


REVELATIONS OF A GAMBLER 

by 

* Marcel K. Richter and Leonard Shapiro 

I. Introduction 

If you are offered a desired price depending on the out-

come of a coin toss, and you express a definite preference 

for tails over heads,you reveal -- in a very natural sense 

that you consider tails "more likely than" heads. Can you 

reveal more complicated statements by your other choices --

for example, that you consider tails more than twice as likely 

as heads? Or more than J2 times as likely as heads? Or more 

than ~ times as likely as heads? 

In this paper we delineate precisely what revelations are 

possible. This turns out to be a surprisingly rich class, 

even in our simple case of a single two-sided coin and a 

finite number of prizes. Our methods are based on a hypothesis 

of expected utility maximization, but we impose no topological, 

metric, or linear structure on the set of prizes or the set of 

events. In addition to its own intrinsic interest, we feel 

* Both authors are grateful to the National Science 
Foundation for financial support. 





2.1 

II. Definitions 

Let X be a finite set; we shall call its elements prizes. 

We imagine a two-event world, such as our coin-tossing example 
,'( 

earlier. We call the events Hand T. Then a gamble (also 

called in the literature a lottery ticket, or act) is an 

ordered pair of elements of X , e.g. (x,y) which is inter-

preted as yielding prize x in the first event, and prize y 

in the second. Let a = X x X be the set of gambles. 

We imagine a decision maker, or gambler, who makes various 

choices between gambles. We call an expression of the form 

(1 ) (x,y) >- (z,w) , 

~~ ,'\ 
where x, y, z, ware in X , a gamble-choice on X. 

There are several methods one might use to choose among 

gambles. For example, given a real function U: X - ~ (which 

we can think of as a 'utility!' Le. U(z) > U(w) means z is 

"preferred" to w), one might choose the gamble (x,y) which maxi-

mizes (over some domain) 

* In Section V we comment on the extension of our results to the 

* 
n-event case. , ok 

We could motivate this terminology by letting ffi 
of subsets of the set a of gambles and letting 
a function such that, 

be· a family 
h: CB -a be 

h (B) € B for each B € CB 

(The intuition is that h (B) is the decision maker's choice out 
of the set B . ) Then we could interpret the gamble choice 
(x,y) >- (z ,w) to mean that for some B € Cl::l , (x ,y) = h (B) and 
(x ,y) -1= (z ,w) € B . Cf . [4) • 
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(2) min(U(x) ,U(y» 

This is the "maximin" method. 

Alternatively, suppose one has a utility U: X --+ lR and 

"probabilities" 

with p + p 
H T 

and (i.e. 

1 -- we can think of 

are in [0,1] 

as the probability 

of H, T, respectively). Let P denote the pair (PH'P
T

) and 

define the expected utility function Ep U: X x X --+ lR from , 
gambles to real numbers by 

(3) P HU(x) + P TU (y), for all(x ,y) E X x X • 

Then a subject might choose (x,y) to maximize Ep U(x,y) , 
over some domain. 

of course other methods than maximin or expected utili ty maximiza tion 

are possible, and they need not involve maximizing a numerical func-

tion. Here we will be concerned only with expected utility maximization. 

We say that (P,U) rationalizes a set g of gamble 

* choices if, for all (x ,y) » (z ,w) in g , 

'1( 
We could justify this terminology by noting that if the gamble 

choices in g are those derived from some h: CP -0 as in the 
previous footnote then (4) holds for all choices (x,y»> (z,w) 
in g if and only if for each B dB , h (B) is the unique gam­
ble in B with highest expected utility; i.e., for each B ECB 
and each (z,w) E B , if h (B) -I (z,w) , then Ep U(h(B» > 
EpU(Z'W). Cf. [4]. ' , 
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IV. Characterizing the Expressive Power of 

Gambling Revelations 

We have seen in Section II examples of many probability 

statements expressed by choices between gambles. In this 

section we shall prove two theorems which together will char-

acterize the set of all probability statements which can be 

expressed by gamble choices. 

Rather than the general question of what g reveals about 

a~ P
T 

' we will examine the slightly less general question 

of what ~ reveals about strictly positive values of PH and 

* 

* The two cases we exclude, PH = 0 and PT = 0 , can be 

analyzed by other methods since they involve no uncertainty. 

(If PH = 0 then P
T 

= 1 and the question of finding a D 

such that (P,D) rationalizes a given g reduces to whether a 

partial order on a finite set can be extended to a total order. 

Necessary and sufficient conditions for this are well-known.) 

