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manager is to affect his reward at all.
H has to depend on y if the manager's answer is to
reveal something about £(.).
It follows that H = H(x, y) : H should be a well-defined
+2

function of x and y in R .

The manager's expected payoff is:

p(x) = j;*m H(x, y) £()dy .

This integral should exist for all £(.) and for all x
in R+ and its maximiaation in x should admit of a solution
for all £(+). This establishes step 1.

Consider x, and X, elements of R+ and examine the

1

difference:
p(x) - p(xy) = ﬁ;ﬁﬂ(xl’ y) £(y)dy - fZ“H(xZ, y) £()dy.

Truthful elicitation requires that
(x,) - p(x,) 20 ¥x x, € R vE(*) s.t. F(x,) = T
p 1 2 - 1’ 2 b . . 1

Define
A(xl’ xz’ Y) = H(xl’ Y) - H(xzs Y)

and choose X, and X, 80 that X, < X,

+ +
Step 2 vxl e R, sz € R, X) < X,, q Gl(xl’ xz), Gz(xl, x2) € R
such that:

(2a) A(Xl’ Xy5 y) - Gl(xl’ xz) =0 a.e. 1f y = 3]

(2)
(2b) A(xl, Xy y) - Gz(xl, x2) =0 a.e. 1if y = X,



b=
Proof: Choose m, Mi € R with m, < Mi for i =1, 2, and define

+
le(xl, xz) ={y/yeR,ys X1s A(xl’ X, y) = ml}

+ .
= = =
P\Ml(xl, x) = {y/y e R\, y Sx,, 4(xp5 %, ¥) EM S .

1A

R and are defined by the same formula with "y = x
m, RM2 2

replacing "y = xl” .

These four sets are measurable.
Denoting by w(X) the measure of the set X , we claim the
equivalence of (2) and (3):
s X

(3): ¥ € R, ¥V m, , Mi € R, m, < Mi? vie {1, 2},

17 72

either u(Rmi(xl, x2)) =0 or H(RMi(xl, xz)) or both.

It is clear that (2) = (3).
In order to establish the converse, suppose that (3) holds, and
define ((myM) being either pair (mi, Mi)’ i=1, 2)

_S_(Xl’ xz) = {m/m € R, “'(Rm(xl’ xz)) > 0}

and

It

§(x1, x,) = (M/M € R, u(Ry(x;5 %,)) > 0}

a) xy, X, € R, S(x;, X,) # 9 and S(xp» %) #0.

2
Otherwise, H would not be a well-defined function.

. 1 1
b) vxl, X, € R, 1if m ¢ §(x1, XZ) and m° >m, thenm ¢ §(x1, x2).

¥X,, X, € R, 1f M € §(x1, X and M1 < M, then M1 € §(xl, xz).

1° 72 2)

This follows from the definition of the sets §(x1, xz) and §<xl’ x2).

. 3 4
It is clear that §(x1, XZ) “S(Xl’ xz) =0 .
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If, for every x> Xy, this interesection has only one point,

(2) holds.

I1f, for a pair x;, x;, g m*, M¥* with m* <« M gsuch that

w*, M* ¢ S(x,, %) NS(x], %), (3) would be violated since:
o} (o] o (o]
“(Rmo(xl’ x2) >0 and “(RMO (xl, XZ)) >0

with m° = m* + 1/3[M* - m*] and M° = M* - 1/37M* - m*] .

Given the equivalence of (2) and (3), Step 2 is established by

showing that (3) holds. The reasoning is by contradiction: suppose
that, for a pair xo, xo, there exist m, and M, with m, <M,,
1’ 72 i i i i

B(R (%7, %)) >0 and w(R(x], £,)) >0 for =1 or {=2 or
i i

both.

To start with, assume that such inequalities can be found to

hold for i =1 and i = 2 .

Choose a sequence {en, n=1, ...} with e > 0 V¥n , and

& - @ as n - + o and define a sequence {fn, n=1, ...} by

(i) fn >0 ¥n

n

2}

(ii) Fn(xi) =

]
2]

]

m

(i1i) £ (y)dy

[o] o (o] Q
le(xl, Xz) Rmz(xl, X,)

r =1 - -
an(y)dy 1 r en Vn .

