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connected and the result follows as in 4.4. If J = 2 and

P> pol> p{ , then any path from p to p' in A passes

through P, SO there is no path in M2 from (p,y) to (p',y").

In this case M2 has two path components: {(p,y) ef&i py < po}

and {(p,y)gM

Py > pol}' Then each of these is contained in a

~

2 equivalence class. The gross substitutes condition is easily
seen to imply that there is no element [(p,y),(p',y')] of P2

with Py > Py > pi or p; <P,y < P s which completes the proof.

4.8 Proposition: Let & be an admissible data structure and let

. 1 ol ' '
(m,m) eM with £ (m)==~Fm). If (p,,y) # (py»>¥, ) then
£ is trivial.

|

0 = =
Proof: Let er e € E- with u(ea) =m, u(eb) m, o ow, b?

and wl # wi for i # 1. Note for reference in the last paragraph that w:
a

can be chosen arbitrarily large. Now let 0<A°<l,

1 1 1 2 N
ek = ((wa ,Aoua + (1—>\°)ub ), ea,...,ea), e

(G 2% +(1-3%)dl ),

ei,.--,eg), (p*,y*) = m* = u(e*), and (p,y) = m= p(e). By 4.2,

1 1 1 1 1 2 N
f (m*) = £ (m'). Since (pa,ya ) # (pb,yb.), uy and (eb,...,eb)

can be chosen so that p* # p. Now let <e in E° such that

i) wuce) = (p,y);

ii) e1 = (%: ,u}) for some ule L1 for which Dul(wlb + ygl)

is proportional to P, (e.g. el = exl); and
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iii) for each i > 2, wi>>w*l, ot =p, and B;/(u§+yj) =Py

for each j.

By the second step in the proof of Lemma 4.6, there exists e'

1 _ 1 i i . 1 2 Ny
=W o, W # w_ for each i > 2, u(e'", ea,...,ea)

with w

1 .2 ) 1 2 N
(*,y%), uele', . e = (puy); and u(e'l, e'2,...,e M) = 0",y

with [(p,y), (p",y")]ePz, w, = ‘”g and (P sy)) = (p¥,y%).

Using the information contained in the preéeding sentence, and the

fact that fl(p*,y*) fl(p',y'), the second assertion of 4.2 can

[

be applied (with m (p*,y*) and m = (p,y)) to obtain fl(p*,y*) =

1
£ (",y"). Since P2 is relatively open, we may choose (p",y") so
that y"j # y*§ for all j . Returning to the notational origin,

the above argument shows that we can assume without loss of generality

that (ma,mb)e Pl’ with u% = ué as chosen above.
Now choose m; arbitrarily in M . The proof will be completed
. 1, 1 ' R
by showing that £ (m a) = f (ma). We can assume that w a 1s

sufficiently large so that m; e Ml’ with ug = Q; Therefore,

K _ . . '
let Zn=1( man’ mbn) be a Pl chain connecting ma and m, .

Subtracting a chain with boundary zero, if necessary, we can assume

= o= = . = ]
that mal ma, mb2 mbl’ ma3 _ma2’ etc. and man m, . Since

(ma, mb) and (mal, mbl) = (ma, mbl) are each in Pl’ m and mo1

are in the same ”2 equivalence class of M2’ with w, = wy and
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( l) = ( l) Therefore, let ZK' (m ,m') be a P -chain
PorYo Paa¥y’ e ? n=1""n’ n 2 *

' m, etc.

. H = I = =
connecting m and m__, with m m o, m, m, m, 9

bl

Applying 4.2 and the definitions of P, and PZ’ we obtain

1
') = f'm) = f@) = fl@my = . . .= £ (m ). Let

o . 1 1 ,
(ub,u) e E°, with w, = w,, as before, and “(ub’u) =m,- Since

(ma’ mbl) and (maz’mbl) are each in P_, m and m . are in the

1 a2

same ~2 component of MZ’ with w, just defined and (po,yo) =
1 1 A . . ,
(pbl’ybl)' Then f (ma) = f (maz)’ and continuing in this fashion
we obtain f(m ) = fl(m').
a a
1

This proves that f is constant on the space Ml’ which is
determined by u;- But ui can be chosen to be arbitrarly large,
and M1 increases to M as wi diverges to infinity in each
component. This completes the proof.
4.9 Remarks: The result obtained here is not quite a formal
generalization of the characterization.in [3], because the latter was
obtained for log-linear utility functions. I do not know if
Proposition 4.8 is valid when L' is replaced by the set of log-
linear functions.

