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Graphs of ﬂ(p,@a) as a function of gé, for various p's.
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2. A SOMEWHAT SPECIAL CASE

Although it is our goal to prove our claim that p* (defined by
p*¥(y) = y/2 for y > 0) is the unique efficient reward, in as general a
setting as possible, we feel that it will be helpful to present here a some-
what special (but broader than linear) case. The proof in this special case is
rather simple, but the general proof (see Section U4) parallels it quite
closely, thus we feel that an understanding of this special case will greatly
facilitate following the rather lengthy proof in the general case. None of

the results from this section except Lemma 2.2 are used in subsequent sections.

2.1 Theorem

Suppose the set ¢ of disutilities is that of the guadratics,

o = {p,: a > 0}

2 . .
where @a(y) =ay fory > 0, and P is the set of reward functions P satisfying

2.1.1 ply) is a Cl function for y > 0
2.1.2 p(0) =0
2.1.3 Given an amount of production y > 0, there is an o > 0 such
that ¥y maximizes u(y) = p(y) —@aty)with respect to y > O.
2.1.L For every o > O there is a unique maximizer]ﬂqh) of uly) = ply) - @a(y)

with respect to y > 0, and b(¢u) > 0 for o > 0.

Then p¥ is the unique efficient reward function with respect to P and ¢.

Before proving 2.1 we will compute ﬁP(¢a). This computation will be

used again in a later section.



2.2 Lemma. For any set P of rewards such that p(0) > O for all p € P,

-

% (g,) <

p @

=

o

for all o > 0. If P is defined by 2.1.1-2.1.k4, then ﬁP(mu) = H%

Proof. First, we claimthat if p(0) > 0 and if b = b&pu) is an optimal
output, i.e., b maximizes uly) = p(y) - @a(y) with respect to y > 0, then
the landlord's ggin 1is no greater than b - ab2 (a term we might call the

"total surplus"). This is because

b - abs = [b - o(b)] + [p(b) - ob"]

and the first bracketed term is the landlord's gain while the second is the
worker's utility. Utility at b must be nonnegative since u(b} > u(0) by

>
the assumption of utility maximization and u(0) = p(0) - al~ > 0. Non-

negativity of utility implies that b - ab2 >b - p(b), as claimed.

~
Simple calculus shows that the maximum of b - ab” occurs at b = 1/2a

and is 1/bka. Thus we conclude that if each p € P satisfies p(0) > O, then

o A
”P(wa) S Lo

Now suppose P is defined by 2,1.1~2.1.4. Then we claim that given

@ >0 we can, by an appropriate choice of p € F, get the worker with dis-

utility @a to produce near ;% and the gain to be arbitrariiy close to
—
1 1.2 1 o A ! o .
Ta a(§&) = I+ This will prove ﬂ?(¢a) = Lo Theg we choose is
illustrated in Figure 3 below: p itself ir 3(z) and its derivative p'

, 2
in 3(b). The function p is, for some € > 0, equal to ay + €y on the

(1 - ¢)°
] and to y - g on the interval [

20,

1l - ¢
2o

),

interval [O,

Recalling that



A A
(y) = ay® Hy) = 2
P \Y) = oy Cpu(y Oty\
p(y)—>
T ) > T T -
1-e 1 y -& 1
20, 20 20, 20,
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Figure 3
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one can easily see from Figure 3(b) that the maximum of p(y) - ay2 occurs

at b = Eéu The gain for this b is

b -p(b)=b - (b -

(1 - 8)2) _ (-

Lo
) 1 . .

and as € - v tiniz converges to Ea; All that rewains i. to show that the p

defined above and pictured in Pigure 3 satisfies conditions 2.1.1-2.1.kL.

Conditions 2.1.1-2.1.2 are clear, and using graphs like those in Figure 3

one easily checks that conditions 2,1.3-2.1.4 are satisfied (but note that

the fixed o which is used to define p here is different than the variable

o appearing in the conditions 2.1.3,4).

