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rival bids. If all firms use the Nash strategy, each firm's
subjective probability distribution over rival bids corresponds

to the distribution of rival bids prior to the drawing of profit
alternatives, A unique Nash point in strategies generates a

unique set of "rational expectations' in the sense of R.E. Lucas

and E. C. Prescott. Any other set of firm's expectations will be
unstable; at least one firm would have an incentive to alter

its bidding strategy, causing the ex ante probability distribu-~

tions of bids to differ from the distributions which summarize firms'
expectationd, In equilibrium, expectations are determined by assuming

that each firm uses the Nash bidding strategy.
II. A Firm's Bidding Decision

The focus of this section is on the optimal bidding
strategy for a typical firm i when the N-1 rivals are known
to use a strategy pj = p(rj) , j#1i . The next step is to
determine the p(-:) function that is the firm's optimal strategy
when all rivals are known to be using the same strategy function;
we are looking for a fixed point in strategy functions., The
strategy function that satisfies this requirement will be a Nash
equilibrium strategy for the symmetric game outlined in the previous
section.

First, suppose that the ith firm's N-1 rivals are
using a strategy pj = p(rj) which is differentiable and strictly

increasing on r € (a,b) . Then there is an inverse strategy
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m(+) such that m(p(r.)) =r, and n'(.) >0. If y = min{r K},
J J i#i J
j#i
then it follows from the assumed monotonicity of p(.) that
the lowest rival bid is p(y) . Thus the ith firm will win the
contract if Py < p(y) , or equivalently, if n(pi) <y.
It is now straightforward to determine the probability that firm
i will win the contract with a bid of P, - Let the p.d.f. and
d.f. of y be denoted by f(.) and F(:) respectively. Recall
that y is the lowest order statistic in a sample of size N-1
from a distribution with d.f, G(+) . Therefore, F(y) and

f(y) are determined:

1 - [1-e ™!

(5) F@&)

dr(y)/dy . With this notation, the probability of winning

fl

and f(y)
the contract with a bid of P is 1 - F(n(pi)) .

Given the rivals' bidding behavior determined by the p(*) function
and its inverse m(*), the ith firm's expected utility in (4) can

be expressed:

(6) E_(p;) [1-F(m(p; )] + U(r,) F(n(p;))

The necessary condition for determining the optimal bid 12 is

7 Egtpy) L-F(m N - [E (p) - U(x)] £n(p)) m'(p) = O

where Eé(Pi) EEdEc(pi)/dpi . For a given rival strategy p(-)
corresponding to m(*), equation (7) specifies a bid Py for any

r, € (a,b) .



III. The Equilibrium Bidding Strategy

The next step is to determine a particular bidding strategy
which is optimal when all rival bidders are known to be using the

same strategy., Such a strategy will constitute a Nash equilibrium

because no firm could increase its expected utility by deviating

from the common equilibrium stfategy.

In a symmetric Nash equilibrium, all firms will use the same
strategy function: P; = p(ri) and T, = n(pi) for i=1, . . N .
If one replacés r, “in (7) with n(Pi), the result is a differentiatial
equation in the equilibrium r(-) function. Equivalently, the
equilibrium bidding strategy function p(¢) must satisfy the

differential equation:

(8) [1-F(ry)] EX(p(r))) p'(r;) = [E(p(ry)) - U(r)] f(r) = 0

because 1/n'(pi) = p'(n(pi)) = p'(ri). Equation (8) must be
satisfied for all r, on the interval (a,b). Therefore, (8) can

be integrated from any arbitrary value of r € (a,b) to b , and

the integrated equation is

dE_(p(s))
9) j‘r’tl-us)]—ﬂi—s——ds - f:[Ec(p(s)) - U()] £(s) ds

because E'(p(ri)) p'(ri) = dEC(p(ri))/dri. One can use integration
c

by parts and the fact that F(b) = 1 to express (9):

b
(10) [1-F(r)] E (p(r)) = j; U(s) £(s) ds
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This equation implicitly defines the equilibrium bidding strategy
p(r) . |

Without an assumption of risk neutrality or constant absolute
risk aversion, it is impossible to obtain a closed form expression
for the equilibrium bidding strategy from equation (10), However,
it can be shown that the equilibrium strategy is unique. More
important, the qualitative effects of changes in contract parameters
on bids and contract profits can be determined regardless of the
assumed degree of risk aversion.

