and for bringing this article by
Mangasarian to our attention,
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3.2 Definitions

We now describe our version of Sraffa's models of subsistence and sur-
plus economies. An economy might be thought of as a sequence of input, out-
put and consumption matrices. The von Neumann growth model with consumption
(see Malinvaud [7, pg. 236]) has this form; In this paper we consider only
stationary economies, i.e., economies with inputs, Y and L, and outputs,
'Z, that remain the same in all periods. Sraffa calls these economies ''self-

replacing systems."

Definition 1 (Y, L, Z, &) 1is a (stationary) economy if Y and Z are

nxn matrices and L is an nx 1 colum vector, Y= 0, L2 0, 220

and C}CR_:_l , and if
@) 1 @2Z2-v=o0

(11) 1L =1, and

(iii) C is monotone.1

Note 1 Since this paper deals only with stationary economies, the term

"stationary" will usually be omitted below.

Note 2 The assumption (15 : 1 (Z -Y)= 0 means that at least as
much of each good was produced last period as is needed for production inputs
in this period. This condition must hold in order for the economy to be

self-replacing.

‘Note 3 Assumption (ii) 1L =1 is a normalization. Labor is regarded
as homogeneous and we take the total amount of labor supplied in the economy

to be_ one unit,

Note 4 The assumption (iii) that C 1is monotone might be thought of
as a consequence of free disposal (although it could be justified in other

ways). If c¢c eC, and c¢' = c, then workers can supply one unit of labor

given ¢  simply by consuming ¢ and disposing of c¢'- ¢ = 0.

Definition 2 An economy (Y, L, Z, @) 1is sustainable if for some
ceC, 1(Z-Y)=c,

1. See page 4.
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Note 5 An economy is thus sustainable if net output is large enough
to provide workers with the necessaries for survival so that one unit of '

labor is supplied.

Definition 3 An economy (Y, L, Z, C) 1is called a surplus economy if

for some ceC, 1 (Z -Y) 2c.

Definition 4 (Y, L, Z, ¢) 1is a subsistence economy if it is sus-

tainable and is not a surplus economy,

Note 6 One might object to definitions 1 and 2 on the grounds that an
economy that is not sustainable should not be called stationary., The dis-
tinction will be useful, however, when we discuss the relationship between
Sraffa's models and ours. Also, while economies that are not sustainable may

be less interesting to the economist than those that are, the technical con-

dition of sustainability is not needed to prove our results on prices, wage
and rate of profit. It is therefore useful to consider the largerclass of
economies that we have labeled ''stationary."

In the table below, we compare Sraffa's definitions of the economies

under consideration with ours.

TABLE

SRAFFA'S CONDITION || OUR CONDITION

stationary |1(Z-Y¥) = 0
self-replacing | 1(2-Y) = 0 sustainable | 1(Z-Y) = c for some ¢ ¢ C

‘subsistence 1(Z-v

0 subsistence | 1(Z-Y)e C and there is no
c' e C with 1(Z-Y) 2 c¢'

surplus 1(z-Yy) 2 0 surplus 1(Z2-Y) 2 ¢ for some c ¢ C

It is easy to see that when 2 = R_t:_ s the corresponding conditions on

the left and right-hand sides of the table are identical. Thus Sraffa's models
of subsistence and surplus may be viewed as special '"'sustainable economies"

where ¢ = R"

Y i.e., where workers need not consume any produced commodities
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in order to survive. € = R: if 0e¢C , since £ 1is monotone.) On the

other hand, when 0 ¢ & and the nccessary consumption is not included in
the matrix of commodity inputs Y, then our conditions for subsistence and
surplus correspond more closely than Sraffa's to the way these terms are

commonly used,

Definition 5 Good k, k = 1,2,...,n, is noubasic in the economy (Y, L, 2, &)

if there exists a diagonal n x n matrix M= (m, ) (il.e., o ,6 =07V,
' R i3 i7i

+an! > 1, ! . 1. = -
such that n > rank M = rank [ZM YM7 , with mg =1, and m 0 or 1 Vi#k

Otherwisze, good % 1is basic.

