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I. Introduction 

When a resource allocation mechanism is based on information 

privately held by the agents composing the economy, its satisfactory 

operation requires that it provides these agents an incentive to 

truthfully announce what they know. Misrepresentation eould indeed 

be expected from an individual if by doing so, he secures a final 

allocation that he prefers to the one that would have been obt~ined, had 

he told the truth. The problem of the incentive-compatibility of 

economic mechanisms has been studied in a game-theoretical framework: 

a strategy space, or message space is specified for each agent. Out-

come functions determine a final allocation as a function of the n-

tuple of strategies. The payoff to an agent is the true utility to 

him of the outcome. A mechanism is said to be incentive-compatible 

if the Nash-equilibria of this game are Pareto-optimal. The search 

of incentive-compatible mechanisms in this sense is what concerned 

Hurwicz [6J, Groves [4J, Green and Laffont [3J, Gibbard [2~ Satter-

thwaite [8J and others. 

In this paper, we will consider somewhat different behavioral 

assumptions. Each agent is assumed to exhibit this form of risk 
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NSF-SOC 71-3780A04 (GS-3l276X). 









-5-

Maximization in m. of this last expression admits of an interior 
~ 

solution, given by: 

Agent i's 

duo 
~ 

dm
i 

choose 

= 

satisfying 

m. 
~ 

1-0' 
i 

QI 
i + (1 - O'.)(e. - m.) 

~ ~ ~ 

QI (e - m ) + (1 - ~)m = ° iii i i . (1) 

If everybody acts in this way, can optimality achieve? Social optimality 

is given by the Samuelson condition [7J, stating the equality of the 

summation across agents of their marginal rates of substitution of 

the public good for the private good to the marginal rate of trans-

formation between the two, the latter quantity being equal to one, 

because of our production functions, postulated to be linear. 

The ith agent's marginal rate of substitution is 

1 - f;X Xi i 
0'. Y 
~ 

and it should be evaluated at the alloca~n computed by the center on 

the basis of the maximin n-tuple of messages, m = (m
l

, .•. , m
n
), and 

not at the allocation expected by the ith agent, corresponding to 

the n-tuple of messages m = (0, ... ,0, m
i

, 0, ••. 0). 

Social optimality is expressed as: 

1-0' 
I_i 

O'i 
= 1 . 

From (1), it is clear that this condition will be satisfied. Even 

though the agents do not take into account external effects in the com-

putation of their optimal message, ("optimal" according to the maximin 
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the worst that could happen to him given his message wi' He then 

chooses w. so as to maximize this minimum. The first minimization 
1. 

exercise does not depend on vi' since vi appears in a separately 

additive way. We now introduce the notations: 

(1) 

f (.) 
i 

£i (wi) = min fi (w) subject to wi + xi > 0 
w_ i 

-
gi(wi ) = min gi(w) subject to wi + xi ~ 0 

w_ i 

and g (.) 
i 

are functions of only one variable, 

We want to be the solution to the following problem: 

max min 
wi 

Propos i tion 1. Necessary and sufficient conditions for a scheme 

M = (f
i

, gi) i = 1, n} to elicit the truth as a unique maximin 

strategy are that 

(2) 

where f. (-) 
1. 

Ii (.) is 

g (.) 
i 

is 

fi (w i) + 

and g (.) 
i 

a decreasing function of w. 
1. 

an increasing function of Wi 

Wi = gi(wi ) for all w. 
1. 

are defined in (1). 

From now on, we will drop the subscripts i, since we will be 

focusing on the ith individual's maximin problem. We state properties 

that f and g should satisfy; 

(a) The functions of w, v + few) and g(w) should intersect for all v. 

Suppose they do not. Then there exists a value of v,~, such that 

~ + few) and g(w) have no point in common. 
-

By continuity of f 
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and g, it follows that either ~ + few) > g(w) for all w, or 

y. + few) < g(w) for all w. In t12 first case, the minimum of 

v + few) and g(w) is always g(w) and maximizing g(w) in w 

yields an outcome independent of v for all v greater than v . 

Elicitation of preferences cannot achieve then. In the second case, 

a similar argument would apply. 

(b) The maximin strategy should be attained at the intersection of 

the curves v + few) and g(w). If it did not, by continuity, it 

would be possible to vary v slightly without changing the strategy 

that solves the maximin problem. 