First, it is convenient to introduce some new notation. Let
¢ () and §(+) denqte the respective p.d.f. and d.f. of the

random variable € = gy , so that

1
(11) @(e) = H(e/B) , and ¢(2) = P h(e/B)

Then it follows from (3) and the definition of € that

(12) k(e = [ Uz - e gledac = UGE - 4)

-0

7 . . .
where A 1s a positive risk premium. With this notation,
€

equation (10) which determines the equilibrium bid can be written:

(13) U(z - As) = U*(r)
where b
j U(s) f(s) ds
- Y
(14) Ux(x) = -7 (o)

It follows from (12) and (13) that for each value of r , U*(x)
is equal to the expected utility in the event of winning the contract

with the equilibrium bid p(r) . Note that U#*(r) in (14) can be
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interpreted as being the expected utility of the minimum rival
profit alternative y conditional on the event that y >r .
Then (13) states that this conditional expected utility equals the
expected utility of the contract profit evaluated at the equilibrium
bid.

For each value of r € (a,b) , it can be shown that equation
(13) uniquely determines the expected contract profit z that
corresponds to the equilibrium bid p(r) . First note that
U(E - Ae) defined in (12) is a continuous, strictly increasing
function of z as shown in figure 1. The unique equilibrium
value of z that solves (13) is determined by the intersection
of the U(z - Ae) line with the horizontal U*(r) line. Also,
it is apparent from (14) that U(r) < U*(r) < U(b) . If z = r,
then U(E - Ae) < U(r) <U*(r) and it follows that the equilibrium
solution for z is greater than r . For each value of r , the
equilibrium level of z will be denoted by z(r) .

The Nash bid for each value of r is determined from the equilib-

rium level of E(r)

(15) p(r) = BFE@

If the utility function exhibits constant absolute risk aversion,
then the risk premium A defined in (12) will be a constant,
independent of 5.8 In this special case, it follows from (13)
that z = Ae + U-l(U*(r» , where U-1(°) denotes the inverse of

U(*). The equilibrium bidding strategy can be determined explicitly

from (15) in this case.
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To summarize, there is a unique bidding strategy determined
by (13) for r € (a,b) . It fgllows from (13),(14), and the
differentiability of U(-) that this bidding strategy is a
strictly increasing, differentiable function of r . Furthermore,
this strategy is unique in the class of strictly increasing,
differentiable strategy functions on (a,b): First consider
the terminal condition. It follows from L'Hospital's Rule that the

terminal condition implicit in (10) is: 1lim Ec (p(x)) = U(b) .
r—»b'

It can be shown 1) that any symmetric equilibrium strategy must
satisfy this condition, and 2) that the uniqueness of the equilibrium
strategy follows from the uniqueness of the terminal condition.
Finally, it can be shown that the bids determined by (13) are

indeed Nash equilibrium bids; no firm can increase its expected
utility by submitting a bid p # p(r) when all N-1 rivals are

known to use the equilibrium strategy function p(r) implicit

1
in (13) and (15). 0
IV. The Equilibrium Effects of Structural Parameters

A structural change is an event that alters the decision
environment of all potential bidders., Thé b;dding behavior of all
competitors is generally affected by a structural change, and
therefore, each bidder's expectations concerning rival bids should
be zffected.

First, consider the contract parameters  and f . Note

that U*(r) defined in (14) is obviously independent of  and
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B . Therefore, it follows from (13) that the expected utility of
the contract profit (evaluated at the equilibrium bid) is independent
of the contract parameters.

