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2. A general limited dependent variable model and two stage

estimation procedures.

The model we consider has the following specification.

regime 1: Y, = X8 teq, 1ff 2y 2 ¢,

. - Y
regime 2: Yzt x2t32 + € 1ff Zt < Ft

That is, given exogeneous variables X and Zt, the observed

1e’ %2e
sample Yt is generated from the first regime if the condition

ZtY g,et is satisfied; otherﬁise it is generated from the second
equation., We assume €1e’ S2¢ and €, are trivariately normally
distributed with zero mean and a common non-singular covariance
matrix for each observation. We also assume var(st) = l.* Finally,
we assume the sample observations belonging‘to different regimes

can be distinguished. That is, we assume sample separation is avail-~

able. Furthermore, only contemporaneous correlation between the dis-

turbances 1is allowed. T ¢ S

As contrast with the model of Goldfeld, Kelejian and Quandt [9]

which assumes independence between €, and ¢ and without

1e’  S2¢
sample separation, the disturbances in our model are allowed to be
correlated. In fact, this interdependence and sample separation
are the main features of our model. -

With sample separation available, we know which regime each

observation belongs to. If ¢ 1s correlated with € e and ¢

t 2t °

a least squares procedure will give biased and inconsistent estimates.

This can be easily shown since E(eltlzty ;=et) # 0 and (or)

*
In general, the variance of ¢ can be any constant. However
in this case, Y can only be estimated up to a positive proportion,
var(et) = 1 is used as a normalization rule.






-5
is in fact the following probit model.

* = -
It th et

vith I =1 <==>T%* 2> 0; It'= 0 otherwise. Thus we have

It = F(ZtY)+Ut where F is cumulative distribution of the standard

normal variate ec .

Let I be the covariance matrix of disturbances €0 €2t and

€ and denote

t .
r0'2 g il
1 12 %1¢
2
L 921 9 92¢
ct-:l 052 1
As shown in Appendix 1, it follows that
E(Ic,) =0, (-F(Z,7)) ,
E((l—It)ezt) = czef(zty)
and E(Le)? = ?F@Z y) - 0. 2(Z.Y)F(ZY)
tt 1l t le t t

E((-1 e, )7 = 05 (-FE,¥) + 05, (2.1)F (2,7)

where ¥ and F are standard normal density function and distribution

function respectively. It then follows that



e -

-f-
=1) = -0, #(Z Y)/F(Z.Y)
Blege|Ip = 0) = 0, # (2, 1)/(-FZ,x))

2II =1) =o°

and E(e . 1

- 0,22 NF @ IFEY)

B

E(e,2|T, = 0) = o5 + 0,2 (2,0F(2,1)/ 1-F(Z,1)).

Hence E(YtIIt =1) = X,8 -0 FEY/FEY)

E(YtIIt =0) = X, 8, + 0, (2 Y)/QA-F(Z)).

But instead of linear eqnations, we have two nonlinear .equations

after the nonzero means have been édjusted.

Yt = X8 - olef(ZtY)/F(ZtY) +n,

Yt - X, 8, + 02€£(zty)/(1-F(ztv)) +n,,

© with E("ItIIc = 1) =0 and E(nZtIIt = 0) .

With these equations, the two stage estimation procedure can
be applied. 1In the first stage, we estimatelthe Probit model
It = F(ch) + Ut

to get consistent estimates § of Y . In the second stage, we

can substitute ¥y into the two nonlinear equations.

Y. = X8 °_°ls;(zt7)/F(th) MRUTS

Yy, = Xy 8,40, (2 )/ U-F@EZ1)) + 1

2t 2t 2 2t°
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With sample observations from the first regime, we can estimate

B, and ¢ by ordinary least squares. Similarly, we can

1 le
estimate B, and °2e with sample observations from the second

2
regime. The resultant estimates are consistent. The rigorous
proofs are in Appendix 2. S -
The two stage estimates can be shown to be asymptotically
normal. However, its asymptotical variances are relatively com-
plicated. To improve efficiency maximum likelihood procedures

can be used. Since maximum likelihood procedures require initial

estimates for all its parameﬁers, the variances and covariances

have to be estimated. The estimation of ci, olz ’ U§ and
0252 can be done by using second moments of the estimated residuals.

