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For our particular model the first-order conditions for a maximum for

each firm are

a-2byi-b yj=0, i=1,'oo’n .
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The noncooperative equilibrium can be found by solving the following system

of equations:
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The inverse of the coefficient matrix above can be written as

1 . . . . . ,
1/b[In ale) Jn] » where I is the n-dimensional identity matrix, and
Jn is the (n x n)-matrix with each element equal to one.11 Using this
result we easily obtain the solution
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Leader-follower type models have along tradition in the theory of duopoly,
dating back at least to the work of Stackelberg [28]. In this paper we make |
the generalization of allowing more than one follower. The dominant firm
announces its decision first, or, for some reason or other, its decision is
taken as given by the rivals who behave noncooperatively among themselves.

This enables the dominant firm to take into account the rival firms' reactions

to its decisions. For our static model, with firm n being the dominant



firm, the decisions of the rivals can be written as

Yi “%n "o 7n’ i=1, e, n -1

using the result above for the purely noncooperative case. The first-order

condition for the dominant firm is

n n-1 ay_]
a-b ¥ y, -by (1 + T ———) =0 .
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But ayj/ayn ==-1/n, j=1, ..., n -~ 1, which means that we can write the

condition as

and the outputs for the rivals can now be written as

=2 = -
yi - 2bn °? i 1, coey I 1 .

We thus see that the equilibrium output of the dominant firm remains un-
changed as more firms enter the industry, although its market share will

decline somewhat. The dominant-firm market share is given by

a
s = In - 2b _ n
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3 a_ = pa__y + u+ e

t t °?

where -1 <p <1, ¢ >0, and € e are random disturbances uncorrelated

over time with mean zero and finite wvariance 02 .

£

In this paper we assume that the nth firm is dominant, while the other
n - 1 firms behave noncooperatively, given what the dominant firm does.
This still leaves three possible solutions which may be candidates for an
equilibrium concept, namely the open-loop, closed-loop, and feedback solutionmns,
These three solutions will in general all lead to different time paths of the
variables, even in the absence of uncertainty.

Consider first the case in which each firm would determine a sequence
of values for its decision variable over the entire horizon, given the initial

state. This corresponds to the open-loop solution, and the decisions can be

written as

Y : .
xit = Xit(yl,ao’xnl’-on’an,el,ooo’Et_l)’ i1 = 1, LR Y n - 1 ’

o
Xnt - Xnt(yl,ao,el,ooo’et_l), t = 1’ LY T .

Alternatively, the solutions could be given in terms of policy or decision
rules, that is, functions of the current state. For our case this alternative

could be written as

Xit = Xit(yt’at_l,xnt), i = 1’ esey I = 1 ’

il

X ¢ Xnt(yt’at-l)’ t=1, .0, T .

Both the closed-loop and feedback solutions can be characterized by decision

rules of this form. The closed-loop solution gives the highest possible value
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Table 1
Number of firms in industry 2 3 4 5 6
Stationary solution:
Output of deminant firm g .2348 |,1969 |.1736 | .1582 |.1473
Output per rival firm f <2044 {.1511 |.1188 | .0974 |.0823
Market share of dominant firm i 5345 | .3945 |.3276 |.2888 |.2635
Price of output ; .5608 |,5008 |.,4701 | .4523 | 4410
Expected value of dominant firm é 9330 |,6524 |,5166 | ,4395 |.3908
Expected value per rival firm .8126 |.5009 :,3535 |.2708 |,2187
Path toward stationary solution:
Expected value of entering firm .2482 {.1067 |.0561 |.0335 |.0218

we now see that the dominant firm output at the stationary level has decreased
from 0.3 in a monopoly to 0.1473 when five additional firms have entered,

and the market share has decreased to just over 1/4, This is even more striking
since, as we pointed out, the cost of adjustment is quite small, We also see
that the present value of what a firm can earn as it is entering the industry

is a lot less than the present value after the stationary level of capital stock
has been reached. The relative difference between the two present values be-
comes larger the larger is the number of firms already in the industry. For

the sixth firm the present value is only 0.,0218 compared to 0.2187 at the
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stationary level. Note that we have assumed that the investment made in any
one period does not yield any productive services until the next period.
In some industries longer lags are probably realistic, in which case these

differences are likely tc become even more dramatic.