However, it is not clear whether our results extend to include 

either of the cases PH = 0 or P
T 

= o. For example, we do 

not know whether Theorem 1 is true if the value P
T 

= 0 , i.e. 

p = 0 , is not excluded (from the definition of R(g) below). 

Note that if we wish to talk about the ratio PH/P
T 

(see III.D 

as an example of how this simplifies things) we must exclude 

P
T 

= 0 unless we work in the extended (by 00) real number 

system. 
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J 
Q'j x ) 

d j - Yd 
j=l 

Let S2 consist of the d + 1 + J inequalities: 

(a) I. > 0 (0 ;? i ;§ d) 

(7) 82 

(b) Xj > 0 (1 :§ j ;§ J) 

Let us prove equivalent to S2 • To see that 

note that 

(8) 

So if x1"",x
J 

> 0 and p > 0 make each I. positive, then 

the right hand side (8), which is (S.i) must also be positive. 

To see that Sl 82 ' suppose p > 0 and x1"",x
J 

> 0 

solve Sl • We can rearrange the terms in (81 ,a) to get: 

(9) 
J j J J J jd 
!: Q' 0 X. + !: e'V 1 px. + ••. + l. rt d P x. > 0 

j =1 J j =1 J j =1 J 

From this it follows that we can pick Y1 so that 

(10) 
J j J 
l. x. > -PY1 > - r - •.. -

j=O J j =1 J 

J . d 
",J P 

LJ .... d x. 
j=l J 
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Notice that the first inequality in (10) asserts 10 > 0 • 

Since 0 > 0 we can factor it out of the second inequality in 

(10) to obtain: 

J j J 
~j d-1 

-Y1 > - L: t)./1 X. - t p Xj 
j=l J j=l 

d 

Thus we can choose Y2 so that 

(11) 
J J. J j J j d-1 
r ~1 X. - Y1 > -OY2 > - t ~2 Ox. - ••• - t ~d 0 Xj 

j =1 J j =1 J j =1 

Notice the first inequality in (11) is 11 > o. Now factor 

p out of the second inequality in (11) and continue according 

to this pattern, choosing Y3 ' Y4'··· 'Yd 
satisfying 12 > 0, 

••• ,Id > 0 . This shows Sl ~ S2 , so Sl and S2 are equi-

valent. Hence R(Sl) = R(82) . 
We now define 83 . Fix some i with o :§ i :§ d and 

consider the expression Ii. For some positive integer K, 

I. is of the form 
~ 

where o and where each i 
z is either equal to Xj or -x

j 

for some j , or equal to Y
i

. Of course K depends on i. 

Define new variables and consider the set of 

inequal ities: 



(12) Si 
3 

We claim that i 
S3 

4.1 

i 
zl + P (u i +1 -

i w
1

) 

i i i 
zk + P (w

k
_

1 - w ) It 

i 
zK + 

i 
p(wK - V i+1) 

is equivalent to 

> 0 

> 0 1 < k < K 

> 0 

{I. > o} • 
1 

To Iilhow 

S;::) {Ii> o} just add the inequalities in s; and remem-

ber that (for i = d , define ud+l = 

vd+1 ) • The proof that {Ii> o} ~ s; goes by elimination, 

similar to the above proof that Sl::) S2 • We omit the details. 

Define the system S3 to consist of the union of the 

o S;; i s;; d , together with the inequalities Xj > 0 for l;§ j ~J. Clearly 

S3 is equivalent to S2 ' so in particular R(S2) = R(S3) • 

Moreover, S3 corresponds to the expected utility form (Iilee 

Section II) of a set g of gamble-choices. Let us see why. 

Define the set X of prizes to be all the variablelil 

u ., v., u., vi' and 
J J 1 

Note that each inequality in wa. 

of the form 

(13) u - v + pew - WI) > 0 

where u, v, w and WI are in X . (For the inequality 

Xj > 0 , for example, u = uj , v = v. and w = WI .) Define 
J 

g to be the set of all gamble-choices 
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(14) (u,w) >- (v,w') 

such that the inequality (13) is in S3 ' and let J be the s~ 

of expected-utility forms of the gamble choices (14) in g . 

Thus J consists of the inequalities 

one for each (u,w) >- (v,w') € g . 

Since we have assumed and P 

lent to 

(16) U(u) - U(v) + p(U(w) - U(w'» > 0 

Now it is clear that there exist real numbers p > 0 and u, v, w, w' 

solving (13) iff there are real numbers 0 >0 and U(u), U(v), U(w), 

U(w') , solving (16). This implies in particular that 

This completes the proof of Theorem 1 in case /A is of 

the form J 
Uj=l{P: P > 0 & Q.(o) > o}. 

