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where 1 stands for the ith component of the relevant vector. In this model,

Xt is a K~dimensional exogeneous variable, (ult’ uzt,...,unt)' ~ N(0,Q)

and 1s temporally independent. The sample observations for the dependent

'variab;elyt take only the non-negative values. The vector Yo of endogeneous
variables observed with all the components positive is an interior solution of the
system. Any observed Ve with some components zero are cormer solutions. Amemiya
proves that for any u, and Xt, the system has a unique solutiom 1if every principal
minor of I' is positive, i.e., I' 1s a P-matrix, (Gale and Naikaido [41).

Due to the difficulty of using corner solutions, Amemiya proposes an

‘estimation procedure which utilizes only the interior solutions observatioms.

Define yt* as follows,

T1ie
yt*-ytifyt-(: )>o(*)
nt

yc* = 0 otherwise.
Denote A = P'IB, v, = I‘-lut and I = var(vt). With the first and second moments
for the truncated multivariate normal distribution found by Tallis (3 ). Amemiya

derives a simple relation for the system.
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S, is the set of t for which Ve > 0 and E(nit) =0, ¥ tesl. The ©

1
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tow of L © and o7 1is the 1ij element of £ . With this relatiomship, Amemiya

suggests estimation of the parameters 61 by an instrumental bariables method;

1. regress Yi¢ OO xt and certain higher powers of Xt, teSl,

2. replace Yie by the least squares predictor }it in 2y, to get git'

™y > 0 >0, ¥i=1 '
yt means Yit 3 9 eeey n.
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All these estimates can be shown to be consistent. However, the
asymptotic variance-covariance matrix 1s again complicated. With these
congistent estimates, one can use them as initial estimates and a two step
maximum likelihood procedure which has well-known asymptotic properties
can be used. The two step maximum likelihood procedure is nat extremely
difficult to compute since it does not require repeated iterations. The

two step maximum likelihood estimate 0% for the set of all parameters

© 1in the model 1is -
-1 ©)
dLinL

ae0L 2enl | %ol
90 30! é 30

* -~
0= 0+]
where L1(0) is the likelihood function of the model and © {1s the initial

consistent estimates. The estimates O%* are asymptotically normal and

efficient and their asymptotic covariance matrix can be consistently estimated

by '. -1

————— e

30 30'
The two step maximum likelihood procedure involves only first order

derivatives which are not difficult to compute.

3. Multiple Regression Model with Some Dependent Variables Truncated.

In Amemiya's multiple regression system, all the dependent variables’
are truncated normal. In this section, we extend his model to the case
when not all but only some of the dependent variables are truncated.

The system we consider is,

Ve = %% * Ve

Tae ™ %%, + vy
\
[}
]
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Ter = %%e * Ver

Yor1e ™ %c+1Xe ¥ Vo1t

We can observe the endogeneous variables y, 1f and énly if YG+lt 30, ===, .
yat>0. Otherwise y. = 0.

In this systen, Xe is a K~ dimensional exogeneous variables ,

(Vigs =5 Vat) VN0, I) and it is tempora.lly independent. We would like
~ to consider this system since it has the simultaneous structures and in |
‘fact, it is the reduced form of the simultaneous equations.system that we
will consider later on. In this system, the truncation of some dependent'

variables determines the truncation of all the other dependent variables.

Denote .012 J12----014 ‘UIG+1 ....... -- 01,
921 9g%--=02g |\ 92g4y -0 {2n
= | ': N 3
) ' 2
9l | %2--="% |eer---—-----%m
SeHi1 o2 SeHe
]
1 \ '
1 ; ; Io+1,n
L—anl %d2----%6 | 4
The subsystem yG+l,c""’ync is Amemiya's system and hence the

’ 84120 2% and £G+L,n can be estimated by the instrumental procedures.

The likelihood function of this system is



€S

| f (y x ,o-..y -0 x ) ™
tesl t ) [ < X G+l,n’ G+1,

dvgy o dvn]
vhere S; = {tlyG+l,t > O""’ynt > 0}, S2 = {1,...,‘1’}—51

and £,, is the marginal density function of the multi-normal variables

i3

(vi, vi+l,...,v3). If initial consistent estimates can be found, two step
maximum likelihood procedures can then be applied. Amemiya's instrumental
variables procedure gives consistent estimates for the last n-G equatioms.
So it remains to find the procedure t§.estimate the remaining G equations.

