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2. Binary Choice Model with Limited Dependent Variables. 

In many binary choices, possible outcomes will influence 

decisions which are realized as the choices are made. So those 

outcomes are not exogeneous but are endogeneously determined. 

While there are several possible specifications (see Westin [28], 

Maddala and Nelson [22]) available, we are interested in the following 

model. 

In this model, the error terms are serially independent, normally 

distributed with zero mean and covariance matrix E , 

2 
£It °1 °12 ° liT 

E - cov £2t - °21 
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Also we assume that the binary outcome can be observed, i.e. sample 

separation is available. But the endogeneous variables Y
t 

will 

1 be observed only if the choice is made. 

Since the endogeneous variables Ylt and Y2t are involved 

in the decision process and are outcomes of the final choice, observed 

values of Ylt and Y2t are limited dependent. The limited dependent 

notion is similar to Tobin [27]. Given the exogeneous variables X
t

, 

the population distributions of Yit (i· 1, 2) are normally distri­

buted, but the observable distribution is truncated. 

.. 
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Denote and 

From this probit model, Cl and C2 are identifiable and since 

we can investigate identif~cation 

of the parameters 

also identifiable, 

L r;l r;2 
0*' a* and o~ under these equations; 

and 

• 

From these relations, the parameters r;l/o*, r;2/0*, Y/o* are 

identifiable if and only if [all' 621 ] has full column rank, 1.e., 

rank equals 2. A necessary condition is that at least two exogeneous 

variables which appear in the Xlt or X2t are excluded from 

Zt. These conditions are thus similar to the rank condition and 

order condition for usual simultaneous equations models. 

Finally it remains to consider identification of parameters 

2 in the residuals. From the reduced form the parameters 01 - var(£lt)' 

and O2£ • cov(£2t£ot) are 
o 

identifiable. However, as pOinted out in Lee and Trost [18], 
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With all the parameters consistently estimated, asymptotically 

efficient estimates can be derived with two step maximum likelihood 

procedures and their asymptotic variances can e.asily be derived. 

The likelihood function for this model is 

where fl and f2 are the jointly normal den~ity functions for 

and tIt' tot 

function is 

'1' 
R.nL = t 

tel 

+ 

where 

with 

respectively. The logarithmic likelihood 

1 (Ylt-ZtSlO-WtSll) 
{It [R.n - ~ + R.n ~ (nIt)] 

°1 °1 

Y -Z S -w S 
(I-It) [R.n ~ ~(2t t 20 t 21) + in ~ (n2t)]} 

°2 °2 

the correlation coefficients of 

£2t. eot respectively and ~ and ~ are standard normal density. 

and distribution functions. 
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Lemma 3: Let ;:T(01 ,92) be a sequence 

a compact set 

estimator of ° 
0 

2 

Proof: V e: > 0, 

HI x H2 . Suppose 

which is an interior 

there exists T > 0 o 

of continuous function on 

A 

0
2T is a strongly consistent 

point in H2 . fT converges 

such that 

for all T ~ T and 
o 

. 
As a uniform limit function of a sequence of functions, f is 

continuous. Since HI x H2 is compact, f is also uniformly 

continuous. Thus there exists Tl > 0 such that 

It follows then V T > T 
• 0 

Q.E.D. 
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A 

By lemma 3, it follows LT*(w,~,aT) converges to ~(~,aO) uniformly 

on HI' This theorem will follow from lemma 1 if ~(~,aO) has a 

unique maximum at ~o€Hl' So it remains to prove that ~(~,aO) 

has a unique maximum at ~o. It is known that a probit likelihood 

function is concave on the parameter space (see Haberman [10]). Hence, 

LT*(~~,aT) is concave on HI' As a limit function of LT~(w,~,aT) , 

~(~,aO) must be concave. Since ~o is an interior point in HI' 

~(~,aO) must be strictly concave if ~(~,aO) has a local strict 

it follows ~(~,aO) has a unique maximum at ~o if ~(~,aO) 

has a local strict maximum at ~o • 

Consider 

Denote ~t - ZtY + (XltalO)~l + (X2ta2°)~2' It can easily be 

shown that 

Z I 

t 

where f and F are the standard normal density and distribution function 

respectively. It follows that ~(~O,S·) - 0 • 

Z I 
t 

XltSlo [Zt Xltai X2tai]g(Xt)dXt 
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Since Hl and X are compact, there exists a constant k > 0 

such that 

Hence 

F('¥ ) (l-F('¥ » 
t t 

o 

-k J 
X 

As XltBi = ZtBiO + WtB~l 

It implies 

1. 
where A = -k [ 

o 

> k = on Hl x X 

I 

I 

o 

LZW is the variance-covariance of (Zt' Wt ) • 

From the rank condition, [ has full column rank. 

A is therefore a negative definite matrix and so is 

The theorem follows as $(~O,BO) has a local strict maximum at ~o • 

Q.E.D. 
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4. Binary Choice Models with Multivariate Limited Dependent Variables 

The binary choice models are ready to be extended to the multi-

variate and switching simultaneous equation systems. In those models, 

many limited dependent variables will be involved in the decision 

process. First, let us consider the multivariate case. 