The description in Burns [3] of several industries over 3 or &4 decades
gives the impression that a typical pattern of development is that the out-
put of dominant firms increases with increasing demand while at the same
time experiencing a steady decline in market share. We shall see that such
a development is possible without the dominant firm loosing its dominance as
we have defined it,

For simplicity we assume that the situation described in Table 1 is
disturbed by an unexpected jump in demand, which the firms then correctly
perceive as being permanent. We assume that y increases from 0.2 to 0,22,
increasing the average intercept a with the price axis from 1 to 1.1, keeping

the slope of the demand curve constant., Some results for this case are given

in Table 2,
Table 2
. Number of firms in industry 3 4 5 6
Stationary solution:
Output of dominant firm .2298 .2025 .1845 .1718
Qutput per rival firm .1763 .1386 .1136 .0961
Market share of dominant firm . 3945 . 3276 .2888 .2635
Price of output .5176 .4818 4610 L4478
Path toward stationary solution:
Expected value of entering firm | ,1450 i . 0762 . 0454 . 0295
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firm entering the industry, the results of which are reported in Table
1, can expect a present value of 0.0218., However, there is a probability

of approximately 0,05 of negative present value.

5. Stability of Equilibria

Stability in the context of this model can mean at least two different
things. One can talk about whether the state will approach some stationary
point (in a deterministic or stochastic sense) over time, Alternmatively,
one can refer to the question of whether the decision rules in the economy
have a tendency toward some equilibrium rules, given shocks of some sort,
or initial ignorance on the part of the agents., We are here interested in

stability in the latter sense.

Assume that each firm, when solving its T-period maximization problem
(for simplicity we think of T as being infinite), takes as given a set of
decision rules expected to be used by the other firms throughout the horizom.
If the industry is not in equilibrium, the new decision rule that is com-
puted may be different from the one used in the past. This change leads the
other firms to revise their expectations of what this firm's decision rule
will be in the future, and so on,

As an example, consider a duopoly with firm 2 as the dominant firm,
Firih 2 and fitm 1 initially expect the other firm to behave according to the
rules Xio(y,a_l,xz) and Xgo(y,a_l) , respectively. Adsume now that each
firm in turn revises its expectations, say according to an adaptive process
in terms of decision rules:

e

X

e e . . e
1,3+l Xij+7\i(xij‘xij) ’ 1—1,2” j=0,1,2,...,



=22~

e
where Xi' is the decision rule that the other firm, at stage j of this

process, expects firm i to follow in the future, Xij is the decision rule

that firm i actually uses at this stage, and )\; 1is an adjustment coeffieient
such that 0 <.Ki < 1 , The special case of Ki = 1 corresponds to static
expectations in decision rule space. If this process converges, it will
converge toward the equilibrium solution outlined in Section 3, thus indi-
cating stability of the solution under this type of expectations formation.

The presumption is not that this process provides a realistic description of
behavior out of equilibrium. Rather, the convergence of such processes is

just meant to indicate that the equilibrium concept is a reasonable one to

use. The process outlined above, by the way, provides an alternative method

of computing the stationary decision rules for an infinite horizon..

There is one possible source of instability remaining, namely the fact
that in general an enlightened dominant firm can increase its profits by
following a decision rule different from the equilibrium rule. If the dominant
firm has perfect knowledge of how its future decisions will affect the form of
the decision rules of the rival firms in earlier periods, it may realize that

‘gains can be made by following a different decision rule.