. —_ - + ] < < o
(iv) l/enfn(y) = l/emfm(y) Vn, vym, Yy € R \le(xl, XZ)URmz(xl’ xz).

Truthful elicitation requires that

+co o o -
fo A(x]s Xys VE (Ndy 20 ¥m .
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. +, o o o oy _ o o R
Calling R \le(xl, XZ)URmz(xl’ xz) = Tml’ o (xl, xz), this can be
written:

@) Jateps %5, ME Oy + a6, x5, NE 3y + JaGE, 13, Yy = 0

R (Xos xo) R (x°, x2) T .(xo’ xo)
my 12 72 m, 1° %2 | my, my 17 72

The three terms of this sum, respectively called A, B and C, are

now examined.

As[mf (y)dy = m(r - €)

e} o
le(xl, xz)

Bs | mzfg(y);iy = my(l -1 -€).
Rmz(xl, Xy)
In order to evaluate C, choose a probability function g satisfying:

(1) g>0.

A s = LE® (= L 500, Tyer, (x] %)

1
’
261 n 1 2

The integral over any measurable subset of R , of the payoff
of a manager whose probability distribution is g , when he announces

xi or x; , 1is a well defined number

o _ o = ;=
[ B, yz l/snfn(y)dy = 2 HGx], ygg(yzdy = Q i=1,2.
T .(X y X ) T (X s X )
Consequently
ngen(!Qll + 'Q2|) = EnQ with Q = 2('Qll + |Q2')
(4) gives:

ml(r - eg) + mz(l - r- en) + enQ =0 Vn .



By letting n go to = ,

(5) myr + mz(l -r) =

If
o

Similarly, by choosing a sequence {fn, n=1, ...} satisfying:

i >
(1) fn 0 ¥n

(ii) Fn(xZ) -r Vn.

]

(1ii) [£ (5)dy

Ry, ®10 %) Re, (%10 %)

r-e ffn(y)dy =1 -1r- €

(iv) e £ (1) = e £ (¥), ¥, Tm, Tys R*\RM1<x§, xR (3, %)

One can show that

(6) M, r+M

) 1-1)=0

5
Subtracting (6) from (5) yields:

(m1 - Ml)r + (m2 - MZ)(I - r) 20, which is inconsistent with

ml <M and m, < M

1 2 27

If the inequalities stated in (3) had been violated for only one
i , the argument would have followed the same lines.

We conclude that (3), and therefore (2), hold. This proves Step 2.

Step 3. H 1is a separable additive function of x and y .
Proof:

a) Given a sequence {XZn’ n=1, ...} with %, ¢ R,

Xy = + o as n - o , define

A
%
<
I
%
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Hn is a separable additive function of Xy and y in the
restricted interval over which it is defined. However, this

= x, . This

function does not depend on n as long as 1

*2n
results from (2a).
Therefore, H satisfying

H(xl, y) = Hm(xl, y) Vh such that Xy = X5 ¥y = x, is

a well-defined function, and it can be written, like H , as a
n

sum of functions of X, and y alone.

b) Setting X, = 0 in (2b) gives

H(xz, y) = H(O0, y) ~ GZ(O’ xz) if y = X, o which gives
the separable form directly. This proves step 3.
To simplify the notations, H is now written:
Al(x) + BI(Y) a,e, if y=x
(7) H(x, y) =

Az(x) + Bz(y) a.e. if y>«x

The inequality of the second line is strict so as to en-
sure consistency at the points y = x without having to write
it out explicitly, but this lack of symmetry is immaterial

since this is only an "almost everywhere' characterization.

Step 4.