Ylt = ZtalO + wtall + £It 

Y2t = Zta20 + wt
a
2l + £2t 

- £ 
t 

where Zt and Wt are vectors of exogeneous variables. In this 

model, the disturbances are assumed to be jointly normal with zero 

mean; independently and identically distributed for each observation. 

The endogeneous variables Y 's 
t 

are limited dependent. The k 

equations of limited dependent variables are divided into two regimes 

and the sample separation is assumed to be available. In the decision 

function the k «k) limited dependent variables involved come 
o -

from either one of regimes. 

In this system, the a's are always identifiable. It remains 

to investigate identification conditions for the coefficients in the 

decision function. The reduced form of the decision function is 



I * t 

- e: ot 

where var(e:ot ) = 1. Denote 
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r; r;k 
L 1 0 

Cl :a a* + a*B 10 + •••. + a* 13k 0 
o 

Obviously C1 and C2 are identifiable. Thus the identification 

condition for the coefficients in the decision function is that 

has full column rank, i.e., rank equals k o 

A necessary condition is that the number of excluded exogeneous 

variables in the decision function is at least ko which is the 

number of limited dependent variables involved in the decision 

function. 

Now let us consider a switching simultaneous equation model. 

In this model, there are two subsystems of usual simultaneous 

equations and a decision function. 
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where Y
lt

, Y2t are G1 and G2 vectors of endogeneous variables. 

In this syste~, sample separation is assumed to be available. Y
lt 

and Y
2t 

are limited dependent and they are observable only when 

the relevant choice is made. As in the previous models, distur-

bances are jointly normal and are independent for different observations. 

It is easy to see that the simultaneous equations in each regime 

will be identifiable under usual rank conditions for each regime. 

To identify the decision function, we can proceed from the reduced 

form. The reduced form for the whole system is 

Y2t - TI 20Zt + TI 2lWt + v2t 

~ ~l ~2 ~l ~2 
1* - (0* + 0* TIIO + 0* TI 20) Zt + (o*nll + 0*n21 )Wt - Eot 

where E(Eot)· O. Denote 

~ ~l ~2 
CI • 0* + 0* TIIO + 0* TI20 

tl /;2 
C2 - 0* TIll + 0* TI21 

Thus 

L. C 
~l r;2 

0* I - 0* TI IO - 0* TI 20 

/;1 ~2 TIll 
(**) [0* t 0*] ] - C 

TI2l 
2 

So all the parameters TI and C
l 

t C
2 

are identifiable, parameters 

/;1 ~2 
Y- will be identifiable under certain conditions on 0* ' 0* t 0* 
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7;1 1;11 
0], 

7;21 7;21 
0] where all the Assume -= --= [~ , 0* a* a* 

components of 1;11 and 7;21 are nonzero. The equation (**) is 

IIll * 

II 11 ** 
7;11 7;21 

0, , 0] = C 0* 
, 

0* II2l * 2 

II2l ** 

The necessary and sufficient condition for the identification of 

the coefficients in the decision function is that 

[IIll*' ~ II2l*'] has full column rank. 

An equivalent condition in terms of coefficients in the structural 

eq~tion is as follows. To simplify the expression, let us rewrite 

the original system as 

where y '- (Y *' It 1 t J 

y * It 

Y ** It' 

y * 
2t 

Y ** 2t 

y **') 
It 

+ 

and 
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[ :10 
BII 0 0 flO 

rll ] Premultiply the matrix 
0 1320 B2l f 2o' f 21 

by [B~1 0_ } it is 
OBI 

2 

[ -1 
0_ J [ B10 Bli 0 0 flO r1~ • t 0 -ITlO -n1~ Bl 

0 B 1 0 0 B20 B21 f 20 f21 . I -IT20 -IT 
2 2 

Hence 

Thus 

. 
0 0 -1! * 

[ -1 
11 

Bl 
o J rll 0 rll] I 0 -IT ** 
B;1 0 B21f21 = 

11 
0 0 0 -IT 'It 

21 

0 I -IT ** 21 

has full row rank is equivalent to that 

f

1J has full row rank. 
r21 

This identification condition is 

similar to the rank condition for usual simultaneous equation models 

with zero restrictions. 

As pointed out in previous sections, parameters of the disturbances 

cannot be identifiable without strong assumptions. This is also the 

case for the multivariate and simultaneous equation system. Under 

the assumption that disturbances in different regimes are independent, 

all parameters will be identifiable. Anyway, it should be noted that 
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cov (£1 £ ) t ot 
and cov (£2 ,£ ) t ot 

will 

also be identifiable if the structural coefficients are identified. 

