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where i th stands for the i component of the relevant vector. In this model, 

Xt is a K-dimensional exogeneous variable, (ult ' u2t , •.• ,unt)' ~ N(O,n) 

and is temporally independent. The sample observations for the dependent 

. ..,ariable y t take only the non-negative values. The vector y t of endogeneous 

variables observed with all the components positive is an interior solution of the 

.ystem. Any observed Yt with some components zero are corner solutions. Amemiya 

proves that for any ut and Xt' the system has a unique solution if every principal 

minor of r is positive, i.e., r is a P-matrix, (Gale and Naikaido [4]). 

Due to the difficulty of using corner solutions, Amemiya proposes an 

estimation procedure which utilizes only the interior solutions observations. 

Define Yt* as follows, 

Ylt 

Yt* • Yt if Yt • ( : ) > 0 (*) 
Ynt 

Y * • 0 otherwise. t 

r -1B, r-l d ~ () Denote A - vt • ut an ~ - var vt • With the first and second moments 

for the truncated multivariate normal distribution found by Tallis (3). Amemiya 

derives a simple relat1~n for the system. 

i-I ••••• n. t£Sl 

il i2 
-<J ,-<1 , ••• , 

-Mi(i-l) i(i+1) in i'A) 
-v ,-<1 ,.c .• -<1,a • 

SI is the set of t for which Yt > 0 and E(Oit) - 0, Y teS1• The ai' 1s the ith 

row of 1:-1 and aij is the ijtb e1emene of r-1 • With this relationship, Amemiya 
. 

suggests estimation of the parameters ~i by an instrumental variables method; 

1. regress Yit on ~t and certain higher powers of Xt , teS l , 

2. '" '" replace 1it by the least squares p~edictor Yit 1n Zit to get Zit. 

(*) 
Yt > 0 means Yit > 0, V i-I, ••• , n. 
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All these estimates can be shown to be consistent. However, the 

asymptotic variance-covariance matrix is again complicated. With these 

consistent estimates, one can use them as initial estimates and a two step 

maximum likelihood procedure which has well-known asymptotic properties 

can be used. The two step maximum likelihood procedure is not extremely 

difficult to compute since it does not require repeated iterations. The 

two step maximum likelihood estimate e* for the set of all parameters 

e in the model is -1 
ainL (a) 

aa 

where L(a) is the likelihood function of the model and e is the initial 

consistent estimates. The estimates a* are asymptotically normal and 

efficient and their asymptotic covariance matrix can be consistently estimated 

by 
-1 

r ainI., aR-riL l aa aa' 

The two step maximum likelihood procedure involves only first order 

derivatives which are not difficult to compute. 

3. Multiple Regression Model with Some Dependent Variables Truncated. 

In Amemiya's mUltiple regression system, all the dependent variables' 

are truncated normal. In this section, we extend his model to the case 

when not all but only some of the dependent variables are truncated. 

The system we consider is, 



.. 
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YG+lt • aC+lXt + vG+1t , 
I 
• I 
I 

Ynt • anXt + vnt 

We can obserVe the endogeneous variables Yt if and only if y >0.---" 
G+lt 

Ynt>o. Otherwise Yt = O. 

In this system. It is a K- dimensional exogeneous variables , 

(vlt ' -, V'nt) "'N.{O. t) and it is tempora~lly independent. We would like 

to consider this system since it has the simultaneous structures and in 

'fact, it is the reduced form of the si~ultaneous equations system that we 

viII consider later on. In this system, the truncation of some dependent 

variables determines the truncation of all the other dependent variables. 

Denote °l2 °12---- 01C I 0lC+l--------- Oln 

°21 °f~- - -y2G ~ 2G+ 1 - - - - - - ~ -- ° I .20 
I I I 

t • I • I , 
I , 

I I , 2 d d °Cl °C2-- --t1G GG+l-- -- - -- - - en 

t1G+ll °C+12- - ·~G+lG 
• I 
I I t I I G+l.n I 

I I 

a' a '2 t1 nl n -- - - nG 

The subsystem YC+l,t""'Ynt is Amemiya's system and hence the 

aG+l,.··,an and tG+L,n can be estimated by the instrumental procedures. 