(c) w + few) = sew), for all w. If this were not the case, there 

would be a value of w, say w such that ~ + f(~) is strictly 

greater than g(~). For an individual whose true valuation happens 

to be ~, a maximin strategy will be to announce a value to the 

-right or to the left of ~, where the curves w + few) and g(w) 

do intersect. By continuity, because the inequality is strict, the 

intersection will be a finite distance away from w. The same 

reasoning would apply if the inequality went the other way. 

w 
v + ~(w) 

few) 

Figure 1 
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case. Because of the independence between money and this commodity, 

optimality demands that it should be allocated to the agent with the 

highest true valuation. Consider then the auction in which each agent 

announces a number the commodity going to the highest bidder, 

who receives an amount fi(w), while the others receive g. (w). 
] 

Without loss of generality, initial holdings of money can be 

taken equal to 0 so that formally: 

r
i 

wins ~ wi > sup w. Then ui = fi(w) + v. 
j# 

] 1 

A. loses ~ wi :§ sup Wj Then u. = gi (w) 
1 

j# 
1 

It can be shown that the functions fi and gi for which it is 

a maximin strategy to bid one's true valuation are characterized as 

in the public good case, that is, they should satisfy the conditions of 

Proposition 1. The only difference is in the definition of fi and 

-
gi . 

fi(wi ) min f. (w) s.t. w. ;=: sup Wj 
1 1 

j:;ti w 
-i 

(3) 

gi (wi) min gi(w) s. t. w. ~ sup W. 
1 

j# ] w_ i 

Ties can be dealt with in two ways: it could be assumed that 

agents' valuations are drawn from a non-atomic probability distribu-

tion, in which case ties would occur with probability O. Or, in 

case of a tie, the commodity could be attributed to one of the highest 

bidders by using some random device, whose specifications may possibly 

depend on the whole vector of announced valuations w. However, it 

turns out that the conditions stated in Proposition 1 make it indif-

ferent to an individual whether or no t he wins this subsequent lottery. 
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In the figure, both correspondences are functions, but their graphs 

intersect in three points: notice that B is to the north-east of A. 

Figure 2 

Then fl (A) = I l (A) 

f2 (A) = £2 (A) 

fl (B) = fl(B) < fl(A) 
~ 

f
2

(B) = f 2(B) < f 2(A) 

where the strict inequalities result from the monotonicity of 11 

and £2 . 

Therefore, 

Simple specifications solving the budget balance conditions are 

presented next. We start with public good examples, when the cost of 

the project is 0, and then strictly positive. The last two examples 

have to do with private commodities, the same two cases being distin-

guished. 

a) Dreze and de la vallee-Poussin advanced the following pro-

cedure: 

{

fi (w) = 

gi(w) = 0 

with )' a = 
" i ~ 0 for all i. 
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a decision function F(m) , from to R takes on a positive 

value, and not undertaken otherwise. Side-payments fi(m) and gi(m) 

are associated with each occurrence. 

Agent its payoff is: 

if F(m) > 0 

if F(m) :;:! 0 

It is important to notice that A 's 
i 

maximin message is a func-

tion of vi alone: m
i mi(vi ) Optimality achieves if 

sg F(ml(vl ) , m2(v2) , ... , m (v)) = sg LV. 'Iv , n n ~ 

where sgx is the sign of x . 
An elicitation scheme M= (F, (f ., g ), i = 1, n1 is consti-

~ i 
tuted of n message spaces Mi , a decision function F from f Mi 

to R and n pairs of side-payment functions (f
i

, gi) from t Mi 

to R such that the vector of maximin messages leads to the optimal 

decision. 

To simplify the analysis, it will be assumed that Mi = R for 

all i, and that all the functions involved in the definition of 

the mechanisms are continuous. This continuity property is inherited 

by the mi • 

We now undertake ·to characterize elicitation schemes. 

It is necessary that, for every m., the sets 
~ 

n-l 
fm_i € R / F(mi , m_ i ) > 01 

and 

be non-empty. Otherwise, the ith agent would sometimes impose the 

decision. Then, given F,fi , and the i
th 

individual computes, 

for every m. : 
~ 
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f, (m,) min fi (m) 
+ 

= s, t, m 
-i 

€ H (m,) 
1 1 m -i 1 

gi (mi ) gi(m) -min s. t. m 
-i € H (mi ) 

m_ i 

Agent i then compares fi(mi ) + vi and Si(m
i

) and chooses m
i 

maximizing the smallest of those two numbers. 