To show that the potential gains can be quite substantial, consider
the duopoly example in Section 4, the results of which are summarized in
Table 1. For the purpose of this discussion, we shall abstract from random-
ness, which does not change the stationary point other than making it deter-
ministic rather than stochastic, The equilibrium dominant firm decision rule

then turns out to be

X, = -0.0829y1t - 0.1881y2t + 0.0846 .

2t
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If this is the decision rule followed when a new firm enters what was
originally a monopoly, the present value of the profits from then on is
1,218 for the dominant firm and 0.2470 for the entering firm. Suppose
instead that the dominant firm decides to use the rule

x, = 4.5y, + 0.12y, - 0.029

2t
that is, any increases in the size of the entering firm will be met by much
larger increases in its own size., If the entering firm takes this as given
and selects the best possible decision rule, the stationary outputs will

be 0.3 and 0,005 for the dominant and entering firm, respectively, and

total present value of profits will be 1.621 and 0.017, which in the case of
the dominant firm is quite near the present value of monopoly profits., 1In
addition to showing the potential profit gains from deviating from the
equilibrium rules, the above may be a reasonably good description of what a
monopoly firm might try to do to prevent entry. Most likely the entering
firm would refuse to take this decision rule as given and instead go ahead
and increase capacity substantially, in which case the dominant-firm de~
cision rule would no longer be so profitable. This means that not only is
the closed-loop decision rule inconsistent under replanning, but it is also
highly improbable that rivals would accept it as given.

Even when the duopoly is already at the stationary point of Table 1,
there is a decision rule which, if followed by the dominant firm throughout
the future and taken as given by the other firm, would increase the present
value of the dominant firm from 0.933 to 1.23. Suppose the dominant firm

attempted to do this, After one period the industry would have moved from



2=

point Yy to ¥y, and now, forgetting about period one, a different rule
would be better from then on than the one used in period one, and similarly
for the next periods. If the dominant firm could not resist the temptation
to change the decision rule after the first period, the rival firm would
eventually predict this to happen in the future as well, and this would

affect its behavior from the very beginning.

For completeness we may point out that also the open-loop solution gives
higher profits for the dominant firm than the feedback solution, although
substantially less than the closed-loop solution, However, as noted in Sec~

tion 3, there are certain problems with it from an equilibrium point of view.16
It is interesting to note that in a deterministic model (with u = 1,
p =0, and c. = 0), the open-loop stationary point is the solution that
can be obtained from a static model with user cost of capital equal to
q(&+r) . The model in Section 2 is precisely this translation of the dynamic
model in Seccion 3 1f we let a =y - q(r + 8) . One might think, then,
that if the firms happened to start out at the stationary point, v = 0.15
and Yy = 0.3, then it would be best for them to continue at that point.
This turns out not to be the case, which again is an example of inconsistency
of the solution under replanning. In spite of the cost of adjustment, it
‘would be optimal (in the open-loop solution) for the dominant firm to reduce
the capital stock to 0.288 in the first period, and to 0,283 and 0,281
in the following two periods, with corresponding increases by its rival to
0.152, 0.154, and 0,156, for then slowly to move back toward the stationary

point. Any time the dominant firm decided to replan, a similar disruption

would be optimal from then on.
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In order for a firm to want to be dominant, it obviously has to make
higher profits than if it behaved noncoéperatively along with the others.
Given that such gains in profits are made, one might ask why the rivals
would continue to be passive rather than trying to break up the dominance
of the one firm. One possible answer is obtained by going back to the
example in Table 1. Assume that there are 4 firms in the industry, and that
the expected present value of the fifth firm is just low enough to keep it
from entering, Now, if the nondominant firms were successful in breaking
up the dominance of the dominant firm, turning the industry into a purely
noncooperative one, a new stationary point would result. At this point the
present value of a fifth firm would have increased from 0,0335 to 0.0422,
which presumably would be sufficient to make it decide to enter the industry.
In this new 5-firm indﬁstry the expected present value of each firm at fhe
stationary point would be 0.,3089, which is less than the original present
value, 0.3535, of each of the three nondominant firms when the fourth one
was still dominant and the fifth had not entered. We thus see that the
dominance of one firm may be acceptable to the other existing firms as a
barrier to entry, at least as long as the dominant firm does not attempt

to follow the closed-loop rather than the feedback rule.
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6. Concluding Comments