: Zj if mjj =1
Note 7 (M 0" ifwm,, =0.
i3
Thus, the jth column of ZM 1is the same as that of Z if m,, =1 and is

13
0 if m ,k = 0.
13
Note 8 If there is only one good in the economy (n = 1), that good

is basic since there can be no matrix M with n =1 > rank M > 0.

. Note 9 When n = 2, an example of a nonbasic good is a luxury that is not

used in the production of any commodity. Suppose that k 1is such a good. Then,
since k 1is not used as an input, the kth column of Yis Yk = 0, Letting the

lifi=3 =%k
n X n matrix M = (mij) be defined by mij = (0 otherwise , we have rank

M = 1= rank [ZM YM]. The last inequality holds because (ZM)j =0 for

j#k and (M), =0 for j #k and (¥M), = =0, so YM =0.

j Kk~ Yk
We now characterize an economy without nonbasic goods.

Lemma 3 Suppose (Y, L, Z, C) 1is an economy with Z nonsingular. Every

good is basic iff Z-IY is irreducible. (See page 4 for definition of

irreducibility.)
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economies with joint production that satisfy the conditions of Theorem 1,

Thus our assumptions are weaker than Sraffa's. Since our model takes
"necessary consumption" explicitly into account and Theorem 1 applies both
to surplus economies and to economies that are not even sustainable, we see

that  the restriction to the subsistence case is unnecessary.

Theorem 1 If (Y, L, Z,C) 1is an economy satisfying conditions (B), (C)
and (D), then it has a unique (umps) price system. This price system, p,
is strictly positive (p > 0) and relative to c =1(Z - Y).

Proof By Definition 6, if there is a price system relative to ¢, ¢ S l(Z -Y).
For any c¢ = 0, we will show that there is a unique (umps) price system re-
lative to ¢ if ¢ = 1(Z -Y) (nonnegative by Definition 1) and no price system
relative to ¢ if ¢ < 1(Z ~Y).

Fix ¢ with 0=c¢ =1(Z -Y). Such a c¢ exists since we can take
c=051(Z-7. By (B), 2} exists and Z ly= 0, and by (C), Z lLcZ O.
Hence, Z-l(Y + Lc) = Z-IY + Z_ch is nonnegative. By (D) and Lemma 3, Z-IY

is irreducible so Z-I(Y + Lc) is the sum of an irreducible matrix and a non-

negative matrix, hence is irreducible. We can therefore apply the Frobenius
theorem and conclude that Z-I(Y + Lc) has a characteristic vector p > 0
associated with its maximal characteristic value ) = p[Z-l(Y + Le)] > 0.

Thus, z’l(y + Le)p = Ap and

3 (Y + Le)p =\ 2 p.

1. For example, (Y, L, Z, C) where Y =(§ (2) 2 ((1)

It is easy to see that this is an economy. z'1 (s '1) , so 2~ Y ('§ .§)> 0

and (B) and (D) are satisfied. Z-IL = (:i) >0 so (C) is satisfied. But 2

is not a permutation of a diagonal matrix, so (A) does not hold.
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For, if (p, 0, 1) 1is a price-distribution system, substituting r =0

and w=1 in (v) we obtain Yp 4+ L = Zp , 2o that by equation (vi),

(5) (Y4 Lo)p =Yp+LILEZ - V]p =Yp +L = Zp.

Thus equation (iv) in Definition 6 is satisfied so p 1is a price system
relative to ¢ and by equation (vi) and the definition of ¢, 1(Z - Y)p =
cp = 1. For the converse, (v) holds by equation (5) and (vi) holds by de-
finition of c.

5.2 The Main Theorem

Before stating our theorem on the existence of price-distribution

systems, we examine the class of economies for which the result holds.

Definition 8 An economy (Y, L, Z, C) satisfying (B), (C), (D) and

1(Z - Y) 2 0 is said to be regular.