] 
Now consider the 

general case, 

L J 1 
/A = n1=1 U {o: P > 0 & Qj(O) > o} 

j=l 
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By the preceding, for each t ,IS 1 ~ L , we can find a set 

gt of gamble choices such that 

In 

of 

J 
U {o: 0 > 0 

j=l 
& 

t 
Q

j 
(0) > O} 

constructing the gt sets we will also take 

prizes used in gl is disjoint from the set 

care that the set 

of prizes used 

1,' 
1= t' Now define g to be the union of the in g , for t 

sets gt , 1 ~ t ~ L , and observe that 

L 
R(g) = R( U gt) /A 

1,=1 

where the middle inequality holds since 

whenever are sets of gamble-choices based on disjoint 

sets of prizes. This completes the proof of the theorem. 

We next prove a converse to Theorem 1. 

Theorem 2. Let g be a finite set of gamble-choices. 

Then R(g) is a polynomial set. 

This theorem will follow from the next two lemmas. We 

define a weak polynomial set almost exactly as we defined a 

polynomial set, except that we allow weak inequalities ~ as 

well as >. Thus a weak polynomial set ill is a finite 
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intersection of finite unions of sets of the form 

{p: Q(p) > 0 & p>O} and {p: Q(p)~ 0 & p > O} 

where each Q is an integer polynomial. 

Lemma 1. If g is a finite set of gamble-choices then R(g) is 

a weak polynomial set. 

This is a special case of the first part of Tarski's 

decision method for elementary algebra (cf. Tarski [10], 

Kreisel-Krivine [3 ]). We will indicate why. 

Let X be the set of prizes in gambles in g , and 

suppose the elements of X are numbered thus: 

Let 8' denote the set of expecte~ utility forms of the gamble-

choices in g , and let ;r denote the inequalities in 8 ' 

divided by PH ' with p in place of PT/PH . Thus ;r is 

defined by 

"(x,y) >- (z,w)" E g iff "U(x) + oU(y) > U(z) + pU(w)" E ;r . 

* Our original proof used results in [9]. H.J. Keisler pointed 
out the relevance of Tarski's Theorem. 
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Then J is a formula of elementary algebra (as defined in 

[10, Section 1]) in the free variables 0, U(xl), •.. ,U(xn) 

We denote U(x i ) by zi (1 ~ i ~ n) and write J(o,zl"",zn) 

instead of J , to emphasize the dependence of J on its free 

variables. Then R(g) is, by definition, the set of p > ° 
such that there exist is 

true, i.e. 0 € R(g) iff the sentence (in Tarski's notation) 

(17) o > ° and ~zl 1z2 ... 1z J(P,zl""'z) n n 

is true. By Tarski's Theorem [10, pg. 39, Theorem 31: take ~ 

to be (17)] there is a formula R(p) of elementary algebra with 

p as its only free variable and with no quantifiers, such that 

(17) is equivalent (as defined in [10, pg. 13]) to R(p) • 

This implies, in particular, that 

(18) P € R(g) iff R(p) is true. 

Now it only remains to show that if R(p) is a formula of 

elementary algebra with no quantifiers then {p: R(p) is true 

and 0 > o} is a weak polynomial set. This follows from 

Tarski's definitions [10, Section 1]: The only symbols Tarski 

allows which are not in our definition of weak polynomial set 

are negation and equality, but these can be incorporated in 

polynomial inequalities in standard ways (e.g. Q = ° iff 

? 
Q- ~ 0.) This completes the proof of the lemma. 
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Lemma 2. If 18 is a weak polynomial set and 18 is an open 

subset of {p: p > o} then 1B is a polynomial set. 

Proof. Let H be the polynomial set obtained by changing each ~ 

in the representation of 18 to >. Let K = 18\.H ; if K 

is empty we're done. The set K is finite since each point in 

it is a zero of one of the (finitely many) polynomials in the 

representation of 18 • If 01 € K then since ~ is in the 

open set 18 there is an E > 0 such that the interval 

(~ - E, ~ + e) is in lB. Using the density of the rationals 

one can find an integer (even quadratic) polynomial Q t3f with 

'" € {p: Q (p) > o} ~ (01 - E, 01 + E) • Then 
(:}t 

II U U(:}t € K{O: Q~(p) > o} = 18 

Since K is finite and H is a polynomial set, 18 is a po1y-

nomia1 set. 

