








































































































































































































-20-

it follows that for wl near wOl, cy(ml,moz) is the unique
maximizer of Gz(woz,y) subject to y e Y and Gl(wl,y)_z wl(ml,woz).

2
The continuity of cy(°,m°') near m°l now follows from Step 1 and

the Maximum Theorem.

Step 3: Let wo e @ such that vl(wOl) < wl(wo) < max {Gl(wOI,y): v e Y}

and vz(woz) < wz(wo) < max {Gz(woz,y): v € Y}. Then there is an

open neighborhood N of mol in ﬂl such that the function

g: N > Y, defined by letting g(ml) maximize ;z(ﬁjz,y) subject to

vy eY and gl(ml,y) 3.wl(uP) for each ml e N, 1is Cl.

Define the (possibly empty valued) correspondence g?: Ql Y

by go(ml) = {y: y maximizes Gz(mog,yl) subject to y1 €Y and

Gl(ml,yl)_z wl(mo) . Using Step 1 and the Maximum Theorem as they

were used to prove Step 2, one can show the existence of a neighborhood

o
N of w°1 in Ql such that golNo is a continuous function. Since

o o o1 0,0
¢ is efficient, cy(w =g (w 7). Since ¢ IN is continuous, there

is an open neighborhood N of mol in N? such that for each

ml e N, vl(wl) < Gl(wl, go(ml)) = wl(do) < max {Gl(wl,y): y e Y}

and v2(ufz) < GZ(QPZ, go(wl)) < max {Gz(woz,y): y € Y}. Let g=§°|N.
Then él(wl, g(ml)) >0 and 52(092, g(wl)) > 0 for each wl e N,

so Lemma 2.5 (ii) 4implies that for each ml e N, Gl is C2 at

(wl,g(wl)) and Gz(woz,') is 02 at g(wl). For any ml e N, let
y = g(ml) and let r = wl(mo). Then there exist Lagrange multipliers

A >0 and Yy > 0 such that
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~

D v (%%,y) + lDy'\Afl(wl,y) - yDf(y) = 0
y N

Ql(wl,y) - r=20

f(Y) -1-= 0,

where Dy denotes the derivative with respect to y. Using the
. R ~2, 02 ~1, 1

quasi-concavity of v (w ~,*) and v (w ,*) and the fact that

sz(y) is positive definite, implicit differentiation shows that

g is Cl on N.

Step 4: Let w € @ with wi(mo) < max {Gl(wOI,y): y € Y} for

each i, and define the path p:[0,») > Ql by p(t) = uPl+(l—e-t)c1(uP).

2

o .
Then cy(p(t), w 2) = cy(d’) and wl(p(t), w® ) = wi(mo) for each

t > 0 and each 1.
Consider the differential equation

(%) a(0) = ®L, and &(t) = el (o(t), w®?).

By step 2 and the Peano Existence Theorem there is some € > Q0 such
that a Cl ‘'solution to (*) exists on [0,g), so let o: [0,g) = Ql

be such a solution. Let 0 <t < t' < e. Since c¢ 1is incentive-

compatible,

vi(act") + el (r),u°2)) = via(e) + ctoe),®®)1cer-e)7t <

[via(e) +el(a(t"),u®?)) - vioce) + o) ,w®?)) e -e)7t <

| A

vi(o(t") +el(a(t"),6°?)) - via) + ctee),w®?)) 1 -6 .

IA
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The difference quotient in the middle is
W oe), 8% - whem, e,

so using the continuity of cl(c(-),uPz) at t (Step 2), we have that

W @(+),0®?) is ¢b at t and '—d-%wl(o(t),w°

2y = Dl (o (t)+el (o () ,u2))e(e).

But o(t) = cl(o(t),moz), so since ¢ is efficient,
& w0 ©,6°) = T o, e o), 0DV () + o) R Lie (o), 8-

= 0. Thus wl(c('),woz) is constant on [0,¢).