The likelihood function of this system is 



• 
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where ~1 • {tIYG+l,t > O""'Yut > OJ, S2· {l, ••• ,T}-Sl 

and f
ij 

is the marginal density function of the multi-normal variables 

(Vi' V
1
+

1
, ••• ,v

j
). If initial consistent estimates can be found, two step 

maximum likelihood procedures can then be applied. Amemiya's instrumental 

variables procedure gives consistent estimates for the last n-G equations. 

So it remains to find the procedure to estimate the remaining G equations. 

Without loss of generalization, it is enough to consider the 

first equation. Consider the truncated mean of vlt; it is 

-
where . -

p • 
t . .. 

thus it f.Jllows, 

E(v1t lttSl ) • 

f 

-f 
-anXt 

- -

• ... f ( 

-aG+IXt 

g(vG+l t""'vnt) 
x Pt 

-f Vltf(vltlvG+lt"",Vnt)dVlt) 
-"'" 

dVG+l,t,···,dvnt 



• 
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[j(VG+-l, t I t£Sl>' ••• ,' E(v n, t I t£Sl>] " 

siDce Gl~ IVG+-l, t, ••• ,vnJ 

From Amemiya, we have as before 

!(vkt1t£Sl> • L:_G+l akqfq<aqXt>F(q>, k. G+-l, ••• , n 

where ~ 

F(q> • WS;q I f(q>(~> dA. 
-aSXt 

The notations are similar to the notations defined in the'previous 

sections except the relevant variable is N(O, LG+-l,n> only. That 1s, 

th f is the marginal dens1ty func~ion of the q random var1able of 
q 

R(O,tG+-l,n>' f(q) 1s the joint conditional density function of the 

th remaining n-G-l variables given that the q variable of N(O, LG+l,n) 

1s equal to -aqXt • -

Thus after adjusting the truncated means, we have 

l1i • l, ••• ,n 

Using the instrumental variables method, we have the initial 

consistent estimates of aG+l, ••• ,an and tG+l,n' After substituting 

these estimates into the expressions f(q)(aq'Xt)F(q)/P t , q • G+l, ••• ,n, 

ve can regress Yit on the Xt and f(q)(aq'~t)F(q)/Pt to have the 

estimates ai' aiG+l, ••• ,ain for each equation i, i • G+l, ••• ,n. 
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With the above procedure, we have estimated all the unknown 

parameters except 

Since 

a12-----.~l~ 
. I . r· a -----a 2 
G2 G· 

-1 

+ (~iG+l'" .~ain] tG+1,n 

Also, 

-1 
t 
G+l,tl 

, V i = 1, ••• ,G 

a '. in -

clv 



• 

• 
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~1 

+ ~iG+1,···,ain] tG+l,n 

E(\I~'H I ttSl ) ,- - - - -1:(vG+1 \In I ttS1) 
I , 
I I 
, I 

~(\ln \lc;.;11 ttS1) , - - - - E(vn21 ttS1) 

Denote, 

-1 
t G+1,n 

" " 

a " jn ." 

Vit - 'it - QiXt' 

" 

l1i,j-l, ••• ,G 

Vi-l, ••• ,G 

That is, Vit is the estimated residuals. 

Thus we can estimate a i % and aij consistently by using the estimated 

1D01Dents. 

A 

[" J aiG+l 
I 

",I 
a I. 

.. in . 
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and 

'~-l [~jyt-lJ " £0 V i,j=l.",.G 
Gtl,n '",. 

a ' 
~ ju ' , 

'" E(VG+lVn/t£Sl) 

'" 2/ E( "n t£Sl 

• 

Thus all the unknown parameters n can be estimated consistently and the ' 

two step maximum likelihood proced~re can be applied. 