For the observations cor:esponding to first regime, let

~ ~

€1¢ ™ Yo T X1eBy

-~

and for the second regime, €op = Yt - X2t82 .
Since

E( I =1)=9¢

2
Iz,

€1 - o 22 e NIFET)

NN N

+ a0, e e/ a-Fe ),

. 2 iy
and E(s2t IIt ) =c¢

we can use these relationships to estimate the parameters. More

formally,

~

2 2 2 - - ~
€¢ =% " 93¢ CFE/FEY) +n€1t

-~

¢ = °

3+ 9, ENFE I/ A-FZ ) + g,
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and hence ai, olez’ cg can be estimated by OLS. Since estimates
of %9e andv 028' are obtained when we estimate Bl and 82 , one

can simplify the procedure and estimate ci and cg only. In this

case,

Ty . 2

2 1 I
t=1""1¢t

G, =1L

A 2 PS ~ "
1T +0, @ XYFE/FE ).

-2 1 T2(~ 2

9 = T, Tea1(g

A 2 - ~ ~
; -9, (ztv)f(ztv)/(l—F(th))

where T, and T, are the corresponding number of observed samples

1 2
in regime 1 and 2 respectively. All these estimates are shown to be

consistent -in the Appendix.
Following this procedure, allithe parameters can be estimated’

consistently except o o cannot be estimated in this general

12 ° 12
model because it is not identifiable. The sample observations cannot

reflect the correlation between Ylt and th explicitly. This

fact is brought out in the likelihood function shown below. 92 does

not appear anywhere in the likelihood function which is given by

2 2
L(B12857507:05s 0330, [¥s X)0%;02)
Zty It - 1-It
= g [f_w g(¥), = X8 g )de ] [fthi(YZt BRI Et)detJ

whefe g and ¥ are the bivariate normal density functions of

e’ ¢ respectively. For more specific models

may be identifiable. One example of this is the dis-

€ € and €y

1’ "¢t

though, 012

equilibrium model presented in the next section. There €, is an

explicit function of €1¢ and €re and 92 is identifiable.


















4., Maximum Likelihood Estimation

With estimates from the two stage procedures, we can use them
as initial estimates for the maximum likelihood procedure. The
maximum likelihood estimates in this model can easily be shdwn to
be consistent and asymptotically efficient following Amemiya's
proof [1]. Let :‘1 and iz be the jointly normal distributions
of (el,e) and (ez, €) respectively. Dropping the t subscripts

on Y, X X Z and I, the likelihood function for this model

1’ 72

is
2 2
L(Bl’52!Y)°1’cz’ale’azs)
Zy

-1 [/ 4 0 - X8, eyaelt [ £, (1-X,8,, e)de]t T
t=] -= 1 Zy

T Zy
I = 1-1
tfl [{Qfl(sIY-Xlsl)sl(Y-Xlsl)ds] [éYfz(eIY-XZBZ)zz(Y-XZBZ)ds]

T v -
I 1~
:':21 v #, (e|¥-%,8,)8, (Y-X;8,)de] [fzyfz(e]Y—XZBZ)gZ(Y-XZBZ)ds]

I

T ZY @ .
N gy (-2, £, (e|¥-x 8 ))de] (8, (¥-X,8,)/ #,(e|v-x,8,)de] T
t= -0 Z‘Y

1 _1 _ 2

e (- —7 (%8}

1
g, (¥-X,8,) =
2 Xzz "i;az 202

1 1 2
exp{ - —=—— [e-p, —(¥-X.B,)]°}
27 /1-9313e 2(1-p§€) fleo "0 0

¥ (e IY-xlsl) =

| 1 2
exp (- —=g—lewp, = (TX8,)1%)
2

‘ 1
and £,(e|Y-x,8,) = =
2 272" mo "1°"25 2(1-03)
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GM' is consistent, asymptoticglly efficient and asymptotically
normal. The proof of this is similar to the proof found in Amemiya
[1]. The estimated standard errors of the maximum likelihood

estimates are the square roots of the diagonal elements of

-t 2%4nL(8) !
36 20°

Bence, statistical tests of significance can be easily performed.
The expressions for these second derivatives are relatively

complicated but they can be derived straightforwardly from the

first derivatives. The fir;t derivatives for this likelihood

function are shown below.

T (Y-Xlﬁl) . ¢(ul)ple 1'

.g_;-_’i - If X"+ ]
1 =1 of o /10 F(u,)
o 1 le 1
— = I (1-I)[—""X. - ]
By =1 o2 1 2
]
¥y "L I1—- (-1 f— }
t=1 2 2
/i—ple F(uz) 1--p2e (l-F(uz))
30, T L T (X)) vy = ]
1 t=1 o 9 alfi-ple F(ul)



T | p, 8 (u,) (¥-X,8,)
R e L
o, t=l 2 2 °,22 ﬁ_pze (l'F(UZ))

2 Y.x].sl |

aL*_ ZT . $uy ) (pq My = Y10y ( ——aI-—))