For each 8§ >>0 in RJ, let LZ denote the set of utility
functions ulz Ri - R which can be written ul(xl) = zf=1

i, i i i i J
o, (x, + 8) + 8. 1In(x, + §.)] for some « intR. and
[_JJ PRy J]. ¢ +
Bl e intRi, for each 1i. Then Lz is a set of continuous,
strictly concave, and strictly increasing functions on Ri.
Since utility functions in Lg have indifference curves which
J i i N

Iy —— = i
intersect the boundary of R+, L6 NU =¢. Let Lé ﬂi=1L5’

and let L' = {L6 : § > 0}. The following Lemma, whose
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straight forward proof is omitted, indicates that Proposition
4,8 can be obtained with L replaced by L'. It follows that
the results in section 3 would be unaffected if Xi were
redefined to be Ri, and U'1 were redefined to be the set of
continuous, strictly concave, and strictly increasing functions
on Ri. (The same assertion can be made independently for
Proposition 6.4 below.)

4.10 Lemma: Let {w }K_ cQ and {u }K; < L. Then there
I k "k=1 k“'k=1

exists §&§ >> 0 in Rq such that if
i
k

ii) u';(xl) = ult(xl + §) for each i, k,

i) w''o = w; - & for each i, k; and

; and for each yl

K K K
then {wk}k=1 < Q and {uk}k=1 cL ¢ R, Wwith

o
Yl =1, 1 =1i =N, and each k, m is a competitive equilib-

LYk

iui)N

k k" i=1

i £ . .. i 1ibri £ i iuli)N .
if m is a competitive equilibrium for (wk, oYY k=1

rium for the exchange environment (w;, Zky if and only



-30-
5. Pre-equilibrium Trading

The pre-equilibrium trades y . and y t<T, in a
at.

bt’
t a ilibri

emporary equilibrium sequence {(pat,yat), (pbt,ybt)} are not
consumated, and have only an informational influence on the

final allocations + and + . It is natural to
ocations w, T Yo M Wy T Vi

consider the alternative process in which the trades proposed at

, . th b
each iteration are made, so that at the t stage, the i h
i i t-1 i i i t-1 i
agents endowments are = + § and = +
g Pat Wa Zs=l Yas “bt Y Zs=1 Ybs.

However, this process introduces a speculative aspect to pre-
equilibrium trading. For example, in state a, an informed agent's
pre-equilibrium trades would be made with the objective of maximiz-
in i rather than 1 ( L + 1 The trad f inf ed
8 P U, e (g yat)‘ e trades of uninform

agents would be analogously influenced, Thus temporary equilibrium
trades will be influenced by agents' expectations of eventual
equilibrium prices. If T = 2, the resulting feedback sequence can
be depicted as follows:

(Psy)) = psmy) =Py = (Py5Y)s
where the final arrow represents the speculative aspect of this
process, and each variable represents a pair of variables, one
for each state. The following example shows that
the presence of the discontinuous variable m in this feedback
can prevent the existence of temporary equilibria,

There are two agents and two commodities, In each state,

s 1 , . i, i i i

each agents utility function is of the form u (x) = g 1nx1 +
(1 - al)lnx;. Agent 1, who is informed, is described by the

characteristics
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D ol = (LD; o = G5 of = 5 o = 1/3.

Agent 2, who is uninformed is described by

2 2 2 2 2
2) =05 wy = u = (L5 o =5 o = 1/3.