Without loss of generalizatiom, it is enough to consider the

first equation. Comsider the truncated mean of Vil it is

a [ ] o« « f(\) A" oo e v )
1t’ G+1t’ ’“nt
B(vp,leesy) = _afx e d D Ve ?, V1 eeie:
G+l7t
where
[ -] ]
P, --afx o ! . f(vG+l greeeoVy )dvG+1t"'dvnt
at Gtl't
Thus it follows,
® ) o« [ ]
1"("1:"‘51) = fx vee [ . (_ivltf(vltlvc+lt"'"vnc)d"lc)
%%t T%+1%t : :
glv ceesV_ L)
G+l ¢? ?“nt
x P dvG+1,t""’dvnt

t

[§10+1’...’01T1 £G+l 0 X

..dv at



[é_(vm_l’tltesl), cens E("n,:l“sl)] ',

since [;ltlvc+1,t, ...,vné]

g -1 oHe| a [Tim
Sl TTRTIREL Y Do e s N -E’lGrl-l""’alrJzﬁl,n P
: o,t " }°1a .

From Amemiya, we have as before

\)ktltss ) = q-c+1 kqfq(qut)‘f(q), kK=¢g+, ..., n

where )
P ™ "sdq 7 , ) é.

'“sx: (q

The notations are similar to the notations defined in the ‘previous

sections except the relevant variable is N(O, ZG+1 n) only. That is,
y

fq is the marginal density function of the qth random variable of

N(O,Z f(q) is the joint conditional density function of the

G+1,n)’ ‘
remaining n-G-1 variables given that the qth variable of N(O, ZG+1 n)

. ?
is equal to -aqx:.

Thus after adjusting the truncated means, we have

Tie '’ aixt + 2:q-=G+1 iqfq(aq xc)F( )/Pt + Eit’ vtss1

vi-l’...’n

yi:h E(Eitltesl) =0
Using the instrumental variables method, we have the initial
consistent estimates of aG+1,""an and zG+1,n' After substituting
Y ’ =
these estimates into the expressions f(q)(a xt)F(q)/Pt’ qQ = G+1,...,n,
we can regress y,, on the X, and f( )(a 'X )F( )/Pt to have the

estimates a 1G+1""’°1n for each equation i, { = G+1,...,n.



With the above procedure, we have estimated all the unknown
parameters except

b ¢

%x O12 ,16
I, = os - z
a1 %2777 9%.
Since
£V, V1 yeeesV )
E(V2: [tes)) = f f v 1 GHL o 2o dv, | dy
it 1 P 1] &
-a X t
n"t
[- -] " f(\) o V )
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-where dv denotes dvc+1 ....... .dv
I -1 °1;;+1
9% '["1@:-1"""’1::] Lerl,n 5
a4 E(v 1It:ssl),...,E(vGﬂ [tss by
+ [f’im-l-'“"’in] Zet1,n ’ P
E(v vG+lfcssl),...,E(v oltes))
-1 %i6+1
z ; , ¥i=1,...,6
G"l,n ' ’ :
._ain -
Also, - - ‘
: o
-1 G+1
v, |tes.) =g -[c o]Z '
it 4t i 1eeey
J 3 iG+1 in GHl,n ;
1
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|tes,),~-—-— “E(v.,.v_|tes

2
- =1 lz("c;+1' 1 G+1'n ?
+ E’mﬂ"""’m] Z6+1,n \ L
.E(vnVG+1IF€sl)" ---E(v, I:ssl) -
-1 %4641
z : : ’
G+l,n : ¥ 1,§=1,...,G
..cjn -
- Denote,
That is, Vu: is the estimated residuals.

Thus we can estimate oiz and Gij consistently by using the estimated

moments.
~ 2 1 Az S -~ 'b'l cia'l'l
9% 3Gy L. Vie ¥|%c+1rc%n| forra | .
1l tt-:Sl g.
““in
4" 2 ",
1 | E (vG_‘_ll'teSl) . E(vm_lv.nl tes;)

- 3 a0 8 % ]
[ iG+1*°°°? in] . !
G+l,n : ——¥r 2],
’ '?ff(_vnvm_llcesl), E(\"_n I:ssl)

a~1l 1G+1
Gtl,n | !
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and .
A 1 A A [-A . A %-1 ojG""l
%13 T 76D cis VieVge * °1c+1""'°1n] GHln | .
1 ot
Ja -
| . .
[;. R a-l (Vgyp leesy)s E(Vg4yVal teS)) )
= -GiG+1""’Gi;] zG+l,n n &t \
Eluavgepltesy)s  ECy?lees;
[5!

vVi,j=1.,,,.G

Thus all the unknown parameters £ can be estimated consistently and the

two step maximum likelihood procedyre can be apﬁlied.