2
¥1e  t=1 F(uy) (1=, )

Y-X,8
oo 2 2°2
0 (uy) (V1-p,  (—5 )= 0y 1)

(1-F(ny)) (19, %)

aL* T (1-1)
ap
2¢ t-1

vhere ¢ and F are the standard normal density and distribution

functions respectively.
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6. Empirical Results and Tests for Simultaneity

In Tables 1 and 2 we present the probit and two step maximum
likelihood (2SML) estimates of the decision function respectively.
Both estimation procedures yield similar results, but the 2SML
estimates have slightly smaller standard errors for all the esti-
mated parameters. Both age dummies are significant and indicate
that families with a head over 64 are the most likely to own their
own home and as expected, families headed by an individual under
36 are the least likely to own. The coefficient for the Black
dummy (1 for black) is highly significant and négativet indicating
that Blacks are more likely to be renters than owners. This could
be due to either price discrimination or merely a stronger prefer-
ence for renting ;mong Biacks. Similarly, the negative sign for
the female dummy indicates either market discrimination or a stronger
preference for renting among females. The negative coefficient
for the mover variable suggests that‘transaction costs of buying
and selling a house effectively raise the price of a home for the
family that freqﬁently moves, These families are therefore more
likely to rent. The next two variables, city size and distance
from the center of the city, were included to capture supply and
demand differences in different locations not captured by the price

variables. The coefficients indicate that in rural areas the family

*In the Panel these two variables were coded in groups.  For
example city size was classified as being in one of six groups:
greater than 500,000; 100,000 to 499,999, etc. To make the variable
continuous a real number, the midpoint when appropriate, was used
for each group. That is, for the two above examples the family
was assigned a value of 1,000,000 or 300,000 respectively.






-25=-

TABLE 1: Probit Estimates of the Decision Function

-

VARIABLES ESTIMATES STANDARD ERROR

Constant -3.26292 0.47282
Age < 35 dummy ~1.17045 0.10754
36 < age < 64 -0.63406 0.09768
black dummy -0.30715 0.07134
female dummy -0.32102 0.06729
mover dummy -0.94359 0.07093
Ln (city size) -0.14969 0.01763
¢n (distance from center

of city) 0.12779 0.02721
in (family size) 0.13434 0.04929
2n (relative permanent income) 0.68437

0.05168

TABLE 2: Two Steps Maximum Likelihood Estimates of the Decision Function

VARIABLES ESTIMATES STANDARD ERROR

Constant -3.24123 0.47183
age < 35 dummy -1.16230 0.10681
36 < age < 64 dummy -0.63151 0.09711
black dummy -0.30971 0.07076
female dummy -0.31895 0.06685
mover dummy ~0.94527 0.07053
2n (city size) -0.14991 0.01755
2n (distance from center ' :

of city) 0.12864 0.02700
fn (family size) 0.13381 0.04904
n (relative permanent income) 0.68159 -0.05155
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TABLE 3: Housing Expenditure Equation of the Owners

(*)°

VARIABLES

CONSISTENT ESTIMATES
BY TWO STAGE METHOD

TWO STEPS

MAXIMUM LIKELIHOOD ESTIMATES

1in (family size)

Constant

age < 35

36 < age £ 64
black

female

mover ‘
tn (city size)”

fn (distance from center of city)

fn (relative price of housing)

&n (real permanent income)

1.71337
-0.09893

-0.13742

~0.2446
0.10597
-0.04407
0.06592
-0.01036
0.03032
~-2.644
0.55365

1.53854
-0.20352
-0.19019
-0.29840

0.06638
-0.16199

0.04237
-0.02542

0.0456
-2.58558

0.60678

" (0.19282)

(0.04034)
(0.03331)
(0.03215)
(0.03109)
(0.03608)
(0.00671)
(0.01140)
(0.02268)
(1.07473)
(0.02008)

o

1 ‘(standard error of disturbances in expenditure equation, max. likelihood estimate ) = 0.43934

ale (correlation coefficient of disturbances between expenditures equation and decision function,

max. likelihood estimate ) = - 0.21629

(*) The numbers in brackets are standard errors.
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TABLE 4: Housing Expenditure Equation of the Renters

(*)

e s
One 1.77068 1.96969 (0.23043)
Age < 35 -0.18588 -0.18420 (0.05722)
36 < age £ 64 -0.12270 -0.12180 (0.05571)
black -0.19740 -0.19897 (0.03119)
female 0.11713 0.11444 (0.02818)
mover 0.13769 0.13453 (0.02782)
tn (city size) 0.06946 0.06145 (0.00854)
#n (distance from center of city) 0.00716 -0.02581 (0.012221)
n (family size) 0.08324 0.08666 . (0.02035)
in (relative price of housing) -1.81520 -2.11270 (1.37482)
fn (real permanent income) 0.50298 0.50046 (0.02324)