Finally, let ), the probability of state a, equal %. Agent 2's
data function is the projection (p,y) — p. Since there is only
one uninformed agent, we can set T = 2, so that we are seeking a
R 2

temporary equilibrium sequence {(pat,yat), (Pbt’ybt)}t=1'
Suppose that Pa2 and Ppo have been determined. Initially,
agent 1 knows the state, and thus knows whether Pao O Py will
be the eventual equilibrium. It follows easily that if Pao # Ppo>
we must have Pat # Py, > €ven if short trades are bounded by

d i i i , .
an W + A X" for each i. However, if

i i
requiring w, + Ya ¢ X1

Pa1 # Pp1 then agent 2 is informed at the second stage of this

process, (ni = 1). Since a; = ai and a& = ai , we would then

= = 1 P
have pa2 pb2 (3, %), regardless of the initial trades Ya1
and Yp1* Thus we have established a contradiction Py # Py =

= pb2’ so it remains to consider the case pa . However

2~ Pp2
if Pag = PLo? then both agents initially know the final

Pa2

A : - 2
equilibrium price, so Pa1 = Then = 0,

1 Pp1 T Paz T Ppo-

and since plyi = 0 for each i, stage 1 trades will have no effect
on the stage 2 income of either agent in either state. Since

2 2 2 ce s
= = = H
') 0, and Py Ppo» W must have Yoo =Y owever, it is

b2'
easily seen that there is no pricé at which the excess demand

determined by (wg, a;) and (wﬁ, ag) would be the same, which

completes the contradiction,
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6. The Many Event Case

Suppose that the class of stochastic environments is
enlarged by admitting the possibility of more than two events,
If only finitely many events are admitted, the definitions in
section 2 have obvious generalizations., If § is the set of
future states, an information structure can be modelled as an
N-tuple of partitions of Q X %. A sequence of temporary
equilibria would sucessively refine each agent's partition, and
an equilibrium would be reached in a finite number of stages.
However, if ¥ is an infinite set, examples are easily constructed
for which an equilibrium is not reached in any finite number
of stages. A temporary equilibrium asscciates a message with
each (w,0), so it might seem natural to define an equilibrium
as the function which associates with each (w,c) the limit of
an associated sequence of temporary equilibrium messages,
However, the existence of equilibrium would then depend on the
existence of this limit, which would not in general b= an
informational issue. Although the messages associated with
each state may not be convergent, for each i, the information
sequence {ni}?zo (of either partitions or Borel fields)
increases to its least upper bound, ﬂi. Consider a function
which associates with each (w,0) a competitive equilibrium message
for utility functions conditioned on the information ﬂi for each
i. If the resulting data do not increasc any agent's information,
we will call this function an equilibrium. These definitions are
stated formally in 6.,3. Where appropriate, the notation of section

2 will be recycled.
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6.1. Notation: Given a metric space Z , PB(Z) denotes the Borel

field of subsets of A , and M(Z) denotes the space of Borel pro-
bability measures on Z , endowed with the topology of weak convergence.
Unless otherwise noted, all functions will be assumed to be Borel
measurable functions taking values in a Borel subset of a complete

separable metric space. Given functions h1 and h2 s h1 will be

said to be hz-measurable if there exists a function h3 such that

hy =h, ¢« h Given an indexed collection of functions h2 27,

2 - -]

. v , . . gl
& ¢ A, the function o H: is the function (h@)aeA z acA Zg

If @ ¢M(@) , and £(.) 1is a property of elements of Z , the state-
ment ©@{z :P(z)} =1 will be written ©P(z)[®] . If there is a func-
tion h3 such that h1 = h3 * h, [o] , h1 will be said to be h2

measurable [¢]

6.2 Definitions: Let ¥ be a compact metric space containing

more than one element, For each i, let Vl denote the set of
Ly . i i
utility functions v~ X" x ¥, =» R such that
. i .
i) v is continuous; and
. _ i i
ii) for each ¢ o %, v (+,0) ¢ U,
, ITN i
Let V¥V = -,i_le . An information structure is an N-tuple
1 N , ’ .
M=M,...,N) of functions on Q x & with the property that for
. . . i, i )
each 1 , the projection W,s) - w is TN -measurable. A stochastic
environment s consists of an initial information structure T , a
probability measure ¢e ME X L) , and an N-tuple of utility functions
ve V. The set of stochastic environments is again denoted S . A

data structure is an N-tuple & = (fl,...,fN) of functions on M .
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A sequence of temporary equilibria for a stochastic
environment s = (T,,v) and a data structure & is a sequence of
information structures ﬂt, t =2 0, and functions
B, ° 1x - M, t 21, such that
i) ﬂo = T; and for each i and each t = 1, ﬂi = ﬂé_l Vv (fi. gt) ; and
ii) for each t=21, g (W,0) ¢ u(ﬁni, E{vilﬂi_l(w,c)}]§=1) (o] ,

where E{vllﬂl(w,c)} denotes the utility function

- Bt et ot w,o ) .