However, an increase in B will increase equilibrium bids.
To see this, consider the effect of a change in B on the distri-
bution of € . It follows from (11) that an increase from B
to 52 will change the d.f. of ¢ from Ql(s) = H(e/al) to
Qz(e) = H(elaz) . The mean of the random variable ¢ 1is 0 for
each value of B , but Qz(e) > @1(5) if e <0, Qz(e) = Ql(e)
if e=0, and @2(6) <:§1(e) if € »0. Next, it can be shown
that Ql(e) is strictly greater than Qz(e) in the sense of second

degree stochastic dominance, i.e. that
€
J [8,0) - 0l axzo0
)

for all € and > for at least one value of ¢ . This second

degree stochastic dominance inequality obviously holds for ¢ =0 .

If >0,

€
j_m[éz(X) - 8 (x)] dx

J g, - 8 (0] dx

[ I8, - 8 ()7 dx
- .

The first integral on the right side of this equation is zero be-
cause the means of each d.f. are equal, Recall that @2(6) <
Ql(e) for € >0 , and therefore, the second degree stochastic
dominance inequality holds for ¢ > 0 as well,

Given the assumption that U"(¢) <0 , it follows from a
strict version of the second degree stochastic dominance theorem that

the expected value of u(z - Bly) is strictly greater than the
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expected value of U(E - Bzy) for each fixed value of 5.11

Equivalently, an increase in g , with z fixed, will reduce
u(z - As) . This downward shift in the U(z - Ae) curve in
figure 1 will increase the equilibrium level of E(r) , and
therefore, the equilibrium bids determined by (15) will increase.
With all firms bidding for greater contract profits, the expected
procurement cost will increase.

The conclusion is that, in this model, the government or
other procuring agent could reduce its expected procurement cost by
accepting all risk (B = 0) . However, this conclusion is subject
to two qualifications: First, a risk averse procuring agent may not
be willing to accept all risk. Second, an increase in B 1increases
the penalty for cést overruns, and therefore, high values of B
might induce firms to keep costs down once the contract has been
awarded.1

The effects of changes in B can be summarized:

Proposition 1: If 1) firms are risk averse, 2) production costs

are uncertain, and 3) there are no cost reduction opportunities,
then an increase in the sharing rate B will increase equilibrium
bids. 1In addition, the expected value of the contract profit
evaluated at each firm's equilibrium bid will increase. The

expected procurement cost is, therefore, increasing in 8 .

Next consider a shift in the  parameter., Recall that

€ = By , and therefore, the distribution of ¢ will not be altered.
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Thus for a fixed level of 2z , both U(z - ) in (12) and

U*(r) 1in (14) are unaffected by the shift in o . It now follows

from (13) that there is no change in z(r) , the expected value of

the contract profit evaluated at each firm's equilibrium bid.
Consequently, the expected procurement cost is independent of . .

But an increase in g will decrease the equilibrium bid for each
value of r because z(r) is unchanged and E(r) = (¢ + B p(r) - Bc .
Note that an increasevin o that reduces equilibrium bids will

generally increase the probability that there will be a cost overrun.

To summarize:

Proposition 2: An increase in the guaranteed profit rate ¢

will tend to decrease equilibrium bids and increase the probability
of cost overruns. However, the resulting overruns do not indicate
excessive procurement expenditures because expected procurement costs

13
are independent of .

Finally, consider the effect of an increase in the number of
bidders N . Recall that U*(r) in (l4) is the expected utility
of the minimum rival profit opportunity y , conditional on the
event that y & r. As the number of rival bidders increases,
the minimum rival profit opportunity is likely to be reduced.
Therefore, oﬁe would expect that U*(r) is a decreasing function
of N for each value of r . A proof of this conjecture is given
in Holt, pp. 62-66. Thus, the increase in N shifts the U*(r)
line downward in figure 1, and therefore E(r) decreases. It

follows that an increase in the number of bidders reduces equilibrium
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bids and expected procurement costs.