Since ¢ is efficient wi(wo) > vi(wOi) for each 1, so w’

satisfies the hypothesis of step 3. Let g: N Y be the function
given by Step 3, and let 0 < 8§ < ¢ such that o(t) ¢ N for all

0 <t<d§. Since c is efficient, ¢ is a solution to the differential
equation

(k%) 0(0) = %, and &(t) = 8L (o(t), g(a(t))) (-1,g(a(t)))

for all t ¢ [0,8).

By Step 3, Lemma 2.5 (ii), and the Picard Uniqueness Theorem, the

(o} -
solution to (**) is unique. It follows that o(t) = w + (l-e t)cl(mo) = p(t)
for each 0 < t < &. Since wl(-,moz) is continuous by Step 1,

wl(p(é),moz) = wl(mo). Since ¢ is efficient cy(p('),moz) = g(p(*)) =

cy(wo) on [0,8). By Step 2, cy(-,woz) is continuous at p(§),
so cy(p(é),woz) = cy(wo), and thus wz(p(é),moz) = wz(wo). Therefore

o .
the endowment (p(§8),w 2) satisfies the hypothesis of Step 3, so by
the above argument, there is some &' > § such that p is the unique

solution to (*) on [0,6'). Thus p is the umique solution to (*) on
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an open and closed subset of R+ so p 1is the wmique solution on

R+. Also, cy(p('),woz) and wl(p('),moz), i=1,2, are constant
on an open and closed subset of R+, which completes the proof of

step 4.

o i, O ~i
Step 5: There is no w € & with wl(w )} < max {vl(wOI,y): y €Y}

for each 1i.

Suppose, by way of contradiction, that such an mo exists.
’ o
Then w  satisfies the hypothesis of Step 4, so let p be the path

-1
given by Step 4 and let ® = mol + cl(wo) = 1lim p(t). Since

t->o

wl(p(t),woz) = wl(mo) for each t, Step 1 implies that wl Bl,moz) =

wl(mo) = vl(al). Since c¢ 1is efficient, this implies that cy(al,sz)

maximizes %z(woz,y) subject to y € Y. For each 0 <t <=, let

pz(t) = m°2 + (l—e—t)cz(wo), and let 52 = uPz + cz(mo) = lim pz(t).

ot -

Let Y* = {y ¢ Y: Dvl(al)(—l,y).i 0}, and for each t, let Gz(t) =

max ‘{;Z(pz(t),y): vy € Y}. Since c¢ 1is efficient, for each t, if

cy(al,pz(t)) e Y*¥ then wz(al,p(t))= ;z(t). Also, cy(al,pz(O))e Y*,

Since ;z(t) - sup {Gz(pz(t), y): vy &€ Y/Y*} >0 for all t, cy(al,pz('))
cannot leave Y* witﬁout making wz(ﬁl,p(°)) discontinuous. By Step 1,
applied to investor 2, wz(al,p(t)) = Gz(t) for all t and

2,-% -2 ~2 =2
w (0w ,w") = max {v ' (0",y): y € Y}. However, the property assumed for

o -1 -

w is symmetric with respect to the investors, so wl(ml,wz) =

max{Gl(al,y): y € Y}. This contradicts the Pareto optimality of c(wo),

and completes Step 5.
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Step 6: Let w® & Q with wl(wo) = max {;1(w°1,y): y € Y} and
2 ~
w2 (W®) < max 02W%,9): vy e Y. Let k= fo? e 9% wiOl,w?) =
wl(wo)}. If 8>3 then K= Qz.
2 2
Let P° = {wz € 92: Dv (wz)(—l,y) >0 for some y e Y}. Since
v2 is Cz, P2 is .open. We now show that P2 is connected. Let
mz,m'z £ P2 and let vy, vy' € Y with sz(wz)(—l,y) > 0,
sz(m'z)(-l,y') > 0, and wg_z w'g. Let 52 be defined by
-2 2 -2 . .2 2 )
wy = wg and  w_ = min {ws, w s} for each s. Then, using

the fact that Dzuz(r) <0 forall r >0, every w"z in

l|2

the line segment [mz, 52] satisfies 4Dv2(w }(~1,y) > 0,  and every

w"2 in the line segment [52’w;2] satisfies sz(m“z)(—i,y')> 0, so
2 o » o . 1
P® 1is connected. Now let y = cy@n ) and define the C~ function
S4+1 S+1
g: {(wz,ez,k) e P®x R x R: cu2 + 82(-1,}'0) e R, }-R by