For each 1 , let ﬂ: = Vt=0 ll Suppose there is a function

i
£ -
g, : Qx T - M such that
. . i i1 N
1i1) g, @,0) e n(lw', E{v [N @00} ) o],
and
iv) for each i , £ . g, 1is ﬂi-measurable (o]

Then g, 1is an equilibrium for (s, %) .

An expectations equilibrium for (s,¥) is a function

g :Qx & -+ M such that g(,0) ¢ u([wi, E{vi|ﬁi(w,c)}]§=1 ol ,

where for each 1 , ﬁl =TV &1 - g2).

6.3 Remarks: The compactness of g, together with the continuity
i

of the utility functions v, insures the existence of expected

utility, Condition (4) is the informational stationarity

condition,
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6.4 Remarks: A two event stochastic environment (no,k,ea,eb)
can of course be identified with a stochastic environment
(M»¢,v) by choosing o, # oy e %, and defining

1) @ {(w00 ) = & and o {(w,50 )} ) = 1-1;

ii) let r = d(oa,ob), where d is the metric on §, and for each

i, define v' : x" X & - R by
i i _ i i ..
v &0 = [d(oso) /r]u &) + [d(o,0,) /ru.(x1), for
i .
each (x ,0) x* X % ; and
iii) for each 1 , let nl be trivial if ni =0, and let ni be

the identity on Q x & if ﬂi =1,
o

Also, it is easily checked that (ma,mb) is an equilibrium

for (no,x, ea,eb) as defined in 2.6, if and only if (T, ¢,V)
has an equilibrium g , as defined in 6.2, with g*(wa,oa) =m
and g*(wb,cb) = m . The exactly analogous statement holds

for expectations equilibria.

6.5 Definitions: A data structure % 1is admissible if for each

stochastic environment s , there exists an expectations equilibrium
for (s,¥) . 1If there exists a data structure *' such that for each
s € § , every equilibrium for (s,¥) is an expectations equilibrium

for (s,¥') , then ¥ is eventually admissible.
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6.6 Remarks: The above definition of admissibility agrees with 3.3.

The above definition of eventual admissibility does not directly
correspond to 3.3, but Theorem 3,10 B establishes that the above
definition, restricted to the two event case, is equivalent to 3.3.
The advantage of the above definition in the many event case is that
it does not require the existence of equilibrium.

The inclusion of the two event case described in 6.4 indicates
that the necessity assertions of Theorems 3.5 and 3.10 extend directly
to the model described in 6.2, We now extend the sufficiency assertions,

using essentially the same reasoning used in section 3.

6.7 Lemma: Let h1 and h2

we MEQ x %) ., Suppose that for each (W,o) , W',0')e Qx ¥,

be functions on Q x & and let

h, (w,0) = hz(w',c') implies hl(w,c) = hl(w',c') . Then h, is h

1 2

measurable [eo]

Proof: Let K be a compact subset of Q x ¥ such that h1 and h2

are continuous on K . Then there is a continuous function

c on hl(K) such that h2 K=c¢c - h1|K . By Lusin's Theorem

[2 , p.244] , there is a Borel set CC Q X & such that o(c) =1

and C 1is a countable union of compact sets on which h1 and h2 are

continuous. Therefore hl(C) is a Borel set, and there is a Borel

measurable function h on hl(C) such that h,{C =h, ¢« h, |C .

3 3 3 2I

This completes the proof.
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6.8 Theorem:

A. A data structure & is admissible if and only if for each 1i ,
either

. i -
i) f is trivial; or

11) £ (p,y) # £ (p',y'") whenever (p,y0) # (p',y'D) .