Proof ¢ Thecrem 2 1. TFor p¥ to be tie unique efficient » ward means,

in this case, that it is the only reward which maximizes

inf {ﬁ(p,@&)/%(¢a): o > 0}. Thus we must prove that if p € P and p satisfies

(0) inf {ﬂ(p,cpu)/ﬁ(cpa): o > 0} > inf {ﬂ(p*,cpa)/ﬁ(cpa): a > 0},

then p = p¥. By 1. and the previous lemma, (0) is equivalent to:
inf {kam(p,9 ): a > 0} i% .

Since W(D,¢a) = b(@u) - p(b(@a)), this is in turn equivalent to:

(1) halo(e,) - o(b@ ))] > —é— for all a > 0.

Thus the proof will be completed if we can show that p € P and (1) imply
p = p¥.

. - 2 . . 1

Since b(¢q) maximizes p(y) - ay” with respect to y > 0 and p is C7,

the first-order conditions hold:









Lm0
TS lim p (yn)[l i
n n

Now (3), (6), and (7) imply p(y)/y = %3 as desired.

N[

By Lemma 1.Lk , L =

2.3 Remark. Hypothesis 2.1.3 is quite strong--it is what simplifies the
proof of 2.1. See Figure 4 in Section 3 for an example where it does not
hold, even though p is Cl. The existence and unigueness of optiwmal output
b(wa)-—Q.l.h--would follow if we strengthened 2.1.2 to 0 < p(y) <y for all y:
existence is proved above in 1.10 and uniqueness could be derived from

Lemma 4.1 below.
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Then (i) b(-) is nonincreasing, (ii) b(») > 0 for all o > 0 ,

: +
({ii) b@) - 0 as & - . (iv) b@) - = as a# -0 .,

(v) (First Order Condition) If o is .gl at b(#) then_

o' (@) =2b@) .

Proof: (i) Llet o < B ; we must prove b(») = b(B) . By compati-~

bility (3.2) applied to b(B) and y =b(x) , then to b(e) and

y = b(8) , we have
p(b®)) - B BB = p(b@) - 8 b)?
(@) - a b@’ 2 p(b(®)) - o b()>
Adding these together and rearranging, we get
B b -ab@’l - Bb® -ab@lzo0 ,
which is of the form
® s’ -as’) -’ -acl)zo
whe\re s =b(@), t =b(B) . The expression (*) can be rewritten as
®-a0 -tHzao

Since B > a , this implies s 2 t , or b(¢) = b(B) , as desired.

(i1) To prove b(¥) > 0 for all & , recall our maximality

hypothesis:









4-ba

o=L+g
A
1
2&"
2
1
P=rg
1 4 y 1
3 PEYTY
h-
L
2
- 7
P=5
1 1 I 1 ;
1 2 l v
Figure 5{a): Graph of p.
y =b()
L
®
2 _ 1
b = 8a
b =1 1
T T T ¥ T >
1 o. 1 o 1 o o
TR 5 : F :

Figure 5(b): Graph of b(e).
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Graph of p'.

Figure 5(c):
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Figgre_és Xl,X2 =
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. . . s s 1 .
so p(y)/y 1is nondecreasing on intervals where it is C . But since
p 1is continuous and is C1 except on a discrete closed set (1.9b)

this implies p(y)/y 1is everywhere nondecreasing.

4.6 Lemma. % < p(y)/y <1 for all y > 0 .

Proof: We have assumed (1.9b) that O is not in X , the discrete
closed set where p 1is not C1 . Thus p is C1 in a one-sided
neighborhood of 0 in 'R+ , and, using the assumption (i.9a with y=0)

that p(0) = 0 , we have

X . ) . 1
(1) Lim 29 - 1im p'(y) =0'(0) .

Since p 1is Cl in such a one-sided neighborhood and b)) - 0 as

@ - by 4,1iii, for & sufficiently large p 1is C1 at b(a)

Thus by 4.3
(ii) % s p'(b@))[l - p(b(@))/b(@)] for o sufficiently large.