4. Simultaneous Equations with Some Dependent Variables Truncated Normal

In this section, we extend Amemiya's system to the éase where only some
‘of the dependent variables are truncated but not all of them.

The simultaneous systeﬁ we will consider has the following specifications

¢)) @ _px oy O

Tay, ™ + Ty,

rzxy:(l) + Pzzyt(z) : B X, + ut(Z)
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of this equation, at least one exogeneous variable must not appear
in this equation. With the parameters identifiable, we can discuss
estimation procedures.

If the zero qrder restriction conditions are satisfied for both
equations, we can estimate the coefficients by the procedure for th;
general system as pointed out in the last section.

However, if only the first equation satisfies the first order
restrictions, we have to search other possible procedure to estimate
the parameters. In that case, we have to utilize the cormer solutiomns
to get the estimates. The two equations system implies a switching

simultaneous equations system,

regime 1, y*lt = Y1¥5, + Gl'xt + €¢
) - * ' ¢ )
Joe = Yo¥*ye * 6% * €y 1 m'X +uy, >0

rggime 2, ,y*lc =0

- ' ' s
Yoe 62 Xt + 62: . {ff 11’1 Kt + ”1: 0.
1
where y,, = pEv (€1, + Y18,,).

_Bence, the estimation procedure in our model is related to the
estimation procedure for the simultaneous switching equations systems in (8). .

The reduced form of the simultaneous switching regression model is
] = '
e =T X T Ve

= ' . 1]
Vo = T2 X, + Uy, iff m xt U0
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and

yﬁlt = Q

<
- ¢ -
Yoe Gz'x:\+ € iff m xt + Yie 0

1
wvhere Hop ™ T=v172 (Yzelt + €2t)‘

This implies

2 y
* - ! = . = .
e ™™ XtF(wt) + culf(wt) + Ct’ where o1 var(;it), wt nlxt/cul 3

;t is an error term which has zero mean but different variance for
different cbservation t. Substitute this expression into the second

structural equation of the original system; it is
Ve © YZ(ﬂl'xtF(wt) + culf(wt)) * 6Z'Xt * (Yict + e2t)’ vt

The parameter ﬂl' and ﬂz' and dul can be estimated consistently by using the

observations in Sl’ say by “1" nz' and aul . Denote

-~ -A' ~ ~ ~ A.'ﬁ a
e =T X F(,) +o £() , where b = m 'K Ja

’2:_' 727*1t + 62'x2t + Et where E: has zero mean asymptotically.
Thus Y2 and 62' can be estimated consistently by regression Yoe OO
%
e and th'
As for the estimation of the first equation, consider only those
observations in §;- With the zero order restriction conditions satisfied,

the parameters are identifiable and hence it is estimable. Substituting
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y2t ﬂz Xt + “2:* Vtesl into the first equation, it is
Yye = Y1(M'X) + 8K + (g1, + Yauy,)
 J t
= vi(m,'X) + 8 'K + Wy, ¥tes,

With the zero order identification conditionm, wz'xt will not be a
linear combination of xlt and hence Y) and 51 is estimable.

Adjusting the truncation mean of Hip Ve have

£(v)
- ' ' t
Vie = V1(m'X) +6,'% + wFw) * S vees,)

<>

wvith E(Eltltesl) = 0, With the reduced form estimates, ﬂl!, “2" aul and
. £05,)
= ' ! -~
e = V1R 4K Y hu TGy * e

and v1, 61 can be estimated by OLS. The likelihood function is
L(Yl,Yé;s1)52a012’°12’022Ix: yl’ yz) .

tes :
1

“Y1¥4,.-8,'X
T S 172t 1 Tt £(e

- ' .
tes, -= 1072e702' %) deq,

The two step maximum likelihood procedure can then be applied with all these

consistent estimates.