B. A data structure ¥ is eventually admissible if and only if for
each i , either

. i, R

i) f is trivial; or

1

ii) fl(p,y) # fl(p',y') whenever p # p' and the weak axiom is

satisfied for agent 1 .

C. If % 1is eventually admissible, let %" be a data structure such

that for each i ,
. . i, _ *i -
i) if £ is trivial then f is trivial; and

L. . i, - *1L : .
ii) if £ is not trivial then f - is the projection

(p,yy) - (p,yi)

Then for each stochastic environment s , every equilibrium for (s,¥) is

an expectations equilibrium for (s,% )

Proof: For (A), as noted in 6.5, it only remains to prove sufficiency.

Let & satisfy (A.i) or (A.ii) for each i , and let s = (N,p,v) € S .

Let M' be the information structure such that for each 1i ,

'Y ot if f' is trivial, and 7'’ is the identity on Q x § if
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£' is not trivial. Let g:0x Z M be a Borel measurable selection

from the correspondence (w,o0) — p([wl,E{vllﬂ'l(w,c)}]?_l) . For each
i, let N =" VE - g. If £ is trivial, 0  =1'"=17", so to

show that g is an expectations equilibrium for (s,% , it suffices

to show that for a.e. W,o) , if (p,y) = gw,0) then yl maximizes

E{vl(w1 + y'l)lﬂl(w,c)} subject to [)y'lS 0 for each i such that £

: - . i .
is not trivial. For any i such that £~ is not trivial, let

nt:M~4Ax Y be the projection and let g1 =n . g . By Lemma 6.7,

gi is ﬁi measurable [¢] . For a.e. (w,0) , yi maximizes

E{vi(wi + y'i,-)|ﬂ'i(w,o)} subject to py'iS 0 , where (p,yi) =
gi(w,c) . Since gi is ﬁi measurable [p] , it follows that yi
maximizes E{vi(wi + yi,')lﬁi(w,c)} subject to py'is 0 [p] , which
proves sufficiency in (A).

For (B) also, only sufficiency remains to be proved. As in the
proof of Theorem 3.10, we will establish (B) and (C) by showing that if
¥ satisfies (B.i) or (B.ii) for each i , and s = (T,9,v) € S, then
every equilibrium for (s,% 1is an expectations equilibrium for
(s,%*) , where ?* satisfies (C.i) and (C.ii) for each i . Let 8,
be an equilibrium for (s,% , and let gi . ‘g, = f*i - g, for each
i . We first show that for each i such that fi is not trivial, gi
is ni measurable [¢p] , where ni is defined in 6.2. Let
w,0), W',0") eQ x & with ﬂi(w,o) = ni(w',c') » and let (P,yi) =
g-w,0) and (p',y'") = gi@,0) , for any i such that £ is not

trivial. Then E{vl|ni(w,c)} = E{vilni(w',c')} and ol =w'l so
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(p,yi) and (p',y'i) satisfy the weak axiom for i . Also, since the
common expected utility function is strictly concave, yi # y'i only
if p # p' . However, (B.ii) and (6.2.iv) imply that p = p' , so
gi(w,c) = gi(w',c') . Therefore Lemma 6.7 implies that gi is ni

measurable [¢] . Repeating the argument in the first paragraph above,

with ﬂi in place of n'l , completes the proof,

6.9 Remarks: Corollaries 3.7 and 3.11 also extend to the present

context.

We now consider the existence of equilibrium. First, it is neces-
sary to assume that data functions are continuous to ensure that the
equality fi(m) = fi(m') is a closed condition. Otherwise, even if
8¢ converged pointwise everywhere to 8y > fi -g, mwight distinguish
events not distinguished by fi - for any t . If the support of
@ 1s countable, the sequence {gt} will have a pointwise a.,e. conver-
gent subsequence. The first paragraph of the proof of 6.10 below,
combined with the continuity of data functions, shows that the pointwise
a.e, limit of any subsequence of {gt} is an equilibrium. For the
general case, the following result establishes the existence of

equilibria for continuous eventually admissible data structures.

6.10 Proposition: Let & be an eventually admissible data structure

i . , ,
such that f is continuous for each i . Then for each stochastic

environment s , (s,¥) has an equilibrium.