(8) EAl(xl) - Al(xz)]r + [Az(xl) - Az(xz)](l -r)=0 vxl, x, ¢ R

Proof: Using (7), p(xl) - p(xz) can now be written:

X1

p(x) - P(x,) = gEA1<xl> +B,(9) = (A, (x,) + B (LY

X
2
+ [lay ) + 3,0 - A (xy) + B (M IEFdy

X
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+eo
+ [Ta,(x)) + By(y) - Ay(xy) + B,(y)IE(x)dy
*2
*1

(9) p(xp) = p(xy) = [A;(x)) - A (x,)] gf(y>dy +

X
+
£[A2<x1> + By(y) - (A (xy) + B (Y IE(n)dy + [A,(x)) - A2<x2>3£f<y)dy
1 2

Define the sequence {fn, n=1, ...} by

1) £ >0 W

(ii) Fn(Xl) =p Vn
X
2

(1i1) JE (ndy = ¢_ n

X
1
(iv) l/enfn(y) = llsmﬁn(y) Vn, Vm, Vye[xl, sz.

Truthful elicitation requires that, if £ = fn’ p(xl) - p(xz) =Z0 Vn .

The middle term of (9) can be bounded by €nQ for some Q,
by an argument similar to the one used in evaluating C in step 2.
(9) gives:

[Al(xl) - A (x))ir + 6 Q+ TA,(x)) - A2<x2)](1 -r-c)

0 .

iv

iV

P(Xl) - p(xz)

When n - «» it follows that

w
o

r - 1 - -
(10) TA (x)) - A (xy)]r + (A =) Az(xz)](l r)
Similarly, defining a sequence g, > 0 by

(1) g, >0 ¥n

(ii) Gn(xz) =r n
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*2
(111) Je (»dy = ¢ o
X
1
(iv) 1/e g (y) = /e g () Vo, Tm ¥y e [x), x,]
would give
(11) (A (x)) - Al(xl)]r + [4,(x)) - Az(xz)](l -r)y=0.
(10) together with (11) imply the equation appearing in the

statement of Step 4.

Step 5 a) Bz(x) - Bl(x) + Az(x) - Al(x) =0 a.e, in [0, + o

b) Bz(x) - Bl(x) is a.e. a decreasing function of x

is continuous.

if

If B is not continuous, statement a) is almost the same

but requires a number of definitions that obscure its meaning.

Both cases are explicitly dealt with in what follows.
Proof: Call B(y) = B,(¥) - B;(¥y) » A(x) =A,(x) - A, (%)

Using (8), (9) can be written:

X X

2 2
(12) [B()E(y)dy + A(xy) [E(y)dy 2 0 if F(x;) =
X X
1 1
) *2
(13) BN E)Ay + A(x)) [f(y)dy =0 if F(x,) =t
*1 *1

Given a sequence {en, n=1, ...}, en >0 Vn, en -0

n—- =« , define, for me¢ R, Rm(xl, Xz) = {y/y [Xl,

as

B(y) = m} and (x5 %) = {m/m ¢« R and W(R (x5 %)) > 0} .

By an argument similar to the one presented in step 2,

a) S(xl, xz) £ 0

b) If m¢e §(x1, x2) and m1 > m, then m1 € §(x1, X

2)

B
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call m*(xl, xz) = infm, me §(xl, xz). m*(xl, x2) exists,

otherwise H would not be well defined on rxl, xzj.

Define the sequence {fn, n=1, ...} by:
(1) fn >0 Vn
(ii) Fn(xl) = r, Fn(XZ) =r+s8 with s >0 ¥n
o - .
(iii) fn(Y) *n Vye [xl’ xZJ\Rm*(xl, xz) + en Vn

(12) gives

p(x) - p(xy) = [[w*(x), %)) + ¢ JE(n)dy

R
m*(xl, XZ) + €

X
*2
+ B E(y)dy + AGxy) [E(n)dy
[x., x,0\R X1
1 2 m*(xl, x2) + Gn
*2
(i) = [f(y)dy = [£(y)dy = s
Rm*(xl, xz) + € X
X
1
(1ii) = fB(y)f(g)dy se [IB(»ldy = ¢ 0
Xy Xy \Rm*(xl, xz) + . Xy
)
since le(y)|dy is a well-defined number, designated by Q
X
1

Therefore:

p(r)) - p(x) 5 (WH(x, x,) + 8 )s + ¢ Q) + A(x)s -

After division by s , and an obvious change of notation, it
follows that

(14) 0 = mwk(x;, x,) +A(x,) + ¢! ¥n

with e; -0 as n -+ o

1
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Similarly, define, for M € R, RM(xl’ x,) = {yly ¢ (x, x2]
and B(y) Z M} and S(x; 5 x2) = {M/M e R and u(RM(xl, xz)) >0} .
As before,

a) §(x1, xz) #0

b) If Ms §(x1, x,) and M' <M , then M| e §(xl, Xy)

2)

Call M*(xl, X = sup M, M € g(xl, xz). M*(xl, xz) exists,

9)

since H is well-defined on [xl, x2].