' 2
g@nz,ez,%) = szﬁnz + 62(—1,y°)) - A(l,Df(yo)). Since Dzv (xz) is
S+1
negative definite for all x2 e R

gfl(O) is a 2-dimensional submanifold of the domain of g. Hence the

s & is a submersion, so by [5,Th2.8],

set P° = {m2 ePZ: for some (62,),) € RZ, ganz,e,l) = 0} is a
2-dimensional submanifold of the S+l-dimensional manifold P2 .

Let w2 € 92. if mz ¢ Pz, max {vz(mz,y): vy eY}= vz(mz),

so wz € K by the efficiency of c¢. If mz € P2, then since

2 2
w°2 e P" and P” is open and connected, there is a €~  path

o 02

c: [0, 1] ~ P2 with 00(0) =y and co(l) = wz. Let
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§: (0, 1) = int R.+ such that lim 6(t) = lim 8(t) = 0 and consider
0 t>1 .

the Whitney open set of ¢” functions o: (0,1) » P2 with

Iioo(t) - o(t)[l < 8(t) for all t. By the Transversal Density Theorem,
[5, Cor. 4.12], there is some O in this set which intersects P°
transversally. But P° s 2-dimensional, and since S > 3, P is

at least 4-dimensional. Hence U(ty ¢ p° fof all t e (0, 1). 1If

w2 e P°, then max {Qz(mz,y): yeY}l = ;Z(wz,yo), so wz € K by

the efficiency of c¢. 1If w2 ¢ Pi extending ¢ to its limits at O

. . 02 2
and 1 gives a continuous path from w to w such that for each

0<t<x<1, Gz(d(t), yo) < max {Qz(c(t),y): y € Y}. Hence by Step 5
and step 1, applied to investor 2, o(t) € K for all 0<t <1, so

wz ¢ K. Hence K = 92.

Step 7: If S >3, c is serially dictatorial.
1 1 ~1,1
Let L7 = {we Q: w(w) =max {v (w,y): ye Y}} and 1let

L2 = {we Q wz(w) = max {Qz(wz,y): v € Y}}. By Step 5, Q = Ll U LZ.

1,2 1 1
Suppose there is some «° ¢ L /L°, Let P = {w': for somey ¢ Y,

Dvl(wl)(-l,y) > 0}. As in the proof of step 6, pl is open and connected.
1
Since o & L2, the efficiency of ¢ implies that m01 ¢ P, Step 6 implies

2 1 1 1 1 2 1
cl’, Let A={w eP: {w}xn cL'}. By Step 1,

that {w°1} X Q
. . 1
A is closed in P, and by Steps 1

. . 1 1
and 6, A is open in P~, Therefore A =P so Ql = Ll, which completes

the proof.
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4,9 Remarks: If I > 2 or S = 2, the result no longer holds. First

suppose that S = 2. 1In this case the technologically efficient set

of activities is a one-dimensional curve such as that depicted in

Figure 1. Consider the mechanism in which each agent is asked to
announce his most preferred activity and level of investment in that
activity. If the announced ei's are both positive or both zero, the
activity which is furthest northwest is chosen. Otherwise the activity
announced by the positive investor is chosen. Each investor is then
given his most preferred level of investment in the chosen activity,
which may of course differ from his announced ei if his announced
activity is not chosen. Using the quasi-concavity of the functions
vi(wi,‘), the incentive-compatibility of the resulting choice function is
easily established, irrespective of the number of investors. Alternatively,
the "median" announced activity could be chosen. If I = 2, the

efficient incentive-compatible choice functions can be completely

characterized as follows.