As the number of bidders approaches infinity, one would expect
that if y 1is greater than r , it is not likely to be very much
greater than r . Recalling the previous interpretation of
U*(r) as a conditional expected utility, one would expect that
lim U*(x) = U(x) . This limit is verified in Holt, pp. 69-71.

N - -
In the limit, (13) becomes U(z - Aa) = U(r) .

In order to interpret this limiting strategy, note that U#*(x)
in (14) exceeds U(r) . For finite N , the equilibrium strategy
implicit in (13) has the property that U(z(r) - Ae\ > U(r) .

In other words, it is optimal to submit a bid for which the expected
utility of the contract profit exceeds the utility of the alternative
profit in the event of a loss. If this were not the case, there

would be no reason to bid! However, as the number of bidders
approaches infinity, the competition induces each bidder to bid for

a contract profit that has the same expected utility as the alternative
profit. This limiting strategy is the type of strategy used by

McCall in an important analysis of incentive contract bidding when

firms have different production costs.
V. Uncertainty and Risk Aversion

It is interesting to consider the interrelationships between
firms' aversions to risk and the riskiness of profits. There are
several plausible measures of the riskiness of a random variable,
but the comparisons in this section are between distributions

with identical means. A mean preserving increase in risk for a random
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~

variable x 1is defined to be the creation of a new random
variable ; + ﬁ , Where i is independent of ; and E{i} =0 .
M. Rothschild and J. E. Stiglitz show that a mean preserving increase
in risk will reduce the expected utility of a risk averter.
Equivalently, the risk premium is increased,

Baron (1972) analyzes the effect of cost uncertainty on a
particular firm's bid when the firm's probability distribution of
the minimum rival bid is fixed and independent of the firm's
production cost uncertainty. Baron shows that the optimal bid

for a deterministic production cost ¢ 1is less than the optimal

bid if costs are uncertain with an expected value of c }4 One
interesting interpretation of Baron's proposition is that if there
are a large number of firms, any two firms might have very similar
distributions for the minimum rival bid. If the two firms are
identical in other respects, the firm that is uncertain about the
production cost will submit a greater bid. This is important because
it suggests that bid differences may not reflect cost differences
between firms,

On the other hand, a game theoretic approach makes it possible
to evaluate conditions which affect the cost uncertainty for all
potential bidders., For example, suppose that the production cost
uncertainty for all firms is increased as a result of volatile
factor prices or imprecise project specifications. If U"(°) <0 ,

a mean preserving increase in the risk associated with the production
cost will increase the risk premium A determined by (12). As a

£
result, the U(E - A ) line in figure 1 shifts downward for each
£
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value of z , and the equilibrium level of E(r) is increased.
In a Nash equilibrium, bids are increased because bidders demand a
greater expected contract profit as compensation for the increased
risk.

Next, consider the effect of an increase in the risk aversion
for each firm. For example, if U(.) exhibits decreasing absolute
risk aversion, then the imposition of a lump sum tax of ¢ will

increase risk aversion:

-U"(w - ) -U" (w)
-,
U'(w - 1) U' (w)

for each level of w . An increase in risk aversion will increase

the risk premium Ae in (12), and this shifts the U(z - Ae) line
downward in figure 1. However, recall that U*(r) in (14) is an
expected utility expression, and therefore, an increase in risk aversion
reduces the expected utility U*(x) . As a result, the U*(r)

line in figure 1 shifts downward, and the equilibrium effect of

‘this increase in risk aversion is indeterminate.