A first requirement on the m, (.) 
1 

is that they should be 

would exist, for some i two different values and + v, (with 
1 

+ 
v, < v, ) associated with the same maximin message. Choosing v, , 

1 1 J 

j of i so that vi + L: Vj < 0 and v, + L: v. > 0 , the n-
j -oti 1 

j# J 

1 f fm,(v,+) , m,(v,), J' -/. 1'} and f (-) (V) / " tup es 0 message t 1 1 J J i m i Vi' mj j' j +: 1? 

would be identical and would therefore lead to the same decision, which 

clearly violates optimality. Since Mi = R , and the m, 
1 

are con-

tinuous, they have to be monotone, 

An argument similar to the one presented in section III would 

show that, given any increasing function m
i
(')' the class of pair oc 

side-payment functions fi and gi eliciting mi(v
i

) as the unique 

maximin message of an individual whose true valuation is vi' is 

characterized by: 

-fi decreases 

(6 ) increases 

If m
i 

is a decreasing function, the above monotonicity conditions 

should be reversed. 

For example, if m,(') is assumed differentiable as well as in-
1 

creasing, a function g_,l(.) bId f can e se ecte so as to satis y 
1 
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of its arguments, as was stated in the last paragraph. 

Conversely, suppose that F is such that: 

F(m) = 0 ~ Z ~i(mi) = 0 for some ~i' i = 1, " , n. 

F(m) is increasing in all of its arguments at points 

where it is equal to O. 

Then there exist functions m.(·) such that 
~ 

The second condition imposed on F implies that the '.p. 's are 
~ 

increasing. Their inverse is well defined. Choose the function m.(.) 
~ 

to be 
-1 

CPi We next show that it is essentially the only way to pick 

the functions m.(·). 
~ 

Call We are looking for functions w. (.)' s 
~ 

such that 

w (v ) = 0 ~ L v = 0 iii 

Two cases should be distinguished: 

1) If the number of agents is strictly greater than 2, the functions 

w
i
(·) should be all linear with equal slopes. 

Proof: Pick vk = 0 for i * k f j . 

Then wi(Vi ) + wj(v j ) + Z wk(O) = 

i lk~j 

O~v.+v. 
~ J 

that 

since L w.(O) = 0 
~ 

o . This implies 

This equation can be written for the couple (j, 1), replacing 

v by -v. 

(8) Wj (-v) + wI (v) -wj (0) - wI (0) = 0 for all v, and for (1, i) 
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The revelation game takes the following form: each consumer 

announces a value of his parameter 9i , chosen in his strategy 

space possibly different from his true value 
o 
6i , de-

noted by a circle. The center computes the optimal level of the 

public good corresponding to those announced values, y (9), assuming 

those announcements to be true, by solving in y the Samuelson opti-

mality condition. 

(14) g'(y) 

The center also distributes side-payments f
i

(9) to all the agents. 

Because of the separability of the utility functions, this procedure 

is legitimate since the optimal level of the public good does not 

depend on the distribution of money in the economy. 

The i th agent's payoff is then 

v(9.; e) = f.(a) + v(e.; y(e)) . 

We consider the maximin strategies of this game, and investigate 

the conditions under which they lead to the choice of the optimal y, 

denoted 
o 

y(e). Later on, we impose the further requirement that the 

budget of the center be balanced: 

(15) L f
i

(9) = -g(y(e)) 

An elicitation scheme is an-tuple (f.(e), i = l, ... n) enjoying 

all of the above properties. 

Proposition 3. If the budget balanced condition is not imposed, there 

are tax functions such that annoucing one's true parameter is a maxi-

min strategy. 
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Proof: From the work of Groves and Loeb [SJ, we know that there 

exist tax functions for which it is a dominant strategy to announce 

one's true parameter. 

An example of such a mechanism is given by: 

f. (6) = 
1. 

L v(e.; y(e»)- g(y(9) 
i;tj J 

where yeS) and y(S_i) respectively represent the optimal levels of 

the public good when all the agents are present, and when the ith 

agent has been deleted from the economy. 

This mechanism is just one specification of a general class. No 

element of this class can satisfy the budget balance condition, though, 

as was established by Green and Laffont [3J. This is what motivates 

us to look for other solutions. To start with, and because it simpli-

fies the analysis we investigate the existence of tax functions 

for which the minimization of the ith individual's utility in e
j 

, 

for j different from i, is obtained at the corner of Aj'S stra­

tegy space, 9j = O. 