This is so, since var (vlt ) , var (v2t ) , 

COY (v2t£ot) are always identifiable. As 

cov (vI £ ) t ot 
and 

it follows that 

Now let us consider the estimations for these models. As the 

multivariate system can be regarded a~ the reduced form of the 

simultaneous equation system, it is sufficient to consider the 

estimation procedure for tn~ simultaqeous equation system. The 

two stage estimation procedures disc~.$~d are ready to be applied 

to each equation in the requced form and tne decision function. SO 

the reduced form parameters IT Y~2 and ~'o*' 0* can be consistently 
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estimated. If the simultaneous equations in each regime are exactly 

identified, the structural coefficients can be derived uniquely 

from them. This is similar to indirect least squares procedure. 

If equations are overidentified, it would be more appropriated to 

follow other procedures. One of the procedures that can be used 

is again a two stage procedure. 

Without loss of generality, let us consider the first structural 

equation in regime 1. The first structural equation can be rewrit-

ten as 

Denote the reduced form of equations in regime 1 as 

where x 's 
t 

are exogeneous variables. Based on the sub samples 

corresponding to 1-1 
t ' 

we have 

where 

and 

Yllt - (TI12Xt)Bl12 + "'+(U1G1Xt)Bl1Gl + a llO + 

X1talll + ••• + ~tallk - °llEf('l't)/F('l't) + vllt 

E(v1lt I It = 1) - O. 
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After the estimated IT and the estimated ~t are substituted into 

the above equation, ordinary least squares can then be applied to 

estimate 811 and all consistently. Similarly, we can estimate 

all the other structural coefficients. If there are equality 

restrictions on coefficients in corresponding equations in different 

regimes, the equations can be combined as pointed out in the pre-

vious model by the D method and two stage method is then applied. 

It remains now to estimate the identifiable covariance parameters 

of the disturbances. It is noted that 

V i,j = 1, .•. ,Gl 

where 

Similarly, 

V i,j = 1, ••• ,G2 

With these equations and the estimated residuals, var(v
lt

), var(v
2t

) 

cov(vlt£ot) and cov(v2t £ot) can be consistently estimated by 

least squares. It follows var (£1 ), var(£2 ), cov(£l £ ) 
.t t t ot 

cov(£2 £ ) can be estimated. 
t ot 

and 
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With all the identifiable parameters consistently estimated, 

the two step maximum likelihood procedure is then applicable. For 

this simultaneous equation model, the likelihood function is 

where 

T 

• II 
t-l 

exp {-

(2II) 1 

CD 

I 
1/2 exp { -

I-I 
t 

02 cCOV(E 2 ' ,E ). 
E t ot o 

l· 
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5. Empirical Applications: 

The models we have discussed are quite general. Many limited 

dependent variables in the literature can be regarded as special 

cases of these models. Among those, Tobin's model [27], Heckman's 

female labor supply model [11], Nelson's censored regression models 

[25], disequilibrium market models with sample separation such as 

models in Fair and Jaffee [5], Maddala and Nelson [21] and Goldfeld 

and Quandt [8], can be analysed and estimated by our procedures. 

We have also applied our models and procedures to other areas of 

empirical studies. 

In Lee [16], we have studied the simultaneous effect of unionism 

on wage rates and workers decision to join labor unions. In that 

study) a three equations model with limited dependent variables 

and dichotomous endogeneous variables has been estimated with opera­

tives data from SEO surveys. We found significance effects On both 

directions. An estimated average union nonunion wage differentials 

of about 15% was obtained. 

In Lee and Trost [18], we have studied a housing expenditure 

model. The model differs from previous studies in that it takes 

into account the simultaneous determination of how much to spend 

and the housing purchasing decision. The model is estimated with 

survey data from A Panel Study of Income Dynamics. By using a 

maximum likelihood ratio test, we found evidence that simultaneity 

does exist. 
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In Lee [17], a modal choice of travel to work model with 

incomplete data has been estimated. In that model, we develope 

a five equations models -- two costs equations, two time equations 

and a decision equation. The data we used are again from A Panel 

Study of Income Dynamics. In that data set, the cost and time data 

for the chosen mode are available but not the alternatives. The 

model is for the whole population in U.S. economy rather than re­

regional models. In this problem, we are interested in workers' 

choices of driving his own car or using public carrie~ to workplaces. 

We have found that besides the adequacy of public transportation, 

costs and time, personal characteristics such as sex and race also 

play an important role in choosing the travel modes. The value of 

time was found to be 21 percent of the average wage rate in our 

sample which b compatible with previous studies. 
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Footnotes 

1. If Y
lt 

and Y2t are always observable, the identification 

problem will be the same but estimation will be easier. In 

2. 

this case, equations Ylt and Y2t can be estimated by least 

squares and the decision function can be estimated by two stage 

probit method as discussed below. 

2 2 
Parameters a1 , a2, a l , a2 , alE and 

o 
a2 can be estimated 

EO 

consistently and hence they must be identifiable. 

3. Discussions on various different recursive models with quali-

tative variables can be found in Maddala and Lee [20]. 

4. Similar procedures have also been discussed in the context of 

labor supply models in Gronau [9], Lewis [19], and Heckman [12]. 
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