5.2 Identification and Estimation of the general model

In this section, we would like to generalize the amalysis for the
two equations model to the general one. The general model as specified

in section 4 is
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) 2) _ )
P Y.+ TLY, B/X, + u, (5.2.1)
(1) (2) (2) (2)
Po¥y ” + Ty "7 2BX +u ", ¥ 20 (5.2.2)
(1) (2)

where Yt is a n-G dimensional

is a G dimensional vector and Yt
vector; rll and F22 are normalized to have unitary diagonal elements.
As pointed out in the two equations model, equations Yt(z) will be identi-

fied only if the usual rank conditions are satisfied for each equation in

Yt(z). But these are not necessary for the equations Yt(l) .
When Yt(z) >0,
-1 (2) _ _ -1 (2) _ ; -1 (1) (5.2.3)
(TyoTa1T11 T12Ye (ByTorTyn BPX * v Tafin %
Assume the rank conditions are satisfied for each equation in Yt(z) . Based
(2) _ -1 _ -1
on subsamples Yt > 0, parameters F22 F21Tll r12’ 32 P21F11 B1 and
. (2)_ -1 ()
the variance covariance matrix of u r,.r u can be estimated
t 21°11 "t
consistently by the procedures mentioned in section 2.
When Yt(z) = 0 , or equivalently
_ -1 2) _ -1 Q)
(B2 P21F11 Bl)xt + u, P21P11 u, < 0, we have
@ _ e)) '
rllYt let + u (5.2.4)

B1 and rll will be identified when the usual rank condition holds for

this subsystem (5.2.4). This follows from similar arguments in section

5.1 and section 3. It remains to consider the parameters T . Based

12
(2)

on the subsamples Yt(l) and Yt(z)_ when Yt > 0, the reduced form

parameters T are always identifiable and we have

r., T
11 12 ,
( }omo= [
r,, T
21 22
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which implies
m

T, .7 with 7= [ “1 1.

12" = B7Ti™M
Singe "2’ “l’ Bl, rll are all identified, r12 will be identifiable
if and only 1f rank (ﬂz) = n-G, This condition is equivalent to requiring

(2)

that any linear combinations of elements in Yt not consistent of
disturbances only. This condition will always be satisfied in empirical
applications. In summary, we conclude that the whole system will be identi-
fied when the usual rank conditiomns in (5.2.2) and (5.2.4) hold. In particular,
when (5.2.1) consists of only one equation, (5.2.1) will always be identified.
Now let us consider the estimation of this general model. Equations in
(5.2.2) can be estimated as in sections 2 and 3. To estimgte (5.2.1), we

can use a two stage least squares procedure. Without loss of generalization,

let us consider the first equation of (5.2.1) which is

1
Y Y + let + u

1t = Y12%2e7 Yig¥ee T YieriYer1eT Vin'ne 1t
where
Yt(l) = (Ylt""’YGt)" Yt(z) - (YG+1t""’Ynt)‘ With the expected
values m = E(Yit)
Tie ™ “Y1o%e ~ ot T Vpplpe T BXK v,

where E(wltlxt) =0 . It is easy to see that m,, can be estimated

by the parameters in the several reduced forms and the parameters in

(5.2.3). With these estimated o least squares can be applied to

it

Y

+ g . .
B X% + Ve

1 ™ -Y12 ch " erese = Yln mht
Similarly, all equations in (5.2.1) can be consistently estimated. The
varlance matrix 2 can be estimated as in sections 2 and 3. Hence all

the parameters can be consistently estimated. With the two step maximum
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likelihood procedure, efficient estimates and their asymptotic variance can

then be derived.

6. Some Empirical Examples:

To illustrate the potential usefulness in economic application, we
point out that a disequilibrium market model studied by Suit [9] and Goldfeld
and Quandt [5] 1is in this framework. This disequilibrium market model is
a model of the watermelon market. Following the simplified notations of

Goldfeld and Quandt, the basic equations of the model can be written as

9 = by2yp by Fuy,

tad
]

bP, + by, +beZ, +b+u

t 3 2t

pt = b723t + b8Yt + b9 + u3t

<
4

min(qt,xt)

where Z i=1,...,3 are vectors of predetermined variables; Z

ic’ ie’

9 P, and Yt are obserﬁable but nqt Xt . The first equation describes
the determination of the crop. The second equation is the harvest equation
which states that the intended amount of harvest is a function of current
price, the size of the crop itself and other factors: The third equation
1s a standard demand equation. The last equation says that the actual

" harvest 1s the minimum quantity of intended harvest and the size of the crop.
Under certain circumstances, it may not be worthwhile to harvest the entire
crop. On the other hand, it may be possible that the intended harvest
~exceeds the crop and in this case the actual harvest will equal the crop.
The structure of this model is quite general and it can be applied to many

other agricﬁltural product markets. For a more detailed description of this

model, one can refer to the original papers.



