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1. Introduction 

The estimation of empirical production functions has long 

been of interest in quantitative economics. Typically, an "average" 

production function has been estimated. However, this estimated 

production function is not comparable with its conceptual definition 

as the maximum quantity of output attainable from given inputs. 

This discrepancy has been recognized, and attempts to deal with 

it began with the seminal work of Farrell (1957) and subsequently, 

Aigner and Chu (1968), Afriat (1972) and Richmond (1974), all of 

whom treated the production frontier as the maximum possible output 

given inputs. They estimated the frontier using linear and quadratic 

programming techniques. There are several disadvantages to their 

approach. The most important problem is that it does not allow for 

measurement errors in the data and random shocks in the production 

process which are outside the firms control. As a consequence, 

a few extreme measured observations determine the frontier and 

exaggerate the maximum possible output given inputs. 

*This work was supported in part by a Graduate School Grant­
in-Aid from the University of Minnesota. The assistance of the 
Central Bureau of Statistics of the Republic of Indonesia in obtaining 
the data is gratefully acknowledged. 







-4-

independent; (v. } and (u.} are independently and identically 
~t ~ 

distributed. This model is similar to models studied by Nerlove 

(1965), Wallace and Hussain (1969) and others except that u. 
~ 

is one-side distributed. 

With the specification (1), a measure of each unit's efficiency 

can be defined as 
v' t zi/f(xit,~)e ~ (5) 

for the ith unit in the tth time period. As v it is unobservable, 

(5) is not estimable. However, mean efficiency, defined as the 

expected value of the ratio in (5), is estimable .snd is a useful 

index. The mean efficiency measure is simply 
u 

E(e ), the moment 

generating function ¢(~) evaluated at A = 1. 

3. Maximum Likelihood Methods 

Since u is one-side distributed it has nonzero mean~ which 

cannot be identified from the intercept in (4) without knowledge 

of its specific distribution. Following Aigner et al, we consider 

the case of 
1 

as truncated normal 2 
and v. - N (0 ,a ) • 

~ v 
It is well-

known that in a variance components model under the assumption that 

both u and v are normal with zero mean, the generalized least 

squares method is asymptotically efficient in the estimation of S 

(see, e.g. Maddala (1971»). This is not the case in our specification 

since generalized least squares does not utilize the information 

of u's truncation. To find efficient estimates, maximum 

likelihood procedures are necessary. 

To derive the likelihood function for the cross section of time 

lThe density function of the truncated normal variable u is 

2 
U 2 

h(u) exp [ - } u ::;; 0 
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series data, consider the T vector e: . 
1. 

for the ith unit. 

With the convolution formulae, it is straightforward to show that 

the joint density function of e:. is 
1. 

2 exp ( _ 1 
I ( I -e: 

(6) 

where I is a TxT identity matrix, 2 is a T column vector with 

all elements equal to unity and ~ is the standard normal c.d.f. 

The relevant log-likelihood function for the pooled data can 

then be derived, which is (up to an additive constant) 

ln S. 

'Nhere X. 
1. 

N(T - 1) 
2 

-'L N 
2 L:i=l 

20' v 

r 2c/ ,u 

ln i 
v 

I 

( 
YiYi 

T 

N 
2 2 2 ~=l 2a- (a- + Ta- ) 
V V U 

is a T x K matrix, 

y~X. 
2 1. 1.~ -i-- -T-j:l 

(\1 .-
- 2 
X. $) 

J i 

Ta­
u 

1. 

XIX 
~I i i~) + 

+ 

is a T x 1 vector and 

(7) 

X are the sample means of Y and x for the i th unit. It is 
i 
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interesting to observe from (7) that the sample means and second 

moments of (y.,X.) for i are sufficient statistics
2 

for 
~ ~ 

our model. 

Taking first derivatives, 

Oln! T N y~ X. 
~ ( ~T ~ 

2 .... 
1 ost ~ = 

0' v 

N 
Te 

t: 

!i=l (y i - X ~)X 
i~ i + ----x. 