4,10 Proposition: Let I =S = 2, and let ¢ be a choice function

and let cy denote the activity coordinate of ¢. Then ¢ is efficient
and incentive—compatible if and only if for each w e Q, if

(8,y) = c¢(w) then ei = ai(wi,y) for each i, and either

i) ¢ 1is serially dictatorial; or

ii) for each w

Q(
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1/2

~ *
Yl(w l)

~2, 02

Figure 1
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or
’ yi(wl) jyﬁ(wz); and

(*) cy(w) =N

: §2(w2) if éz(wz, §2(m2)) > 0 and either 51(w1,§1(w1))
or
e ~2. 2 ~1, 1
~ Ys(w ) 2y (W),

for s =1; or

iii) for each w, cy(w) satisfies (%) for s = 2.

Proof: Sufficiency is straightforward, so we will only prove necessity.
As a preliminary step, let Y° = {y ¢ Y: Yo 2 0 for s =1,2, and
f(y) = 1}. Then 4.1 (ii) dimplies that for each w e Q, 1if (8, y)

" is Pareto optimal for (mi, ui) and ei >0 for some 1 then

y e Y°. For each i, let Pi ={wi € Qi: ei(wi,y) > 0 for some

y ¢ Y°}. Note that if y ¢ ¥° and wi € pl with §i(wl) =y

then Lemma 2.5 (iv) implies that (Dui[w: + 5i(mi,y)ys])s=l 2 is
N b

]
proportional to Df(y). Using this fact, given wi, w 1 € Pi with

i " 1 .
yl(wl) =y and yi(w i) = y', it is straightforward to construct
1
a continuous path p: [0, 1] =+ Pi with p(0) = wi, p(l) = w i,
Ai ’ Ai
and for each t e [0, 1], |y-y (o(t))]| < |y=y'| and |y'-y (p(t))]| <

1
ly'-y|. Such a path will be called a direct path from wi to w 1,

Since c¢ 1is efficient, for each w e @, if (6,y) = c(w) then

Gi = @l(wi, y) for each 1i. We need only be concerned with endowments
in Pl X P2, since efficiency implies that if wl > Pl and
m2 ¢ P2 then cy(w) = §l(wl), and if wl ¢ Pl and w2 € P2 then

2 2

cy(w) = §2(m2), and if wl ¢ pl and w” ¢ P° then cy(w) is

irrelevant since 5l(wl,y) = 52(w2,y) =0 for all y e Y.

§l(wl) if él(wl, §l(wl)) > 0 and either 62(w2,92(w2))
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1 2 L. A ~ o)
Let «° e P~ x P yith yi(wOI) < yi(w 2). By step 5 of 4.8,

cy(wo) = §l(w01) for some 1, soc suppose that cy(wo) = §l(wOl).

We will show that for each w € Pl X P2 with ;i(wl) < §i(w2),

*1

, ~ , A, K .
e, () = FHh. Let W e Pt wien 3167 < min{y] (u°5), yi(wl)}

* ~ * ~ A
and let w 2 € P2 with yi(w 2) > min{yi(woz), yi(wz)}(see Figure 1).
Let
*1 ol *]1
P w to w
.
pl l.ul to U.)l
be a direct path from )
*2 02 *2
P w to w
*
p2 ’ w 2 to wz

*
Using o l, it follows from Step 5 and Step 1 of 4.8 that

* 0 ~ * * ' * *
cy(m l, w 2) = yl(w l); using o 2 it follows that cy(w l, w 2) =
~ * * ~

yl(w l); using pl it follows that cy(wl,w 2) = yl(wl); and

using p2, it follows that cy(w) = fl(wl), which was to be shown.
Maintaining the assumption that cy(uP) = §l(uPl), we now consider

two cases.

a) There is some m# € P1 x P2 with §i(w#1) > §i(w#2) and

) = §l(w#l). In this case one shows as above that

‘ #
Cy(w
1

2, 2

cy(m) = §l(w) for all w e P x P2 - with fi(wl) > yl(w ),

which implies that ¢ 1is serially dictatorial.

b) There is some w# € Pl X P2 with §i(w#l) > ;i(w#z) and

cy(w#) = §2(w#2). In this case one shows as above that

cy(w) = §2(m) for all w e Pl x P2 with §i(wl) > §§(w2),

which implies that ¢ satisfies 4.10 (ii).
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The proof of necessity is completed by permuting the indices

for investors and states in the previous paragraph.