—40-

Proof: Let s = (M,p,v) be a stochastic environment, and let

o]
{nt-l’gt}t—l be a sequence of temporary equilibria for (s,¥). For
, i i i® X i
any 1 and any x e X~ , let {xt e=1 be a sequence in X con-

verging to x~ . For each t , define the function vt :Qx £-R
by v; = E{vl(x;,-)lﬂz} , and let vi =E {vl(xl,-)lﬂi} . We will

i . .
show that the sequence {vt} contains a subsequence converging to

vi pointwise a.e, f[g¢] . It suffices to show that {vt} converges
in measure to v; [2, Theorem D, p. 93]. Let ﬁi and ﬁz denote
the subfields of B(2 x ) generated by ﬂi , for each t , and ﬂi

respectively. For any vy >0 , let A e ﬂi such that

(*) ®(A) >0, and for some number c ,

Iv;(w,c) - cl < vy for all (w,0) € A .

Let 8 = ¢@(A) , and let k =2 sup{lvl(xt,c)| :t>21,0¢ &} . Since

ni = Vt nz , there is some t® and some B¢ ﬁlo with (A A B) <a ,
t
where a = Y3/2k2 , and A denotes symmetric difference [2, Theorem

for each t , B ¢ ﬁi for all t = t°

, ~i _ ~i
D, p. 56]. Since T < Mesq

Let t' > t° such that for each t > t' s lvl(x;,c) - vl(xl,o)l <b
for each ¢ ¢ § , where b =ka/(8+a) . For any t > t' , let
C = {(w,c) € B :v;(w,c) -c > 2y} . By the definitions of v; and

Vi s f[vti(-) - Vi(-)]dcp by(c) < b(8+a) .
C 03
Since f[vt(‘) - v;(')]dw f [ lde+ [ [ ldo=
C cNa C\A

A

2 1p(CNA) - ka , ®(CNA) < (1/y)[b(s+a) + kal =y /k .

a
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By partitioning the interval [-k,k] into k/y subintervals of length

2y , and applying (vi) , one obtains a collection of at most k/y
subsets of £ x ¥ which satisfy (*) and whose union has probability

one. Therefore, we have shown that for each t > t' ,

i i .
© ({(w,0) :vt(w,c) - v (w,0) > 3y}) <y . Similarly,

i i . i
o({Ww,o) 1V W,0) - v W,0) < -3y}) < y , which proves that {vt} con-
verges in measure to v; . Thus any subsequence of {vt} contains a
pointwise a.e, convergent subsequence,

For each t , let Py :Q X T - A be the function obtained by
composing g, and the projection of M onto A . Let P, Qx4

@©
be a V

e=1 Pt measurable selection from the correspondence

w,o) — ﬂmo clip oWs9), P (w,0),...} , where cl denotes

t =1 t t +1
closure. Define the function g, :0x & - M by g, (w,0) = (p,y) ,
where p =p, (w,0) , for each 1< 1i <N, y1 is the excess demand at

p determined by wl and E{vl[ﬂi(w,c)} , and yN = -7 for

i
icNY
each (w,0) €¢Q x & . The result of the first paragraph above implies

that g (w,0)¢ u([wl,E{vllni(w,c)}]§=1 [op] . We will now use Lemma

1

6.7 to show that f -g, is ni measurable [¢p] for each i . For

any i such that f° is nontrivial, let (W,o) , W',0')e Qx T

such that T, ,0) =M, (w',0') . Let (p,y) = g,(w,0) and

' "o ' 1 * Ve
(',y") =g, ',0") . By 6.8(8), V ., P (w,0) =V _, p W,0"),
so the definition of g, 1implies that p =p' . Let {tk} be an

increasing sequence of integers such that lim p_ (w,0) = p . Then
k- "k

since V:_l pt(w,c) = Vz=1 pt(w',c') , the result of the first paragraph
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implies that 1lim 8, (w,o) = (p,y) and lim 8¢ (w,o) = (p',y")

Since f= is continuous and f- - g, (w,0) = £ -gt(w',c') for all t ,

£(p,y) = £(p',y') , and the result follows from 6.7.
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