NT 
+ 

TO' 
v 

( 2 
U \0' -+­v v 

u 

1 - ~(S.) 
~ 

'" N (v. _ X.8)2 
2 2 2 '"i=l . ~ ~ 

2(u + TO' ) 
v u 

N ¢( Si) 

( 2 , Ti)3/2 
! i=l l-§(S.) (Yi x. S) 

~ 

20' 0' -r ~ 

!) V u 

dlnf 
N(T-l) N T 

N Y~Y. 
= + 4' !i=l 

(~-

0'/ 2';/ 2(i + TO') 
T 

20' 
" V v u v 

where ¢ and 2 are standard normal density and distribution 

functions evaluated at with = 
TO' 

u 
2 2 ~(y. - X.S). 

0' (0' + T ) 2 ~ ~ 
V V Uu 

2From (7), it is obvious that the maximum likelihood 
procedure can be applied to inbalanced models without further 
complications. 

~ 
(8) 

(9) 

(10) 
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least squares residuals. The generalized least squares estimates 

for our model are 

~2 

cr 
u (I ® 1.,Z'))Xf

1 
X'(I @I 

T&2 n n T 

where 

T.he GLS 

and 

I @ n 

;:;2 
cr v 

u 

u,')Y 

are consistent esti lates of 

estimates have the variance matrix 
2 cr 
u -1 

2 ~(I ® ~.e')) XJ • 
~ + Tcr n 

[X' (I ® I 
n T crv u 

2 
cr u 

(14) 

2 
and cr 

v 

(15) 

It is well known (Wallace and Hussain (1969)) that GLS estimates 

are more efficient than OLS estimates and that OLS estimates have 

zero efficiency in the limit. Since u is not normal, maximum 

likelihood estimates (MLE) will be more efficient than GLS 

estimates. 

With the truncated normal distribution, the mean efficiency 

measure (Lee and Tyler (1978)) is 

2 
cr /2 

E(eu) = 2e u (1 - ~(cr )) 
u 

(16) 

Alternative one-side distributions for u rather than truncated 

normal distributions can also be used. Among those, Afriat (1972) 

and Richmond (1974) utilize the one-parameter Gamma distribution. 

Meeusen and van den Broeck (1977) and Aigner et a1 (1977) also 

utilize the exponential distribution. All of these distributions 

have similar theoretical properties, however, the truncated normal 
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distribution is preferred from the computational point of view. 

4. Data and Empirical Results 

Cross-section and time-series data on Indonesian weaving 

establishments are pooled for the estimation of a stochastic 

frontier Cobb-Doublas production function.
3 

Data on fifty 

Indonesian weaving firms for the years 1972, 1973 and 1975 were 

obtained from manufacturing surveys conducted by the Central 

Bureau of Statistics (Biro Pusat Statistik) of Indonesia. Output 

was measured by value-added, capital services by electricity 

consumption and labor inputs by the value of total wage payments. 

Other measures of capital services available include horse-power 

of installed machinery and the value of energy consumed. Previous 

research with similar Indonesian data (Pitt (1978)) found electricity 

consumption to be the preferred measure of capital inputs. It 

is felt that wage payments are a better measure of labor input 

than man-months because of the heterogeneous nature of the labor 

force in this sector. Value-added and wage payments were adjusted 

to constant units by deflation with appropriate price and wage 

indices. Information on other firm characteristics was available 

and used in analyzing the sources of inefficiency as described in 

Section 5. The variables used are: 

3Alternative functional specifications are conceivable. The 
Cobb-Douglas specification is computationally easier and has been 
found applicable to Indonesian data in other studies in progress. 
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annual consumption of electricity in kilowatt-

hours. 

annual deflated wage payments (1972 base-year) • 

time dummy variable; 72D 1 for 1972, 0 otherwise. 

time dummy variable; 73D = 1 for 1973, 0 otherwise. 

interaction term of labor with 72D time dummy 

variable, i.e. 72L = 72D x Labor. 

interaction term of labor with 73D time dummy 

variable, i.e. 73L = 73D x Labor. 

interaction term of capital with 72D time dummy 

variable, i.e. 72K = 72D x Capital. 

interaction term of capital with 73D time dummy 

variable, i.e. 73K = 73D x Capital. 

year firm began production (in two digits). 

dummy variable for firm ownership; takes the 

value one if firm is foreign owned and zero 

otherwise. Firms are considered foreign-owned 

4 
if foreign participation exceeds 50 percent. 

firm size measured as total man-months (in 

thousands) of labor supplied over the three 

years observed. 