‘In this paper we have provided an equilibrium framework for industry

structure consistent with certain observed persistent differences in

market shares within industries, with the market share of the dominant

firm typically declining slowly over time. Some essential features of the
model are the assumption that one firm is dominant in the sense of taking

into account the rival firms' reactions to its decisions, and the assumption
-of increasing costs associated with changes in capacity, thus introducing
structural interconnections over time which make the model inherently dynamic.
The cost structure was assumed to be the same for all firms. The predictions
of this model turn out to be quite different from those of the corresponding

static model.17

Determining an appropriate equilibrium concept for a dynamic dominant-
firm model was shown to involve some rather unusual problems. An important
consideration must be the stability of the equilibrium in the sense that
there is a tendency in the economy toward this equilibrium, also when the
equilibrium is characterized by dynamic decision rules as is the case in the
present paper. We argued why our equilibria are likely to be stable in this
sense, given that there is a dominant firm. We also showed that the very
éxistence of a firm which is dominant rather than behaving noncooperatively
along with the others, may provide a barrier to entry, thus making its
dominance acceptable to the rivals., However, further research is needed on
the stability of dynamic dominant-firm equilibria and on related issues,
such és determining the conditions under which the dominance of one firm can

be expected to persist,
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Footnotes

This paragraph is based for the most part on Scherer [27] and references

cited therein, and also on Burns [37.

Exceptions among noncooperative models are Clemhout et al. [4], Prescott

[26], and Flaherty [117,

A typical example is the assumption of static expectations as in the
Cournot model. More sophisticated reaction strategies are considered
in Cyert and DeGroot [7, 8, 9], introducing learning over time, and in

Friedman [12, 137,
See Eisner and Strotz [10], Lucas [24], and others.

Flaherty [11], in a recent paper, uses cost-reducing investment to ex-
plain cost differences., She is able to show that under certain assump-
tions stable noncooperative equilibria with unequal market shares are

possible,

See for instance Bain [1] or Hall and Weiss [17].

See Kamien and Schwartz [19] and references cited therein.
See for instance Henderson and Quandt [187] or Scherer [27].

Examples of papers mainly concerned with the stability of the Cournot

solution are McManus and Quandt [25], Hahn [16], and Hadar [15].
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12,
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Telser [29)] has shown that this process will not comverge under static

expectations when n > 3 .,

This result easily follows from Graybill [14, Thm. 8.3.47.

‘The same kind of inconsistency was shown by Kydland and Prescott [23]

to exigt in a model of economic stabilization with rational expectations.

Kydland [21] has a more detailed discussion of the three solution con-
cepts. A simple illustration may be useful at this point. Assume that
the horizon consists of two periods, t-1 and t , and that firm 2

wishes to maximize
Wy 0-11, 62100, 621 T Vo (Rreo¥yy)
subject to

X1~ %161 pa10%0¢)

and
TR ST C SR FLOTO R
Taking Xy .1 as given and differentiating with respect to Xy, 3 Ve
H
get:

2t 2t 1t

0Ky OEpp My,
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15.

16.

17.
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However, taking account of the effect of Xy On firm 1's decision

in period t-1 , we get:

MWop  OWpp HKyp Wy 1 Ky rg
St + =

Xor e Mop Oy pl1 Fpe

O .

1t

Only if firm 2's decision in period t has no effect on firm 1's
decision in period t~1 will the solution implied by the first equa-

tion be optimal for the two-period horizon as a whole.

Similar processes were used in [22] to investigate stability of

a dynamic noncooperative model.
Computational details can be found in [20] and [21].
Brock [2] has studied open=-loop solutions for a wide class of models.

As was pointed out, the static model can be viewed as the stationary-

state version of the dynamic model when variational methods are used.
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