Proof of Theorem 2. Let g be a set of gamble-choices. Since 

the expected-utility forms of the gamble-choices in g involve 

strict inequalities, the set of values PH' P
T

, U(x) (x € X), 

which solve the expected-utility forms, is an open set. This 

implies in particular that the set of (PH,P
T

) in (0,1) x (0,1), 

which appear in these solutions, is open, so R(g) is open. 

Now apply Lemmas 1 and 2 to conclude that R(g) is a polynomial 

set, Q.E.D. 
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(19) Remark: We remark without proof that if we had assumed 

a finite number n of events in our model, instead of taking 

n = 2 as we have done, the two theorems of this section would 

remain valid with the following changes: 

(i) Define R(3) with p. >0 
~ 

for 1 < i~ n and such that there is P = (Pl, ... ,Pn) , 

P. > 0 for 1 ~ i ~ n , and U with (P,U) rationalizing 
~ 

3 such that Pi/Pl 
for l<i~n. (The meaning of 

"rationalize" in this context should be clear.) 

(ii) Define a polynomial set to be a finite intersection of a 

finite union of sets of the form 

where Q ranges over polynomials in n-l variables, with 

integer coefficients. 
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V. Characterizing the Family of Polynomial Sets 

The theorems in Section IV have mown that if ~ denotes 

the family of sets R(g), where g ranges over sets of gamble-

choices on X and X ranges over all finite prize sets, then 

~ equals the family of polynomial sets. In this section we 

will study the structure of ~ This will in particular pro-

vide an answer to the question posed about n in the first para-

graph of the Introduction. The results of this section are surely 

well-known to number theorists and algebraic geometers, but, as we 

have been unable to provide a convenient reference, we have provided details. 

To avoid trivialities we will speak only of nonzero integer 

polynomials, i.e. integer polynomials Q such that Q(p) ~ 0 

for some p or, equivalently, such that some coefficient of Q 

-is not zero. A real number p is a root of the polynomial 

Q(p) if Q(p) = 0 An algebraic number y is a real number 

which is a root of a nonzero integer polynomial. We say a sub-

set JB of {p: p > o} is an algebraic-interval set if 

where, for k=l, ... ,K , each of Yk and ok is equal to an alge­

braic number except that Ok may also equal + 00 • 
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Proposition: The family ~ of polynomial sets equals the family 

of algebraic-interval sets. 

Remark: although we are restricting ourselves to subsets of 

{a: p > o} , the Proposition generalizes to arbitrary subsets of 

the real numbers, using the same proof. 

Proof: For this proof we will use the notation, for integer 

polynomials Q: 

Q+ {a: 0 > 0 and Q(p) > o} 

Every nonzero integer polynomial has finitely many roots. 

From this it follows easily that if Q is an integer polynomial 

then 

where each and is either zero or infinite or a root of 

Q. Thus Q+ is an algebraic-interval set for every integer 

polynomial Q. Since the family of algebraic-interval sets is 

closed under finite unions and intersections, every polynomial 

set is an algebraic-interval set. 

To prove that every algebraic-interval set is a polynomial 

set it suffices to prove that every set ~ of the form 

(1) (O,y) or (y,m) 
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is a polynomial set, since every algebraic-interval set can be 

formed by unions and intersections of sets ~ of the form (1). 

Let Y be a positive algebraic number. We will prove that 

(O,y) is a polynomial set. By the Lemma which follows this 

proof, there is an integer polynomial Q and an E > Osuch 

that 

(2) Q(p) > ° for P E (Y-E ,Y) and Q(p) < ° for p € (y ,y+c) 

Let ~ ,S oe rational numbers satisfying 

(3) Y - E < ~ < Y < S < Y + E 

Let ~,QS be integer polynomials (they can even be chosen 

to be linear) such that 

(4) (O,c;v) and 

Then, (2), (3) and (4) imply 

(5) (O,y) 

Thus (O,y) is a polynomial set. 

The proof that (y,OO) is a polynomial set whenever y is 

a positive algebraic number, is similar to the previous case. 

In fact one could, in the representation (5) of (O,y) , re-
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place each polynomial Q with -Q and the result would be a 

representation of (y,oo) . 

The proof of the Proposition is complete. 

The following lemma was used in the previous proof. 

Lemma: If Y is an algebraic number then there is an integer 

polynomial Q and an E > 0 such that 

Q(p»O for PE(Y-E,Y) and Q(p)<O for PE(y,Y+E). 