4~ Simultaneous Equations with Some Dependent Variables Truncated Normal 

In this section, we extend Amemiya's system to the case where only some 

'of the dependent variables are truncated but not all of them. 

The simultaneous sys tem we will consider has ,the following specifications 

r21Yt(1) + r y (2) ~ B X + I. (2) 
22 t 2 t ~t 

y (2) ~ 0 
t 















a 
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Thus we now have two systems. 

System 1, 

and 

System 2, 

Y1t - YIY2t + °l'Xt + £It 

Y2t -Y2Y!t + °2'Xt + £2t 

It is clear that those observations without truncation satisfy the 

above system. Those observations (O'Y2t) with truncation which satisfy 

the first system, equivalently satisfy the following equality and 

inequality; 

By addition, the observations also satisfy 

Y2t - + £2t" 

Thus those solutions which satisfy the first system satisfy the second 

. system also. Similarly, observations which satisfy system 2 also satisfy 

system 1. Thus the two systems cannot be distinguished by the observations. 

Hence we can conclude that the equation 

'1t - Y1Y2t + °l'Xt + £It 

is unidentifiable with no further restrictions. To achieve the identification 
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of this equation, at least one exogeneous variable must not appear 

in this equation. With the parameters identifiable, we can discuss 

estimation procedures. 

If the zero order restriction conditions are satisfied for both 
, 

equations, we can estimate the coefficients by the procedure for the 

general system as pointed out in the last section. 

However, if only the first equation satisfies the first order 

restrictions, we have to search other possible procedure to estimate 

the parameters. In that case, we have to utilize the corner solutions 

to get the estimates. !he two equations system implies a switching 

simultaneous equations system, 

regime 2, Y*lt - 0 

iff 

Hence, the estimation procedure in our model is related to the 

estimation procedure for the simultaneous switching equations systems in (8). 

The reduced form of the simultaneous switching regression model is 



,. 

and 

Y* • 0 . It 
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1 
where ~2t • l-Y1Y1 (Y1Elt + E2t)· 

This implies 

~t is an error term which has zero mean but different variance for 

different observation t. Substitute this expression into the second 

structural equation of the original system; it is 

The parameter ~l' and ~2' and au! can be estimated consistently by using the 
A... ,. 

observations in S1' say by ~1" ~2' and aul ' Denote 

where :;, -; 'X /0 
'fit 1 t ul' 

.... 
Y2t • Y1Y*lt + 02'X2t + ;t where ;t has zero mean asymptotically. 

Thus Y2 and 02' can be estimated consistently by regression Y2t on 
.... 
Y*1t and X2t " 

As for the estimation of the first equation, consider only those 

observations in Sl" With the zero or.der restriction conditions satisfied, 

the parameters are identifiable and hence it is estimable. Substituting 
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'2t - W2'Xt + ~2t' Vt£Sl into the·first equation, it is 

With the zero order identification condition, n2'xt will not be a 

linear combination of Xlt and hence Yl and 01 is estimable. 

Adjusting the truncation mean of ~lt we have 

A, "', ". A 

With the reduced form estimates, n1 -, n2 ,aul and $t 

and Yl, 01 can be estimated by OLS. The likelihood function is 

L(Yl, y~,o 1 ,02 ,01 2 ,012 ,02 21x, Y1' '12) 

The two step maximum likelihood procedure can then be applied with all these 

consistent estimates. 

5.2 Identification and Estimation of the general model 

In this section, we would like to generalize the analysis for the 

two equations model to the general one. The general model as speCified 

in section 4 is 



where Y (1) 
t 
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r y(l) + r y (2) ~ B X + u (1) 
11 t 12 t 1 t t 

r y(l) + r y (2) 
21 t 22 t 

> B X + (2) 
s: 2 t u t ' 

is a G dimensional vector and y (2) 
t 

(5.2.1) 

y (2» 0 
t .. 