We can take the limit as e~ in (ii) and apply (i) to get

250 O - 5" (0]

Now 1.4 implies p'(0) = % . Since by Lemma 4.5 p(y)/y 1is non-

decreasing, this and (i) imply 1/2 < p(y)/y for all vy .
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5.4 TLemma. For each £ such that [Cg’dQ] is nonempty,

2 2
(5.4%) ple,) - By, =p@) - BldzA and

(5.4%%)  p(e,”) = plc,) and

+
(5.4%k%) p(d,") = p(d,)

Proof: We denote 8 d by- 8, ¢, d respectively for this

L 1 s

proof. Choose sequences Yo 6n with Yo ‘B, ém t B . Since

, C
c =b(e"), d =b(8”) it follows that
b(y) tc and b(6) ¢ d
From the compatibility of b (3.2), applied to b(y,) and b(8 )
1) p(d(5)) - v b6 )1° € p(b(v.)) - ¥ [b(y )]
1) p(b(E ASLICH p(bly A LIC
(1) p(8)) - 5 [b(6)1% = p(b(y)) - 6 [bey )1
P m m m o Yn m Yn ¢
Taking the limit as n - in (i), and as m - » in (ii), we get
1) p(d(8)) - B,[b(8 1% < p(c7) - B
( p o s o o} c

1 p@h - a2 opev ) - BIby 1









Proof: If b(w) ¢ (cz,dz) for all ¢ we're done by 5.5.2. So

suppose ¢, < b(») < dz . Then & = Ez , SO we must prove

U(b(Bﬂ)) = p(b(Bz)) . Let ém be a sequence with 6m t Bz , SO

b(ém) i d By compatibility (3.2) applied to b(ém) and y = b(BL) ,

P
b(s ) - 6 _[b(5)1° = o(b 5 b3 )12
JCICH 217 2 0B - 8 bBHIT .
Now take the limit as m — « and use p(d£+) = D(dl) from (5.4%%%) to get:

2 2
(1) 0(d,) -8,d" 2 0(b@®,)) - 8,[bB,]

But by compatibility applied to b(Bz) and y = dz , S holds in (i),

so

. 2 2
(i) o(d,) -8,d,° =p(®@®)) -8,bB)I" .

Now notice that by the definition of ¢ , for cl <y <4

2
(111) o(y) - B,y =0() -8, ° .

Finally, put y = b(Bz) in (iii) and apply it to (ii) to get
cb®)) - 8, 5B,)1% = od(8,)) - B [b@, )1
j/ 2 y L [ JA
Now cancel -Bz[b(sz)]2 to complete the proof.

5.7 Proposition: The optimal selection b(-) which is compétible with

o is also compatible with ¢ .
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The technical difficulties arise when the endpoints {cz,dzz L =1,2,...}
which give nonempty intervals, have a cluster point., If we could assume
this set of endpoints was a set of isolated points things would be much
easier, but that is an unjustifiable assumption. Thus we need to prove.
two messy lemmas, which will be used in the proof of Theorem 5.13.

5.11 ILemma: Suppose op is C1 at v >0, p(v) =ao(y) , and

y ¢ (cz,dz] for all 4 . Then o!(y) =p0'(y) . 1f p is C at

y2 0 and y ¢ [cp,dﬂ) for all g , then U;(Y) =o' (y)

Proof: We will prove only the first statement of the lemma; the proof of

the second is similar. Assume p is o oat y > 0, oly) = ply) and y & (CZ’d ]

R
for all L.
Define D(t) = 2&2%_5_3122 . Let e >0 . To prove c'(y) =

p'(y) we must Tind § > 0 such that
(* 0<y-2z<§& implies |D(z) - o' (M| <

Our & will have to satisfy four conditions; after each condition

we indicate why it is satisfied for all sufficiently small & .