It could then be derived that:

> % "
(15) 0 =M (Xl’ xz) + A(xl) + er n

with e; -0 as n =+ o,

Perform the change of notation Xy = X in (14) and X = x
in (15)

By letting n go to infinity,

v
(o]
<t}
»

(14) gives: m*(xl, x) + A(x) =

(15) gives: M*(x, x,) +A(x) =0 Vxs=sx

2)

Together we get:

=

1%
HA
»

X

(16) -M*(x, xz) z A(x) 1 2

-m*(xl, x). Vx

A

This is possible only if m*(xl, x) = M*(x, XZ) v X, =Ex = X,

and this in turn implies that B 1is non-increasing almost everywhere.

—

If x 1is a point of continuity of B, when X, 7%, m*(xl, X) -

B(x) and when x, =X, M*(x, xz) - B(x).
(16) then yields: A(x) + B(x) =0 .
If x 1is not a point of continuity of B, it is sufficient

that A(x) satisfies (16). The sufficiency of (16) is seen by
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going back to (12):

Xz X2 XZ XZ
B@Edy + AGxy) JEMdy 2 mr(x), %) [1(ndy + AGxy) [T(n)dy
* | *1 *

X
= [m*(xl, xz) + A(xz)]ff(y)dy , which is non-negative
*1
if (16) holds.

(13) could be checked in a similar way.

Finally, notice that uniqueness of the best strategy is
guaranteed by the choice of a strictly monotone B. If B
were constant a.e. on a segment [c, d], A wauld also have that
property, and the payoff would be insensitive to changes of strat-
egies in [c, d]. Conversely, if strict monotonicity holds, the
above inequalities are strict so that deviaEion from the truth
leads to a strict loss in expected payoff.

All these conclusions are éathered in the following proposition:

Proposition: A necessary and sufficient condition for a scheme H to

elicit =x*, solution of "F(x) = r'", as best answer is that H satisfies:

HA
n

Al(x) + Bl(y) a.e. 1if y
H(x, y) =
,(®) + B, (y) a.e. if y>x

with (Al(xl) - Al(xz»r4-(A2(xl) - Az(xz))(l -r) =0 Vx1 sz .

and -M*(x, xz) z2 Ax) = -m*(xl, x) ¥ Xy =x = %, where

m*(xl, x) and M*(x, XZ) are defined in step 5.
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1f Bz(x) - Bl(x) is taken to be continuous, this last
condition can be written:

Bz(x) - Bl(x) does not increase.
(1n Bz(x) - Bl(x) + Az(x) - Al(x) =0 = .

Uniqueness of the best strategy is guaranteed by enforcing strict

monotonicity of Bz(x) - Bl(x) .

Rema rk

This paper ditrers rrom Weitzman's in that output is here restricted
to be non-negative while it may be any real number in [1,. 1In addition,
Weitzman's scheme elicits x* satisfying F(x*) = 1 - r , while we
are concerned with the solution x* of "F(x) = r". Both differences

|
are inessential. ’

II. Propertieé of the elicitation schemes

1) If the distribution function £(.) has mass-points, F 1is
discontinuous and there might be no solution to "F(x) = r". On the
other hand, since the schemes characterized in the proposition may
exhibit discontinuities, the Stieltjes integral giving the manager's
expected payoff may not be well defined. Given any point of discon~-
tinuity of H , one can find a function F discontinuous at the same
point, for which the expected payoff cannot be computed. It follows
that for every x , H(x, y) should be a continuous function of vy .
This is possible for each of the intervals [o, x 7 and Jx, + ® and
is guaranteed at y = x by condition (17). The "almost everywhere"
statements of the proposition should be replaced by "everywhere'" state-