We have already discussed the conditions (B), (C) and (D) in Section 4,
The condition 1(Z - Y) 2 0, which Sraffa uses to characterize ''production
with a surplus'" is obviously satisfied by any surplus economy (using our
Definition 3). This condition is also satisfied by any sustainable economy
(Y, L, 2,C) with 0 ¢_C, i.e., in which some consumption is necessary for

the survival of the workers. Thus, & sustainable econpmy satisfying (B),
(C) and (D) with 0 ¢ & is regular.

Note 18 1If (Y, L, Z, &) 1is regular, then p(Z-lY) < 1. This can
be seen from the proof of Theorem 1. We showed that when (B), (C) and (D)

hold and ¢ < 1(Z - Y), then 1> p[Z-l(Y + Le)]. (See.the last paragraph of

page 14 .) Letting ¢ =0 < 1(Z - Y), this means p(Z-IY) < 1.

We give one last definition and then our main theorem.

1. In a sustainable economy, 1 (Z -Y) Zc for some ¢ ¢ C. If
0 f£C then ¢c” =20 forall ¢ eC, hence 1 (Z-Y)Zcz0.
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Definition 9 The real number w is called a wage consistent with

the economy (Y, L, Z, ) (or simply consistent wage) if: (a) there is

a unique pair p, r such that (p, r, w) is a price-distribution system
of (Y, L, 2,C) , and (b) p>0 . If w is a consistent wage, the

unique p and r will be denoted by p(w) and ¥ (w) respectively.

Theorem 2 If (Y, L, Z, C) is a regular economy, then every w e [0, 1]
is a consistent wage for (Y, L, Z, C) .

Note 19 Theorem 2 illustrates the "degree of freedom" in the price-
distribution system, Even with the price normalization (equation (vi)),
the wage w and rate of profit r are not determined. But if either w

or r 1is fixed then the other is determined along with all prices.

The following lemma will be used in the proof of Theorem 2.

Lemma 4 Let A= 0 be an n x n irreducible matrix and let B = 1 - BA,
where B is a positive real number. Then the following conditions are equivalent.

‘(a) There exists an n x 1 vector x 2 0 such that Bx = 0,

(® 1 >8 p(A) = p(BA).
(¢) B 1is nonsingular and B-1 > 0.

Proof The lemma comes from Takayama's Theorem 4.D.2 [11, pg. 392].

- -1 : . -
Proof of Theorem 2 Let ) = p(Z "Y) be the maximal characteristic value of 2 1Y.

Since the economy is regular, ) >0 , and by Note 18 ) <1 . Let R = 1;3 >0,

- 80 that ) = —— ,

Case 1: w 0. Let r =R. (D) and Lemma 3 imply that _Z-IY is irre-

-1
ducible, and by (B), Z 'Y= 0. By the Frobenius theorem, the characteristic

-1 X
vector of Z 'Y associated with ) 1is 9 >0. Let B =1(Z - Y)q. Since

1(Z-v =20, >0, sowe may let p==4q > 0.

W |
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Theorem 3 Let (Y, L, Z, C) be & regular economy; then

(8) The functions r(w) and p(w) are well-defined for V w e [0, 1)
(see above) and (ﬁ(w), E(w), w) 1s the unique price-distribution system

given w ¢ [0, 1].

(Y ¥ is a strictly decreasing 1 - 1 correspondence from [0, 1] onto
{0, R]. '

(c) w e [0, R] -> [0, 1], &(r) = w, the inverse of T, is well-defined and
continuously differentiable on (0, R) with w' s 0,

Proof (a) is a consequence of Theorem 2 and the notation above. (b) If
12w, >w =0, then E(wl) =r(0) =R and ?(wz) <R =E(w).