82 (maximum likelihood estimate) = 0.4307

525 (correlation coefficient of the digturbances between expenditure equation and decision function,

maximum likelihood estimate ) = -0.00473

(*) The numbers in brackets are standard erro

rs.
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TABLE 5: Housing Expenditure Equation of the Owners

0.L.S.
VARIABLES ESTIMATES STANDARD ERROR

constant 1.49477
age < 35 =0.15345 0.0413
36 < age X 64 -0.16520 0.03359
black -0.26055 0.05709
female 0.08828 0.03129
mover -0.09916 0.03732
fn (city size) 4 0.05922 0.00572
¢n (distance from center of city) ~0.00563 0.03646
2n (family size) 0.03752 0.02284
fn (relative price of housing) -2.62209 1.085
n (real permanent income) 0.58399 0.02079
Estimated standard error of distances o, = 0.44996

R2 = 0.5188

1

TABLE 6: Housing Expenditure Equation of the Renters

0.L.S.
VARIABLES ESTIMATES STANDARD ERROR

constant 1.77267
age < 35 -0.18423 0.05846
36 < age £ 64 -0.12172 0.05634
black -0.19701 0.0465
female 0.11751 0.02836
mover 0.13878 0.02877
n (city size) 0.06964 0.00778
fn (distance from center of city) 0.00698 0.02998
n (family size) 0.08309 0.0205
fn (relative price of housing) -1.81576 1.36963
2n (real permanent income) 0.50212 0.02368
Estimated standard error of disturbance &, = 0.4348  R® = 0.45078

2
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Appendix 2: Consistency of the Two Stage Estimator

In this appendix, we would like to prove under certain conditioms,
the two stage estimators are consistent.
Consider the general nonlinear equation

Yt = f(Xt,Bo)m + €,

where Xt are given ~exogeneous variables, e, are serially independent

and have zero mean.

§: XxH-— RF

wvhere H denotes the parameter space of B8 and X g R" . Also
§(Xt,8) = (fl(xt,B),---,ik(Xt,B))-

Let ET be a consistent estimator of Bo' The two stage estimator is

defined as
i < ~ -r p > 1-1
£ (XpaBr) oo A (KB [F) (RpLB0) e f (X ,8,)
ap = ( )
Fi(RyaBy)e oo A RpiBr) | [ (RpaBp) oo ) (RpaBp)

-

¥ 2 1
£1(R)80) o fy (%118,

]

<
[

o
(.

£ KB e (B L
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Proposition 1. In the above nonlinear regression equation, the two

stage estimator ET is strongly consistent if the following conditions

are satisfied:

1. fet} i1s independent for different ¢t with zero mean and
its first four moments are uniformly bounded.

2). ;(xt,e) is continuous on X x H where H is compact and
Bo is an interior point in H .

3). {Xt} 1s bounded, and the empirical distribution G_
defined by Gn(X) = j/n , where 3j 1is the number of points
X1s X9y ceey X less than or equal to x, coaverges to a

distribution function.

4)
t=1 l(x ’B ) es s 0 ss 0000 ztglfl(x B )f (x ,B )
lim-% : :
T T
t‘l k(x ’B ); (X ’B )""ztgl k (x ’B )

1s positive definite.

5) ET is a strOngiy consistent estimator of Bo

Proof: The proof of this proposition is based on the theorems by

Jennrich [12] and Amemiya [1].

T

- -1
t=l;l (xt’BT)

> 2T 4 RpBf () |

T T
Eemrfic %, By (KB e en D £ 2R LB
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T - T -
£t_1£l(xt,BT)fl(Xc,Bo)....Etglil(xt,BT)fk(Xt,Bo)
( T .. 7 . a +
z:al"k(xt’BT)’cl (Xt,Bo) cee 'zt=1fk (Xt, BT)’ck (X: ,Bo)
T ~ -
zt’l;l(xt’BT)st
. )
r T £, (X_,B.)¢€ .
t=1"k "t Tt ,
By lemma 1 in Amemiya, ¥ 1, J =1, ..., k
1 T ' 1 T
= I £ (X ,B)f. (X ,B) converges to lim = I #, (X ,B)¥,(X ,B)
T =1 17t it T T =1 1Yt it
uniformly far 8 in H . Thus by lemma 4,
l-.zT-4 (X.,8.)%.(X ,B.) converges to 1lim % ZT; (X_,8 )¥.(X_,B.) a.e
T =1 iVe?TT i e T T T el 1Vt e e o