ments. The class of elicitation schemes is then somewhat narrower. If



-15-

a discontinuity of F appears at a point x* such that F(x*) > r ,

and F(x) <r Vx < x* , x* is nevertheless the manager's best answer,
so that the nonexistence of a solution to "F(x) = r'" does not prevent
useful information to be transmitted to the center. Sensitivity analysis
only (operating the scheme for different values of r) would reveal to the
center the existence of the discontinuity. This is important to notice
because it is not true of all elicitation schemes that a manager con-
fronted with a "multiple' questionaire, will still have an incentive to

give the correct answer to each of the individual questioms.

2) If the distribution function £(.) is zero over some range,

F has a flat section, and there exists a continuum of solutions to
"F(x) = r'". It is likely though that the center would be particularly
interested in the highest point of this range, corresponding to the
greatest output. However, no scheme of the class given by the propo-
sition could induce the manager to choose that point. A small variation
of r could however reveal to the center the existence and the length
of the flat section. As before, sensitivity analysis seems necessary

to the obtention of the extra information,

3) Given a non-negative number A, if H1 and H2 are elicitation

schemes, so are H1 + H2 and KHI.

4) Existence of bounded and individually-rational specifications.

In the scheme presented by Weitzman, the transfers between center
and manager may be quite large if the difference between y and x
happens to be important. It is of interest to investigate the exis-

tence of elicitation schemes whose maximum cost is bounded above and
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below, because they guarantee that neither center nor manager will go
bankrupt, if they have limited resources te start with.

In addition to satisfying the conditions of the proposition, an
additional requirement is therefore imposed on the elicitation scheme,

namely:

N =S H(x*, y) =M . ¥y .

However, since the designer does not know beforehand what x*

will be, it should be case that
N =HE, v) =M Vx, Yy .
which implies:
(18) N s Al(x) + Bl(y) =M ¥x, Vy = x.

setting y = 0, this yields

N - Bl(O) = Al(x) =M - Bl(O) = .

Therefore, él(o) is bounded below and above; (a)

Next, one computes, with the help of (8), in which X =X

and X, = o,

AG) = A,(0) = AL = Tm A + T A (0) + A,(0)

Since A(-) 1is non-decreasing, él(.) should be non-increasing; (b)

Given the choice of a function Al(-) satisfying (a) and (b), one

chooses Bl satisfying (18).

(18) = N - Al(x) = Bl(y) =M - Al(x) ¥y, 7 x Z vy .
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Noting that -Al(-) is an increasing function and calling my the

highest lower bound of Al(-), we get:
(19) N -M =SB(y) sM=-A () Ty.
In order for this to be possible, A1 should then satisfy:
N-M =M - Al(y) Vy

or Al(y) =Em, +M-N

i.e., the range of variation of Al(.) should not be greater than
M-N.

Then Bl(y) can be chosen so as to satisfy (19)

Bz(y) is finally given by (17). This completes the construction

and establishes the existence of bounded schemes.

A particular case is when no upper bound is put on the payment

(M = «®) but individual rationality is required for the manager (N = 0).

The preceéing construction shows that individually rational specifications
exist.

Since M and N are arbitrary (except for the requirement M > N),
the cost to the center of running an elicitation scheme can be made as
small as one wishes. One should be careful though since a choice of a
small difference M - N implies a relative unresponsiveness of the
manager's reward to his efforts to find out what x* 1is. The loss he
incurs from making a "mistake' becomes less and less serious and may
destroy his incentive to evaluate F correctly as soon as minimal costs
of information gathering are introduced, as they should in a more realis-

tic analysis of his behavior.
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5) Schemes involving the transfer of less information.

In the derivation of Part I, it was assumed that the center would
eventually know y , as well as keep the manager's answer on record,
so that the bonus could be expressed as a function of both x and vy .

However, schemes based on less information are conceivable: assume
for instance that the center only observes whether y 1is above x ,
without ever knowing the precise value of y . Conversely, the center
could observe y and "remember'" only whether the announced x was
above or below y . The bonus scheme would involve functions of x
only in the first case, and functions éf y only in the second case.
The functions could differ for y =x and y > x . The examination
of the conditions stated in the propositions reveals however that such
schemes could not elicit x* .