If 1= W, > W, > 0, then T(r, wi), i=1,2, is defined Vr e [0, R). By

1
part (¢) of the proof of Theorem 2, T(r, w) is strictly increasing as’a
function of r for fixed w e (0, 1] and since T(r, w) =w T(r, 1) with
T(r, 1) > 0, we see that T(r, w) is strictly increasing as a function of

w for fixed r ¢ [0, R). Hence if ;(wz) = ;(wl), we have 1 = T(;(wl), wl) <
T(;(wl), w,) = T(;(wz), w,), a contradiction since T is defined with

T(;(w), w) =1 Ywe (0, 1]. Thus when V) > Wy, ;(wz) < §(w1) and T

is strictly decreasing (hence 1 - 1) on [0, 1]. ’
To show that r maps [0, 1] onto [0, R], fix r, € [0, R]. 1If
r. =R, then r(0) =1r.. Ifr. <R, T(r,s W) > 0 is well defined for

0 0 0
_ . )
w e (0, 11 and letting Vg = T(ro,‘l) we have Yo T(ro, 1 = T(ro, wo) =

1, so that r, = r(wo).

(¢) Since ¥ : [0, 1] => [0, R] is 1 - 1 and onto, the inverse W is de-

fined, Since T 1is strictly decreasing, its inverse is too. In the proof of
Theorem 2 we showed that the partial derivative of T with respect to r

is continuous. The partial of T with respect to w 1is Tz(r, w) = '

T(r, 1) >0 on [0, R) x (0, 1] . Hence by the implicit function theorem (see
Theorem 7.6, Apostol [1, page 147)), in any neighborhood of T, € (0, R) there is a
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continuously differentiable function w(r) with T(r, Ww(r)) = 1. But since
ihis equation is solved only by G(r), ﬁ(r) is continuously differentiable

on (0, R). Since W 1is monotonically decreasing, Ww'(r) = 0 for r e (0, R).

6.2 Effect on Prices

Sraffa mentions another consequence of the conditions used in Theorem 2:
"E as a result of a rise in the rate of profits the price falls, its rate
of fall cannot exceed the rate of fall of the wage." [10, pg. 38]l This state-
ment is formalized and strengthened to strict inequality in (b) of Theorem 4,
An alternative formulation is expressed in (c) below: the ratio of the wage

W to anmy price p, falls as the rate of profits rises."

Theorem 4 Given the regular economy (Y, L, 2, ®), we define p : [0, R) ->

R: by p(r) = P(r, Ww(r)), where % the inverse of ¥, defined in Theorem 3(c).

-~

Let pi(r) be the ith component of the vector p(r), r e [0, R). Then

(a) P 1is continuously differentiable on (0, R).

a ap, (r)
r dw(r T i .
® Vre (o, n, I ) o = for i = 1,2,...,n.
' d [6 _
(e) dr [pi(r)] <0, i=1,2,...,n ’ Vre (0, R).

Proof (a) By part (a) of the proof of Theorem 2, P(r, w) has a continuous
partial derivative with respect to r on [0, R) x (0, 1] and since

P(r, w) = wP(r, 1), it has a continuous partial derivative with respect to
w. Since & is C' on (0, R), by the chain rule, p(r) is ct. (b)

Let Pi(r, w) denote the ith component of P(r, w). By part (c) of the

proof of Theorem 2, Pi(r, w) >0 and %; Pi(r, w) >0 Vre [0, R). By
the chain rule, for i =1,2,...,n,
(10) pl(x) = Q—P (r, W(r)) @'(x) + 5 (r, w(r))

i dw i ? dr iV ? ‘

1. Sraffa is referring here to economies satisfying (A), (C), (D) and
1z -Y) 20.
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We now show that the anomaly referred to at the beginning of this
Section cannot occur in a regular economy. The set of living wages is an
interval.

Theorem 5 1In a regular economy, if w is a living wage and 1 Zv > w,

then v is a living wage.

Proof Since w is a living wage, Hc e C with 1(z -Y) = c and wZ c P(w).
If ¢=0, v>wzZ 0 =cp(v) and we are done. If c > 0, then c F(w) > 0.

Let x, = ¥(v) and r, = ¥(w), so that v = w(rv) and w = w(rw). By (b)

of Theorem 3, T 1is decreasing, so r, > T . By (c¢) of Theorem 4,

v
@ (r,) r?:(rv)
s »~ ~ ~ ~ =
EI?;;)' s 3;?;;3 and w(rw) pi(rv) = w(rv) pi(rw) for i = 1,2,..,,n.