(5.2.2) 

is a n-G dimensional 

vector; r ll and r 22 are normalized to have unitary diagonal elements. 

As pointed out in the two equations model, equations y (2) 
t 

will be identi-

fied only if the usual rank conditions are satisfied for each equation in 

y (2) 
t • But these are not necessary for the equations y (1) 

t . 

When y (2) > 0 
t ' 

(r r r -lr )Y (2) (B r r -lB)X + (2) or r -1 (1) (5.2.3) 
22- 21 11 12 t - 2- 21 11 1 t ut - 21 II ut 

Assume the rank conditions are satisfied for each equation in Yt (2) • Based 

(2) -1-1 
on subsamples Yt > 0, parameters r22-r2lrll r 12 , B2-r2lrll Bl and 

the variance covariance matrix of u (2) r r -lu (1) can be estimated 
t - 21 11 t 

consistently by the procedures mentioned in section 2. 

When y (2) = 0 , 
t 

or equivalently 

r y (1) .. B X + u (1) 
11 t 1 t t 

< 0, - we have 

(5.2.4) 

Bl and r ll will be identified when the usual rank condition holds for 

this subsystem (5.2.4). This follows from similar arguments in section 

5.1 and section 3. It remains to consider the parameters r 12 • Based 

on the sub samples y (1) 
t 

and y (2) 
t 

when Y (2) > 0, the reduced form 
t 

parameters ~ are always identifiable and we have 



which implies 

Since 

if and only if 
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with 

Bl~ rll are all identified, r12 will be identifiable 

rank (~2) - n-G. This condition is equivalent to requiring 

that any linear combinations of elements in Y
t 

(2) not consistent of 

disturbances only. This condition will always be satisfied in empirical 

applications. In summary, we conclude that the whole system will be identi-

fied when the usual rank conditions in (5.2.2) and (5.2.4) hold. In particular, 

when (5.2.1) consists of only one equation, (5.2.1) will always be identified. 

Now let us consider the estimation of this general model. Equations in 

(5.2.2) can be estimated as in section,S 2 and 3. To estimate (5.2.1), we 

can use a two stage least squares procedure. Without loss of generalization, 

let us consider the first equation of (5.2.1) which is 

, 
Ylt - -Y12Y2t-···-YlGYGt - YlG+lYG+lt-···-YlnYnt + B1Xt + u1t 

where 

yt(l) - (Y1t '.··'YGt)', Yt (2) - (YG+lt' ••• 'Ynt ). With the expected 

where E(wltlXt) - o. It is easy to see that mit can be estimated 

by the parameters in the several reduced forms and the parameters in 

(5.2.3). With these estimated mit least squares can be applied to 

- Y m + a' x + w In nt t It 

Similarly, all equations in (5.2.1) can be consistently estimated. The 

variance matrix n can be estimated as in sections 2 and 3. Hence all 

the parameters can be consistently estimated. With the two step maximum 



-24-

likelihood procedure, efficient estimates and their asymptotic variance can 

then be derived. 

6. Some Empirical Examples: 

To illustrate the potential usefulness in economic application, we 

point out that a disequilibrium market model studied by Suit [9] and Goldfeld 

and Quandt [5] is in this framework. This disequilibrium market model is 

a model of the watermelon market. Following the simplified notations of 

Goldfeld and Quandt, the basic equations of the model can be written as 

qt - blZlt + b2 + ult 

Xt - b3~t + b4qt + bSZ2t + b6 + u2t 

Pt - b7Z3t + bSYt + b9 + u3t 

Yt - min(qt'Xt ) 

where Zit' i - 1, ••• ,3 are vectors of predetermined variables; Zit' 

qt' Pt and Yt are observable but nQt Xt The first equation describes 

the determination of the crop. The second equation is the harvest equation 

which states that the intended amount of harvest is a function of current 

price, the size of the crop itself and other factors. The third equation 

is a standard demand equation. The last equation says that the actual 

. harvest is the minimum quantity of intended harvest and the size of the crop. 