(1) 0<y-=-b@ <& implies [D®@) - '] <% : Use
p(b(@)) =co(b(@)) for all o and the fact that p is differentiable

at y .
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Since ¢ 1is continuous, D 1is continuous. Thus the supremum in (%)

is attained at some point in [e,d] , say at zy -

Case I: z0 =¢ . Since y - 86 < ¢ we can choose a sequence

{b@wn)} with y - 6 < bﬂwﬁ) < ¢ for all n and boun) - ¢ . By (1),
|D(bﬂqn)) - p'(y)l < % so taking the limit on n we see
[D(e) - o' (v)] s%< e , and (*) holds.

Case II: z, =d . Since d <y we can find a sequence {b@ym)}

0
with d < bG&m) <y and bOxm) -+ d . Now argue as in Case I.

Case IIT: zo € (c,d) . Since ¢ 1is equal to the differentiable
function (Bz2 + constant) for z ¢ (¢,d) and |D(zo) - p'(y)l >0,

|p(z) - p'(y)| is differentiable at and since it has a local

Z0 N
maximum at z its derivative at z, is 0 . This implies D'(zo) =0 .
A computation using the definition of D and o(z) = 522 + constant
implies D(zo) = ZBz0 . (More simpiy, one can argue that at a critical
pbint z, of the difference‘quotient D , the line through (yv,0(y))

and (zo,c(zo)) must be tangent to ¢ at z, and therefore has slope =

0
c'(zo) = 2520 and this slope is clearly also equal to D(zy)) . So it

remains to prove IZBzo - p'(y)l < & ., By the triangle inequality,
v1) |28z, - o' (| = |28z, - 28b8)| + [28b(8) - o' ()]

Recall that b(B) e [c,d] , so [c,d] & (y - 8,y) implies

Ib(S) - y| < § . We also have |z0 - yl < 6 , so (ii) implies

(vi1) [28z; - 28b®)| = 28|z, - b®) | < 28(zp) =3



By (iii) gbove, p is C' at b(8) , so by &.1v, p' (b(8)) = 28b(8)

Hence, using (iv) and the fact that 0 <y - b(B) < § we get
wit) |285®) - o' = [0'®BE) - o' <5 -
Combining (vi), (vii) and (viii) yields

282, - o' ()] <5+ 5 -
This completes the proof of the lemma.

5.12 lemma. Suppose p is C1 at y >0 and y ¢ (c[,dl) for all

£ . Then ¢ 1is differentiable at y and o'(y) =p'(y)

Proof: If y ¢ [cz,dz] for all 4 then lemma 5.11 implies

GL(Y) =c'(y) =p'(y) , so o'(y) exists and equals po'(y) . Thus

we can restrict ourselves to the cases y = cz and y =d We will

z .

consider only the case y =c, . From lemma 5.11 we know c:(cz)

2
exists and equals p'(cl) , So we need only prove c;(cz) = p'(cz)
Let ﬁyn} be a sequence with v | Bz » then by ) t ¢, since

+
cz = b(az) . Since p 1is piecewise C1 we can assume 0 1is C1 at
b(qn) for all n , then by the first order condition 4.1lv,

o' (b)) = 2 b))
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6. MORE GENERAL DISUTILITIES

In this and the next section we revert to the less cumbersome notation
of Section 1, making the assumption that, for each p € P and ¢ € ¢, the
indirect utility uly) = p(y) - @(y) has a unique global maximizer b(p,P)
with respect to y > 0. Thus, for example, we will use W(p,¢a) in place
of the m(p,b(*),a) of Sections 3-5. This assumption, uniqueness of optimal
output, is made only to simplify proofs. It is not essential in the results

of Sections 6 and 7. We borrow one notation from Section 3 which will also

simplify matters: the efficiency ratio is denoted eP(p,m):

(6-1) eP(Oa(p) =

We may drop the P and write e(p,p) if P is clear from the context.