Also by lemma 1, we have

|-

1 T
(X:,B) converges to lim T z ;i(xt’C){j(xt’B)

T
T, (X ,0)F
17t Tom T =]

t=1 3

uniformly for g, B 1in H x H and hence

1 T - 1 T
T Ji(Xt,BT)fj(Xt,Bo? converges to lim = I )

£, (X _,B)f
=1 T 1i*t’ o

j(Xt,Bo)-

T-)-O t=

' FS 1 T nd
It follows 1lim a, *a+ lim= [ L - # (X ,B.)e
o o1 rm T | o=l 71 e Pt

T -
Zemrf 1 KpoBple,



-39-

Since '% ZTii(xt,;)ii(Xt.B) converges to lim I Tfi(xt,c)fj(xt,s)
t=] ' T+ t=1

T
uniformly for %, 8 in H x H, by lemma 2 in Amemiya, %‘ z £1(Xt,C)€t
t=1

converges to 0 a.e. uniformly for all § in H. It follows again

by lemma 4 that

1. T Y
TZFlJi(Xt,BT)et converges to 0 a.e.
Hence we can conclude that lim<;T =qa a.e. Q.E.D.
T

In the two stage estimation procedure, we also estimate, the
variance parameters by using the estimated residuals. To show its
consistency, let us write them down in a more general model.’

Consider the regression equations
- +
Yt ;(Xt’ao)mo ¢
€ 2. g(X_,a ,8J)y+ U
t t” o’ o t

where €,» u, are serially independent and have zero means. The

-t
e, Bo’ Y are the true parameter of the model in the parameter space
Hl, Hz and H3 which are subsets of Rk, Rz, RM respectively.

Let JT’ §T be the estimates of @, and Bo. The two stage

estimator of vy 1is defined as
r - : ~ - -1
81(X1’.CT:BT) ¢ s s 'gm(xl’CT’BT)

gl(xl’ch’BT) PEPRRS- N (xr’?T’BT)

. ).

gm(xl’aT’BT)"'"'gm(xT’GT’ST) L‘gl(xf’aT’BT)"""gm(xf’aT’BT?d

d -

e




-

~40~

-
- -t

- - - - 8 . -
8y (X S sBr) e ve o8y (Bpdnafp) | | (1 #2800 )
8, (% oo Bp) e g (Kb B) | | Cipef (R B N

bwe el ad -

9o simplify the notations, let

81(x1pT,BT) e -Sm(xlsaT,BT)
Gy = - :
g (KpaegaBr)eeee o ogy (Xpsa,,8,)

o = - -
and GT’ GT denote GT evaluated at Gxo,Bo) and @:T,BT) respectively.

Proposition 2. In the above nonlinear regression system, the two stage

estimator ?T 1s strongly consistent if the following conditions are

gatisfied:
1). Tet} and {Ut} are independent for different t, =zero
means and th‘e‘ir four mements are uniformly bounded.
2). ;(x#,e) and‘“é(xt,a,s) are continuous on X x Hl b4 H2
where Hl, Hz are compact subsets and G:O,BO) is an
_ interior point in Hl X Hz .
3).. {Xt} is bounded and the empirical distribution Gn(x)

converges to a distribution.

4). 1lim -% G;'G; exists and it is a positive definite matrix.
T
5). ;T’ ET are strong consistent estimators of do and Bo .

Proof: The proof is similar to the proof in proposition 2. It is

enough to note in this case,
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Az
U - £, -
oz az -1z g O 4 (5 va y-lz o |o1 - 1. 17
Yp = (Gp'Gp) "G Gy (Gp'Cp) "Gy : + (G 6p) TG 2
' T T

~

2 2
where €& = (Yt - J(Xc,BT) aT) . Also we have

-2 2 i . "2 2
_ )-1~ el - € (- )_1.‘ (:‘(XI,BT)QT) - (;(xl’so)ao)
Gap™ey |, 1, | G AT
2. .2 TT 2 2
ET - ET (;(KI’BT):T) - (*(X’l"so)ao)
[ (X),8 ), = #(X;»B10e 1 )F (X8 )a
- '. “1' :
+ 2(GT GT) GT E
(F(XpB,)a= (X808 )F (X ,B k-
(f(xl’BO)a- ;(}&’BT’&T))EI
P :
+2(8,'G) G, : ]
_(:‘(XT,BO)GO - :F(XI,BT):T)eT | Q.E.D.

Since the two stage estimators are derived under the normality
disturbances and under the assumption that all the parameters lie in
a compact space, the first four moments of €, and Ut are always

uniformly bounded.
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