Since ¢ 2 0, w(rw) Cp(rv) = w(rv\ cp(rw), and since P(v) = p(rv) and
p(W) = ﬁ(rw), wcp(v) = v cp(w). Since w=Z cp(w) and cp(v) > 0, we have

vVepWwW 2 wep(v) 2 [epw)] cp(v) and since cPp(w) > 0, v = cB(v), so
v 1is a living wage.

Note 21 Since the set of living wages is an interval, the lower end-
point of that interval is the "limit below which the wage cannot fall'" that

Sraffa refers to [10, pg. 10].

8. Nonbasic Goods

8.1 A Clarification of Sraffa

Sraffa writes in Section 65 '"the chief economic implication of the
distinction [between basic and nonbasic goods is] that basics have an
esgential part in the determination of prices and the rate of profits, while
nonbasics have none." [10, Pg. 54] His justification is that "a tax on a
basic product will affect all prices and cause a fall in the rate of profits
that corresponds to a given wage while if imposed on a nonbasic it will have
no effect beyond the price of the taxed commodity and those of such other non-
basics as may be linked with it." 'Such a tax is best conceived as a tithe,
which can be defined independently of prices and has the same effect as would
have a fall in the output of the commodity in question all other things

(namely the quantities of its means of production and of its companion products)
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8.2 An Example of a Tithe on .2 Nonbasic Good

We consider the economy (Y, L, Z, @) where Y =(; g) L =(2)

and 2Z =<% 0). We do not have to specify (¢ for the purpose at hand. It

éaaily checked that this economy does in fact satisfy the conditions of
Definition 1. Also one can check that the economy satisfies (A) and (C)
but'not (D) since good 1 is basic while good 2 is nonbasic, With a little
more effort it can be seen that the economy has a price-distribution system

(p, r, w)  where

16
1
P=W r =.5 and
164
89
o o289 _ 17’
338 2(13)%

We extract a "tithe" of % of the output of the nonbasic good 2.

This is accomplished by considering the economy (Y, L, ZE, &) where

fL O f1 0y1 0 \ _ (1 0 ) ,
E =~ 0 3/4 and so ZE -(0 1)(0 3/4) = \o 3/4)° This new economy has a

price-distribution system (pE, r, wE) where r = ,5, as before, but

16
7
oo =y and w = %2% = 3.4 .17
YA
41
51

E
w >w, SO the price of the basic good when the tithe is imposed is greater

than in the original economy: p? = %% wE > %% wo=p .

On the other hand the conclusion of Theorem 6 still holds since the
relative prices of the basic good with and without the tithe are equal:

1 E _ 16 _
E P % 17
w

€=
o






0 1!
let M= (mij) = L - . o
1 .
Furthermore, M_1 =M =M, so
1 0 11/
M CAM = MAM = .t :
1 0
1 anl
anl anZ ann
2 m-1)1
41 412 a
ann e v . ank
= fatn © 0 0 qeDk
%1n 81k

for nxn ;

0 1
11 0
%n(k-1)

2 (k+1) (k-1)

31 (k-1)

i ={<l>

36

for i =n+1-
otherwise

and since the (n - k) x k matrix in the upper right-hand corner is
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all k # i, pij = 0, hence zij = 0.) QED.

Condition (A) is thus equivalent to

(A" Z = PD where P is a permutation matrix and D is a nonsingular

diagonal matrix.

A.2 On the Definition of Ehe Living Wage

There are economies for which w2 cp(w) for some c e but w is
not a living wage (that is, 1(Z - Y)Y Z ¢). !

Example Consider the Economy (Y, L, Z, C) where

0 2 0 4 0 O »
Y =j0 0 2 Z={0 4 0O L =
2 0 0 0 0 4 :

W=

.

and ¢ = {cl c 2 (-g- » 0, 00}, (Note 1L = 1.) This economy has a

Nof

1
price-distribution system (p, r, w) where p = %(1) b =% w =
1

as we see from

(A (1L+ )Yp +wL = 2Zp @

oo

e
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