Under certain circumstances, it may not be worthwhile to harvest the entire 

crop. On the other hand, it may be possible that the intended harvest 

exceeds the crop and in this case th.e actual harvest will equal the crop. 

The structure of this model is quite general and it can be applied to many 

other agricultural product markets. For a more detailed description of thfs 

model, one can refer to the original papers. 
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The model can be rewritten as 
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q - X 
t t 

and * Y3 Y .. { t 
3t 0 

if 

if 

* 

Y
3t 

> 0 

Y3 < 0 
t -

Y
3 

> 0 . 
t-

Thus this is a three equations model with only one truncated endogeneous 

variables. Goldfeld and Quandt estimated this model by the maximum likelihood 

procedure. As suggested above, one can simplify the iteration procedure to 

a two step maximum likelihood procedure with initial consistent estimates 

derived from instrumental procedures and modified least squares. Goldfeld 

and Quandt pointed out that b
3 

> 0 and ba < 0 would give existence of 

the model. From our analysis above, the existence condition is 

I-bb >0 
3 8 

Hence the conditions mentioned in Goldfeld and Quandt are relatively stronger. 

The other examples are the models of the income maintenance experiment 

studied by Hausman and Wise [6,71. In their models, only the truncated 

samples are observed, i.e., only the interior solutions are observed in 

the terminologies of our models. It is easy to see that our estimation 

procedure; the one in which only the interior solutions are utilized, can 

be used rather than the iteration procedures they employed. 
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7. Conclusions and Remarks: 

In this paper, we consider some multivariate and simultaneous equation 

models with truncated dependent variables. These models extend Tobin's 

model [11] and Amemiya's model [2] to the general cases where only some of 

the dependent variables are truncated normal. The existence condition, 

identification and estimation problem are investigated. The existence 

condition is achieved under a certain P-matrix [4] condition on the coef-

ficients of the system. The identification problems are different from the 

usual simultaneous equation system or Amemiya's model where all the endogeneous 

variables are truncated. We have shown that the corner solutions will identify 

some coefficients in the system. In particular, when there is only one 

dependent variable which is not truncated, this equation will always be 

identifiable. The usual rank condition for simultaneous equation models is 

only a sufficient condition but not a necessary one. In the simultaneous 

equation model with all dependent variables truncated, Amemiya suggested 

some instrumental variaple procedures which are computationally simple and 

an indirect least squares method. Unfortunately, his suggestions on the 

asymptotic tests derived are not correct. Instead of indirect least square, 

we extend it to the two stage least squares method which is more convenient 

for handling the overidentified cases. The estimates are consistent but 

. as in Amemiya's procedures, the exact asymptotic variances have complicated 

expressions. To get more tractable asymptotic properties, we suggest using 

a two step maximum likelihood procedure which requires only first order 

derivates and does not require repeated iterations. To extend this two 

step maximum likelihood procedure to our models, we suggest some modified 

least squares methods which are based partly on Amemiya's instrumental , 

variables procedures to get consistent estimates. These consistent procedures 
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also utilize the samples from the corner solutions. To demonstrate that 

our models are useful in economics, we point out that a disequilibrium 

market model on agricultural products considered by Suit [9] and Goldfeld 

and Quandt [5] is an example of our models. Other examples are the income 

experiment models of Hausman and Wise [6,7]. 

The estimation procedures proposed are not iterative methods so that 

they are computationally tractible. The only complications involved are a 

fixed number of numerical evaluations of multivariate normal probabilities. 

The computations of numerical multivariate normal probablilties vere expected 

to be unattractive for dimensions greater than 2. But a recent investigation 

by Dutt [3], suggests that efficient computational formulas for computing 

normal probabilities of dimension up to 6. Monte Carlo studies by Warner [12] 

indicated that for the bivariate case, contrary to expectations, computations 

are not expensive. So we can expect that our proposed two step maximum 

likelihood procedures would be useful in practice. 
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