The dependence of the bonus on x and y , stated in Step 1,
should therefore be non-trivial where "trivial" means 'only through

the cut-off condition y = x".

6) Case of restricted families of distributions.

If £(.) 1is known to belong to a certain class of probability
distributions, a richer class of elicitation schemes can be found. 1In
order to illustrate this comment, suppose that the designer knows that
f(.) 1is a uniform distribution over [0, t], where t is some (un-
known to him) parameter.

The manager's payoff can be written:

t t
p(x) = gH(x, y) £(y)dy = ;l; gH(x, y)dy.

x* is given by x* = rt, and the loss from announcing x # x*
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is the negative of
t

[ [H(x*, y) - H(x, y)]dy

p(x%) - p(x) = %6

Denoting I H(x, y)dy = h(x, y) , elicitation requires that:

t
[h(x*: y) - h(x, Y)-,o z 0 ¥x vVt

® (20) h(rt, t) - h(rt, 0) - h(x, t) + h(x, 0) 2 0 vx ¥t .

(20) 1is the only necessary and sufficient condition that H should
satisfy in order to lead to the elicitation of =x* .

For example, if h(x, 0) = 0 , (20) reduces to

h(rt, t) - h(x, t) 20, which means that
as a function of x , h(x, t) should be maximized at x = rt , for
all ¢ .
Otherwise, given any arbitrary function h(. , 0), it is enough

to choose h(x, t) satisfying (20) for every ¢t .

7) Case of differentiable elicitation schemes.

If the search for elicitation schemes is restricted to payment
functions that are differentiable on each of the subsets of R2+
defined by {(x, y)e R¥t / y < x} and {(x, y)s Rt / y > x},
the characterization proof takes a somewhat different form:

For simplicity, it is assumed that H satisfies conditions
allowing to take the derivative under the integral sign appearing in

the definition of p(x) in order to evaluate the derivative of p(x).
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Writing H(x, y) = Hl(x, y) if y«x

H(x, y) = Hy(x, y) 1f y2z=x, p(x) is given by:

X +=
p(x) = (f H)(x, )E(dy + [ Hy(x, Iy .
X
Then
X +2
p'(x) = O,F 3H, (x, ¥) + [aH,y(x, ¥) + H (x, ®)£(x) = Hy(x, ®)£(x).
3x T ox

Elicitation requires that
p'(x*) = 0 where x* satisfies F(x¥*) = r .

It would be to lengthy to develop the derivation of the conditions
(1) - (ii) listed below. Such derivation would closely follow the steps
indicated in the non-differentiable case.

(1) Hl(x, x) - Hz(x, x) =0 ¥x .

(i) OH,(x, y) = 2, (® , OH,(x, y) = 2a,(x) ¥z, Uy .

dx ox
(iii) al(x)r + az(x)(l -r) =0 V& .

Integration of (ii) in x would then yield:

Al(x) + Bl(y) if y=x
(a) H(x, y) =
Az(x) + Bz(y) if y>x
with (b) Al(x) - Az(x) + Bl(x) - Bz(x) =0 Vx

and (c¢) A'l(x)r + A'Z(x)(l -r)=0 VX,
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These conditions are necessary. They allow to rewrite p'(x) as:

p'(x) A'l(x)F(x) + A'Z(x)(l - F(x)) , and then

]

A'l(x) [F(x) - r (1 - F(x))]
l-r

Al (x) [F(x) - r]
1l -r

F(x) - r 1is non-positive for x = r , and non-negative for x = r.
In order for a maximum to be attained at x* , it should be the case
that p'(x) 20 for x =x* and p'(x) =0 for x = x* . This is
achieved if and only if A'l(x*) =0 . Since x* can be any number,
a necessary and sufficient condition for the extremum guaranteed by (a),
(b) and (c) to be a maximum is that A'l(x) =0, VvxeR.
This completes the characterization in the differentiable case.
Remark

For the direct elicitation of probabilities, converse problem of

the one we study here, the reader is referred to Savage [1].
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