Proof: Since Y is an algebraic number there is a nonzero 

integer polynomial Q (p) with Q(y) = 0 Le t YO' Y 1 ' .•• ,Y K 

be the distinct (real and complex) roots of Q, with Y ~ YO • 

Then it is a consequence [1, pg. 103] of the Fundamental Theorem 

of Algebra that there are positive integers iO, ... ,i
K 

(ik is 

called the multiplicity of Y
k

) such that for some nonzero 

integer c 

Q (p) 

We consider two cases, according to whether the multiplicity 

of the root is odd or even. 

Case I: iO is odd. Notice that since the Yk are distinct, 

K i k 
(6) IT (YO - Yk ) 1= 0 . 

k=l 
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Since YO is real and P(p) is real for real p , 

K i
k (7) c IT (p - Yk) is real for real p . 

k=l 

By (6) and (7) we can choose A € {+l, -l} such that 

By continuity there is some E > a such that 

(8) 
K i

k 
AC IT (p - Yk) < a for p € (YO-E, YO+E) • 

k=l 

~ince iO is odd, 

(9) 

and 

Combining (8) and (9) we see that 

AP (p) 

is positive on (YO - E, yO) and negative on (YO' YO+E) 

This completes the proof in Case I since Y = YO and A Q is 

an integer polynomial. 
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Case II: iO is even. Since iO is a positive integer, 

this implies Denote the derivative of Q(p) by 

Q' (p). We claim that YO is a root of Q' with odd multiplicity 

This follows from [1, pg. 103] but we will give a proof 

here for completeness. 

By repeated use of the product rule we get 

(10) 

where the product is over all k = O, ••• ,K with k ~ j • 

After rearranging, (10) becomes 

(11) 

where 

(12) 

Q' (p) 

Q' 
1 is defined by 

Q{(P) 

In (12), nk~O,j means the product over all k = O, ••• ,K 

except k = 0 and k j. Since the numbers YO' ••• 'Y
K 

are 

distinct, Qi(Yo) ~ O. That and (11) imply that the multi­

plicity of the root YO in Q' is i
O
-1. 
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Since Q' (the derivative of Q) is an integer polynomial, 

and the multiplicity of YO in Q' is the odd number i
O
-1, 

we have reduced the problem to that considered in Case I. This 

completes the proof of the Lemma. 

(13) Remarks. 

1. It is well-known [2] that the number ff is transcen­

dental, i.e. not algebraic. This implies that interval (~,oo) 

is not an algebraic-interval set, so by what we have proved 

above it is not a polynomial set. Thus by the theorems of 

Section IV, a gambler cannot reveal that tails is n times as 

likely as heads. 

2. We mention without proof that there are polynomial sets 

which cannot be represented as {p: 0 > 0 and Q(p) > O} for a 

single polynomial Q. The interval (0, 2 +J2) is such a set, 

essentially because if Q is an integer polynomial that has 

2 +J2 as a root with multiplicity k then Q has 2 -./2 as a 

root with multiplicity k. 

3. As a final remark, we point out a simple consequence of 

the definition of Lebesgue measurability: if :1M ~ {p: p > O} 

is a measurable set and E: > 0 , then there is a set /A which 

is a finite union of intervals with rational endpoints such that 

/A ;;;?:IM and /A -:1M has measure less than E: • Thus poly­

nomial sets are "dense" in the family of measurable sets. Of 

course the previous sentence could be proved without all our 
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machinery, since only rational endpoints are needed to construct 

~ in the previous argument. 
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VI. Open Problems 

We have already mentioned (Section IV) the problem of ex-

tending our results to the case p = 0 , and of interpreting 

and extending them to the case p = 00 (i.e. PH = 0 ). 

There are two more interesting problems which we have not 

investigated. 

* The first is to characterize the sets R(g) where g 

ranges over the sets of gamble choices on a prize set X which 

give a total order on the set of all gambles on X, 

and X ranges over all finite sets. That is, consider only g 

satisfying: if x, y, z, ware (not necessarily distinct) 

prizes in X, and if (x,y) ~ (z,w) , then either 

(x,y) >- (z,w) or (z,w) >- (x,y) 

is in g 

The second is a "dual" to the problem we have considered; 

namely, characterize the set of utility functions U: X -+ JR such 

that there exists a P = (PH,PT) with (P,U) rationalizing g 

as g ranges over finite sets of gamble choices. The work of 

Scott [8] may be relevant here. 

* Suggested by David Schmeid1er. 
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