: * 3t 3t
let Y, . =q, Y, =p, Y, =q ~-X_ and Y, = {
1t t 2t t 3t t 3t 0 if ¥, <0
t—
The model can be rewritten as
Yie = b2 0ty
Y. =b.Z. -b Y +b.¥Y +b. +
2t~ P7%3¢ T Pg3c T Pgtie T P9 T Y3 ¢
* Y. + Y z b v >0
Typ 2 -bg¥y + (b)Y, = bgZy by —uy > I3, 20

Thus this 1is a three equations model with only one truncated endogeneous
variables. Goldfeld and Quandt estimated this model by the maximum likelihood
procedure. As suggested above, one can simplify the itera;ion procedure to
a two step maximum likelihood procedure with initial consistent estimates
derived from instrumental procedures and modified least squares. Goldfeld

and Quandt pointed out that b, > 0 and b8 < 0 would give existence of

3

the model. From our analysis above, the existence condition is

1 - b3b8 >0 .

Hence the conditions mentioned in Goldfeld and Quandt are relatively stronger.
The other examples are the models of the income maintenance experiment

studied by Hausman and Wise [6,7]. In their models, only the truncated

samples are observed, i.e., only the interior solutions are observed in

the terminologies of our models. It is easy to see that our estimation

procedure; the one in which only the interior solutions are utilized, can

be used rather than the iteration procedures they employed.
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7. Conclusions and Remarks:

In this paper, we consider some multivariate and simultaneous equation
models with truncated dependent variables. These models extend Tobin's
model [11] and Amemiya's model [2] to the general cases where only some of
the dependent variables are truncated normal. The existence condition,
identification and estimation problem are investigated. The existence
condition is achieved under a certain P-matrix [4] condition on the coef-
ficients of the system. The identification problems are different from the
usual simultaneous equation system or Amemiya's model where all the endogeneous
variables are truncated. We have shown that the corner solutions will identify
some coefficients in the system. In particular, when ther; is only one
dependent variable which is not truncated, this equation will always be
identifiable. The usual rank condition for simultaneous equation models is
only a sufficient condition but not a necessary one. In the simul taneous
equation model with all dependent variables truncated, Amemiya suggested
some instrumental variable procedures which are computationally simple and
an indirect least squares method. Unfortunately, his suggestions on the
asymptotic tests derived are not correct. Instead of indirect least square,
we extend it to the two stage least squares method which is ﬁ6re convenient
for handling the overidentified cases. The estimates are consistent but
_as in Amemiya's procedures, the exact asymptotic variances have complicated
expressions. To get more tractable asymptotic properties, we suggest using
a two step maximum likelihood procedure which requires only first order
derivates and does not require repeated iterations. To extend this two
step maximum likelihood procedure to our models, we suggest some modified
least squargs methods which are based partly on Amemiya's instrumental

variables procedures to get consistent estimates. These consistent procedures
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also utilize the samples from the corner solutions. To demonstrate that
our models are useful in economics, we point out that a disequilibrium
market model on agricultural products considered by Suit [9] and Goldfeld
and Quandt [5] is an example of our models. Other examples are the income
experiment models of Hausman and Wise [6,7].

The estimation procedures proposed are not iterative methods so that
they are computationally tractible. The only complications involved are a
fixed number of numerical evaluations of multivariate normal probabilities.
The computations of numerical multivariate normal probablilties were expected
to be unattractive for dimensions greater than 2. But a recent investigation
by Dutt [3], suggests that efficient gomputational formulas for computing
normal probabilities of dimension up to 6. Monte Carlo studies by Warner {12]
indicated that for the bivariate case, contrary to expectations, computations
are not expensive. So we can expect that our proposed two step maximum

likelihood procedures would be useful in practice.
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