In this section we will always assume of the set of disutilities &
that each ¢ € ¢ satisfies@ (0) = 0. This can be done without loss of
generality since it merely changes the scale of the utility function u.

The next proposition relies mainly on an "inheritance" property of

undominatedness. Undominsated is defined in Section 1.

6.1 Proposition. Let P = the permissible (see 1.9) rewards and assume

0] gontains the set of guadratics {wu: o > 0}. Then p*¥ is undominated

(see 1.12) with respect to ¢, P, and the paycff function €p-

Proof. Suppose, on the contrary, that p dominates p¥ for some

permissible p. Then, since ¢ contains {@u: a > 0}, we have in particular
e(p*.p, ) < e(o,cpa) for all a > O,

which implies









VoA

Figure 7
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Proof. If e(p*,p) = % for all ¢ € & , then since e(p*,p) = %

for o > O

infl{e(p*,p): @ € 8} = %

Now suppose 0 1is permissible and efficient, so in particular

infle(p,®): @ € 8} 2 infle(p*,®): © e 8} =% .

Since § = {¢(x: @ > 0} , this implies

N[

inf{e(p,cpa): a > 0} > 5 = inf {e(p¥,q,) 1o > O}.

This says p is efficient with respect to {o ol @ o} .
Now Theorem 5.1 implies o0 = p* . Thus p* is the unique

- efficient reward function with respect to & .

6.5 Which disutilities satisfy e (p*,0) 2 %, P = permissible rewards?

The examples § in the proof of proposition 6.3 can be altered

slightly to show that even if we assumed that ¢'(0) = 0 and that
A o' and ¢'" are all positive on (0,®) , it would not follow that

eP(o*,¢) 2 % . But if we assume in addition that the third derivative @'"

is nonnegative then we obtain e(p*,p) =2 # ., We outline a proof of

<
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Noticing the areas marked A and B in Figure 8, we see

~ ~

Jyoz(l-a'(t))dt - le(l—cp'(t))dt =A-B,

so we need only show A 2 B , But this is clear since the two
triangles, one formed by a' and the dotted line and w = 1 , the
other by a' and the dotted line and w = 0 , are of equal area
and one contains B , the other is contained in A . We have

sketched a proof of:

6.6 Proposition: If ¢ is a disutility function satisfying

9'(0) = 0 and @', ¢" positive on (0,®) and ©'" nonnegative

on (0,®) then ep(p*,m) 2 % , where P = permissible rewards.

Combining this with 6.4 we obtain:

6.7 Theorem. If 3 is a set of disutilities containing

e o> 0} and each @ € § satisfies ®©'(0) =0 and ©',

@'" are positive on the interval (0,®) and ©'"2>2 0 on

(0,®) , then p* is the unique permissible efficient

reward function with respect to & and P = permissible rewards.







_ 1
b(p’@a) " (ba - 268)

From this, 1t follows that

Lo, - 36

(iii) ﬂ(p,@a) m P
2(ho - 2

blp.p,) - o(b(p,¢&>) =

Recall from Lemma 1.3 that

1
: * A
(iv) m(p ,q&) 8, for all a > 0.

Now (i) follows from (iii) and (iv) since

ha - 38 1

2.~-1
- 2L = (Balba - 28)2) M [48(a - 8)]
2(ka - 28)% O

is positive for § < a.
The proof of the following proposition is tedious but straightforward,

so we omit it.

7.2 Proposition. If ® is given by

<I>={c1>OL(;>r):o<oc<1é—(S

and P is_the permissible reward functions, then the reward p given by

0 for 0 <y < 28

ply) =
%-- § for 26 < y

dominates p* for the payoff function T and for the payoff ep-

In the third case of this section, the disutility term is assumed to

have the special form ¢(y) = ayB, o >0, B>1. Now the situation where

.1..

B z_2 and B--like g--is assumed to be unknown to the landlord, is covered

Professor P. N. Bardhan pointed out to us that this is a more appropriate
assumption for modeling sharecropping.
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