4.11 Remarks: An essential feature of serial dictatorship mechanisms

is that the order of dictatorship, or hierarchy, is invariant. For
more than two investors, there exist efficient, incentive-compatible
choice functions with changing hierarchies. For example, if I = 3,
consider the mechanism in which investor 1 is asked to announce his
characteristic, and then serial dictatorship is applied with the
hierarchy, in descending order, (2, 3, 1) if Dvl(ml)(-l,y).j 0
for all y € Y, and (3, 2, 1) otherwise. Thus whether investor

2 or 3 is first dictator depends on whether investor 1 would invest
in any feasibile activity. Invéstor 1 is required to invest in
accordance with his announced characteristic, so he is unable to
take advantage of his influence. This mechanism, like serial
dictatorship and unlike the mechanisms defined in 4.9, is asymmetric
in that the permutation of agent superscripts in the environment

can change the chosen activity. Theorem 4.12 derives the non-
existence of symmetric, efficient incentive-compatible choice

functions as an easy consequence of Proposition 4.8 if S > 3.

4.12 Theorem: If S > 3, there does not exist an efficient, symmetric

incentive-compatible choice function.

Proof: Let c¢ be an efficient incentive-compatible choice function,

and for each i > 2, let wi € - such that Dvi(wl)(—l,y).j 0
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i 3 I . ,
for all v € Y. Then ¢ ( °, *, w seessw ) =0 for each i > 2,

3 I . . . . . . .
so c( *y *, Wseessw ) 1is an efficient incentive-compatible choice
function for the environment consisting of the first two investors
alone. If S > 3, Proposition 4.8 implies that ¢ cannot be

symmetric.,

4,13 Remarks: Proposition 4.4 leads immediatley to the following

Corollary for game forms.

4.14 Corollary: If S > 3, there does not exist an efficient,

symmetric nonmanipulable game form.

4.15 Remarks: Suppose that S = I = 2, Then the choice function

described in 4.10 (i-ii) are efficient, symmetric and incentive
compatible, but the game forms they determine are not efficient. For
example, suppose that c¢ satisfies 4.10 (i), so that (Q, ¢) can

be thought of as a game form in which each agent announces an investment,
which he receives, and an activity; and the activity further northwest
is chosen. Suppose that both agents announce the same activity vy,

but y 1s northwest of each of their most preferred activities. Since
neither agent, by changing his announcement, can move the chosen
activity southeast, this is an equilibrium whose outcome is not

Pareto optimal. However, by modifying this game form slightly, one
obtains an efficient, symmetric nonmanipulable game form whose

equilibrium outcomes are given by the choice function c.
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4,16 Proposition: If S = 2, there exists an efficient, symmetric

nonmanipulable game form.

Proof: For each i, let Mi = R+ X Y and define the outcome

function h as follows. For each m= (67, y )i € M,

i I

a) if 8- =0 for all i, then h(m) = (61,...,9 ; 0);

b) if yi = yi for some 1 # j with ei >0 and 69 > 0

el I

then h(m) = (67,...,8673 0); and

I

¢) otherwise, h(m) = (el,...,e ; yJ) where 6% > 0 and

v yi for all 1 # 3 with 6% > o.

It is easily verified that (M,h) is efficient, symmetric, and

nonmanipulable.

4,17 Remarks: The game form constructed in the proof of 4.16 avoids

the source of inefficiency mentioned above by forcing different investors
to announce different activities. This implies that the investor

whose announced activity is chosen can unilaterally move the activity

in either direction.

Nonmanipulability is an extremely desireable property, but it may
be much stronger than is necessary to ensure Pareto optimal equilibrium
outcomes. For example, if the number of investors is large, the
knowledge required to manipulate a game form may not be available
to any investor. It would be useful to investigate concepts of
nonmanipulability which presume that investors have incomplete knowledge

of each other's characteristics.
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