Proposition 4 If, for every ai and 
o 
9i elements of R+, the 

minimization problem admits of the solution e j = 0, for j ::f i, 

then fi(e) should satisfy: 

f i (9 i , 0) = -g(y(9 i , 0» + k, where y(Si' 0) is 

the optimal level of the public good corresponding to the vector of 

announced valuations (9 i , 0) (which denotes (0, ~i' 0, •.. , 0) with 

a slight abuse of notation), and k is an arbitrary constant. 

Proof. 

o 
on 8i and 

Minimization of Ai's indirect utility in 8
j

, j i i, 

e .. 
1. 
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It is this function which is maximized in 9 i by Ai' giving: 

o 
oWca.; 9.) 

~ ~ 

In order for the solution of this equation in 9 i 
to have the solu-

0 0 
tion 9 i = @., no matter what e. is, it is necessary tha t this 

~ ~ 

an identity in 
0 

when e 0 
expression be 9 i' i 

is replaced by 9 i 
. 

This identity defines fi C9 i' 0) • Dropping the circle over 9 i 
for 

simplicity of notation and rewriting the Samuelson condition for the 

case a. = 0, j ii, gives 
J 

ovC9 i ; yC9 i , 0)) = g'CYCe i , 0)) 

oy 

so that of
i

C9 i , 0) + g' CyC9 i , 0)) ;:'y(9
j

, 0) __ O. Integration in 9. 
~ 

oa
i 

09
i 

yields: which is the con-

dition stated in the proposition. Its interpretation is simple. It 

means that if all agents but Ai want none of the public good, the 

remaining agent should bear the full cost of its implementation. Free-

riding is then impossible. 

It remains to show that the extremum obtained is indeed a maximum. 

From the definition of f
i

(8 i 0); the following expression is identi-

cally equal to 0 . 
0 

§i) oWCe i; 8i ) aWC9 i ; 9 i ) 
+ owCe i ; 

== 0 . = 09 i 219. 09 i 
0 0 

~ ai = e. 9 i 9 i ~ 
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So that, by differentiating once more: 

o~ (9.; e.) 
3. 3. 

09 2 
i oY09

i 

The second term of this product is given by differentiation of the 

Samuelson condition 

2 o v (9.; y (9) ) 
- 3. 
oyo9

i 
= 

which is positive for all e , as Al and A2 guarantee. Since o2v 

oy06 

is positive (by AI), it follows that the second order derivative of 

the maximand is negative. This completes the proof. 

Example. vee; y) = SLog y. It is easy to verify that Al and 

A2 are satisfied. The Samuelson condition takes the form: 

a) With a linear technology g(y) = y, it becomes 

and therefore 

The tax function fi(ai,O) is then 

f
i
(6., 0) = -g(y(S., 0» + k = - e. + k. This is the 

3. 3. 3. 

example given in the first section (with k = 0). 

b) With a more general technology of the form 

similar computations would give 

g(y) e = y , 

f.(e., 0) = -A(e)9
i
B(e) + k, where A(e) and B(e) are 

3. 3. 

algebraic expressionn c~,e~ci~~ on e . 
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We now impose the additional requirement that the budget of the 

center be balanced. 

Proposition 5 A necessary and sufficient condition for the 

existence of a (balanced) elicita tion scheme for which minimization in 

e
j 

, j f i, takes place at the corners (9 j = 0) is that 

(16 ) g(y(S)) ~ L g(y(S., 0)) 
- 1. 

for all 9. 

This condition tells us how the curvatures of the utility and 

production functions should be ra~ted. Before proving this proposi-

tion, we introduce a definition. 

Definition. A set of n functions €i(a) 

called sharing rules iff 

+n + from R to Rare 

m 
1) L €i(S) = 1 for all ~ such that ~ Ie. f 0 

J= J 

An 

2) € • (6 ., 0) 
1. 1. 

o forall ai . 

example of such functions is 

m 
€. (8) = L e. / (n-l) L 9. 