The results of this section can be summarized:

Proposition 3: If bidders are risk averse, then a mean preserving

increase in risk associated with each firm's production cost will
increase both the equilibrium bid p(r) and the equilibrium contract
profit E(r) for each value of r . However, the effects of an

increase in each firm's absolute risk aversion are indeterminate.
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VI. Conclusion

In equilibrium, the structural factors that form the
decision environment of all bidders will have an impact on the
probability distribution of bids relevant for each firm's
decision, Consequently, it is not meaningful to consider the
effect of a structural change on a firm's bidding behavior when
expectations about rival bids are assumed to be unchanged.
Expectations about rival bids were assumed to be exogenous in
Baron's (1972) analysis, and the effects of contract incentives on
bidding behavior were generally indeterminate. This is because
the probability distribution representing a firm's expectations
was essentially arbitrary; no equilibrium condition was imposed
on these expectations.

For the symmetric model analyzed in this paper, firms'
expectations about rival bids are endogenous and rational when firms
use their Nash equilibrium bidding strategies. The equilibrium
effects of contract incentives and other structural parameters on
both bidding strategies and expected procurement costs are
determined. Briefly, the effect of an increase in the ''guaranteed"
profit rate is to lower bids to the extent that each firm's expected
contract profit for the bid tendered is unchanged. Thus a change in
the profit guarantee will not affect expected procurement costs,
but it is shown than the frequency of cost overruns may be affected.
Consequently, procurement efficiency is not necessarily associated

with the absence of observed cost overruns. On the other hand,
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an increase in the sharing rate will induce risk averse firms to
bid for greater expected contract profits as compensation for
accepting a larger share of the risk associated with uncertain

production costs. The main results are stated more precisely

in propositions 1 - 3,
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FOOTNOTES

1. It is not uncommon for buyers to negotiate contract terms with a
single firm. However, government agencies are often required by law
to seek competitive offers unless only one firm is capable of providing
the desired commodity.

2. On the basis of case studies, F, M. Scherer, p. 275, reported a
prevalent concern that short run contract losses might be interpreted
as managerial failure requiring reorganization,

3. The justification of a utility function for the firm should be
based on the preferences of managers and owners, and on the implicit
contracts made by these agents under conditions of uncertainty. In my
opinion, ghis is an important, unsolved problem,

4, The game theoretic approach taken in this paper is based on

W. Vickrey's initial analysis of bidding games, and on the subsequent
work of A, Ortega-Reichert and R. B. Wilson.

5. It is straightforward to generalize ghe analysis to cover the
cases in which a and b are not finite. See C. A. Holt, p. 85.
6. Note that the only relevant difference between firms is the

r, parameter, because the U(.) function and the density functions
h(.) and g(<) are the same for each firm., If any of these
symmetry assumptions were relaxed, the bidding strategies would
depend on all firm-specific parameters.

7. A risk premium is defined by J. W, Pratt to be the quantity A
that satisfies: E{U(x)} = U(E{x} - 4) , where the expectation

is taken with respect to the distribution of the random variable x .
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8. See Pratt for a discussion of constant absolute risk aversion

and risk premiums.

9, A proof of uniqueness can be found ian Holt, p. 90.

10. A proof can be found in Holt, p. 90.

11, See V. S. Bawa, Theorem 2, pp. 101-102.

12, Both Scherer and J., M. Cummins discuss this cost reduction effect

in the context of a negotiated contract., A competitive bidding

model with cost reduction oppértunities can be found in Holt, pp. 102-112,
13, Cummins, p. 179, reaches the same conclusion in his analysis of
negotiated contracts, i.e. that cost overruns do not necessarily indicate
excessive procurement costs,

14. See Baron (1972), Proposition 4. The proof of this proposition is
based on the assumption that the Arrow-Pratt measure of absolute risk
aversion, =~U"(w)/U'(w) , is a nonincreasing function of w .

15. See C. C. Blaydon and P. W. Marshall and Baron (1974) for a
clarification of the effect of an increase in a single firm's risk
aversion on its optimal bid. Briefly, this effect is indeterminate if
the production cost is uncertain, as is case for the game theoretic

analysis of a symmetric increase in the risk aversion of each firm,
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