1. j ~i J . 1 J JIi 

€i(9) = 0 

Proof of the proposition. 

n 
if )' :f 0 L.. 8. 

j= 1 J 

m 
if \' a. 0 ...... = 

j= 1 J 

In order for minimization in 6
j

, j i i, to be achieved at 6
j 

= 0 , 

it should be the case that: 

o 

Iia i' 8 i' ~ j . 

o 
Since 9

j
, and since v(e i , y) is a 

non-decreasing function of y, it follows that the inequality will 

certainly hold if 

This is also a necessary condition. Indeed, for 

(17) 
o e = O. (17) reduces 

i 
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Adding up across i, 

L f i (9 i , 6 j ) = -g(y(9» ~ ~ f i (9 i , 0) = -Lg(y(6 i , 0» , 

the first inequality resulting from the budget balance condition, 

the second from (16), and the last from proposition 4. The condi-

tion given in the theorem is therefore sufficient. That it is also 

necessary is easily seen: if it did not hold, at least one equality 

of type (17) would have to be violated. 

Given a set of sharing rules, the following functions define an 

elicitation scheme: 

f.(~) = -g(y(9 , 0) + €i(e) [Lg(y(9., 0» - g(y(e»J. i = l ... n 
1 i 1 

Since the expression in the brackets is always non-negative, and 

its coefficient €i(9) also has that property, the second term of 

this tax function can be interpreted as a rebate to agent i, having 

paid -g(y(9 i , 0» . This second term only depends on e., j f i, 
J 

and its value is minimized at 9
j 

= 0 • The individual is then con-

fronted with the tax function defined in proposition 1, which induces 

truthful revelation. 

Example a) vee, y) = e Log y, and g(y) = y. (This is the 

example of the last proposition.) Then, 

g(y(d» = L e = Lg(y(6., 0». The condition of proposition 5 
1 

is satisfied at equality. No rebate is actually necessary and budget 

balance achieves with f(a) = - a. 
1 

l 
b) If v(s, y) = ey~ and g(y) y, simple computations 

lead to: 

g(y(e» = t(L a) 
2 1\' 2 > 4L 9i = Lg(y(8 i , 0» 

6yt 
:a. 

c) If v(d, y) = and g(y) = ~ y2 , 

g(y(9» = Lei =L ai = Lg(y(6 i , 0» 
2 2 
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The last proposition deals with the case when condition 16 does 

not hold. Even though it is not possible to guarantee that minimiza-

tion in 9
j 

is achieved at Sj = 0, it is nevertheless possible to 

exhibit an elicitation scheme. 

Proposition 6. Given sharing rules €i (9), the functions 

where 

constitute an elicitation scheme. 

Proof. It is easy to check that the budget balance condition 

holds. 

Next we show tha t 

* h(a) = - L f
i

(9) - g(y(e)) ~ 0 

* 
for all r:l • 

If e = 0, then y(O) = 0, f.(O) 
1 

0, and g(y(O)) = O. It 

follows that h(O) = O. In addition, h is differentiable and 

= +ov (9.; Y(e)) + g'(Y(9 i , 0) nY (8 i , 0) - ~ (8., y(e i , 0)) 
'::0.9 1 06 09 1 
o iii 

gy(a i , y(e i , 0)) Qz (ai' 0) + ~ oV(9
i

, Y(9))Q1 
oY 09 i oY 09 i 

- g' (Y(9)) .al 
oe. 

The last two terms, after factoring out Q1 
oa i 

1 

can be seen to 

add up to 0, by definition of Y(S) (Samuelson condition). 

The second and fourth terms, after factoring out ~(ai' 0), add 
09 i 

up to 0, for the same reason. 

Since Y(a) ~ Y(9 i , 0), the first and third term add up to a non-

negative number, because of the cross-derivative assumption AI. 

The partials of h(e) are non-negative at every point and h(Q) 0; 

therefore h(6) is everywhere non-negative. 
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Let us now consider the agent's minimization problem. Two 

cases should be distinguished. 

0 
a) 9

i 
:5 e. 

1. 
Then, because yeS) is increasing in 9

j
, and 

o2v ~ 0 
oYo9 

the func tion 
o 

-v(Si' yeS)) + v(Si' Y(9)) is non-negative, 

and is minimized for 6
j 

= o. (It is then equal to 0.) 

The tenn €.(S)h(e) 
1. 

is also minimized at The other 

o 
It follows that W(Si; 9 i ) = -g(Y(A i , 0)) + v(~i' 0)), which 

is maximized at 9i = 9i , as seen in proposition 4 . 

b) e 2: 0 
i - 9 i 

at the corner. 

It cannot be insured that minimization will take place 

However, this minimum of in 

o 
to be below V(Si' e i , 0), which brings us back to the preceding 

case. This second case does not affect the fact that 9i = §i maxi-

in 9 .• This completes the proof. 
1. 
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