It is interesting to note that the output and factor input 

variables have large variances across establishments and time 

4The only firm in our sample that had foreign participation 
but was not considered "foreign" in the analysis was only 25 percent 
foreign-owned. 
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periods. 

Table 1 reports the results of applying the variance components 

model to the pooled data. The OLS and GLS methods estimate the 

average production function, while the MLE method estimates the 

stochastic frontier production function. Since the average 

production function lies below the frontier production function 

in input-output space, its intercept term is smaller than that 

of the frontier production function. 

The results of estimating the production functions without 

separate time intercepts is reported in columns (1), (3) and 

(5) of Table 1. Note that the intercept of the estimated frontier 

function is less than that of the average functions. The three 

estimates of capital and labor elasticities are all significant 

5 
and are in fairly close agreement as expected, although the GLS 

estimates are closer to the MLE estimates than are the OLS estimates. 

In all cases the elasticity of capital inputs is much smaller than 

that of labor and their sum is slightly less than one. This 

decreasing returns to scale satisfies a theoretical expected 

property for a competitive industry. 

5Theoretically, the log-linear average function is only a 
downward shift of the log-linear frontier function. These 
production functions can be adjusted to frontier functions by 
correcting the intercept term by E~u)= 2a / ~ under 

u 
the assumption of a one-sided inefficiency distribution which is 
truncated normal. However, the estimates will not be as efficient 
as the MLE estimates. 
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Table 1 

Average Cobb-Douglas Production Functions (OLS,GLS) 

and Stochastic Frontier Cobb-Douglas Production Functions (MLE) 

Estimated With Pooled Data* 
r 

OLS GLS MLE 

Constant -2.7482 -3.3422 -2.5824 -3.2190 -2.2142 
( .5129) ( .5381) ( .5059) ( .5278) ( .4668) 

1972D .5404 .5175 
(.1587) ( .1580) 

1973D .5017 .• 4918 
(.1516) ( .1515) 

Capital .2105 .2516 .1823 .2277 .1918 
( .0528) (.0540) ( .0512) (.0517) ( .0527) 

Labor .7708 .7364 .7950 .7606 .7855 
( .0809) (.0804) ( .0792) ( .0780) (.0697) 

2 .l366 .1530 .1473 .1587 .2623 (J 
u (----- ) (----) (-----) (-----) (.2060) 

2 
.6346 (Jv .5610 .6257 .5564 .6727 

(-----) (-----) (-----) (-----) ( .0924) 

u 
E(e ) .7620 .7510 .7547 .7473 .6940 

-2 
R .7167 .7343 

Log-likelihood 
value -88.3649 
. 

*The standard errors are in brackets. The standard errors in OLS and GLS 
are cc~~uted according to equations (11) and (15). 

-2.8056 
( .5599) 

.5249 
(.1511) 

.4950 
(.1278) 

.2357 
( .0524) 

.7512 
( .0728) 

.3030 
(.1729) 

.6022 
( .0796) 

.6772 

-81.9888 
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In order to catch any time effects, two time dummy variables, 

720 and 73D, are introduced into the linear equations.
6 

The 

results of the model including time dummies is reported in columns 

(2), (4) and (6) of Table 1. In every case, both time dummies 

are significant by the t test or likelihood ratio test at the 

5 percent level of significance. With time dummies, the elasticities 

on labor are slightly lower and on capital are higher, while returns 

to scale are slightly underestimated. 

Estimates of 02 
u 

are derived directly from the maximum 

likelihood procedure. To estimate the variances of the two error 

components under the OLS and GLS procedures, the modified "analysis 

of variance" method was used. That is, estimates of Eit are made 

based on the estimated ~IS, and the variances are then computed 

according to expressions (12) and (13). In every case, the 

estimated 
2 

o 
u 

are not swamped by 

dummies has in every case increased 

The introduction of time 

slightly. Even though 

the coefficients estimated by the different methods are similar, 

there are striking differences in the estimates of the two 

variances 0
2 and 02 and hence the mean efficiency measures. The 
u v 

estimates of both 
2 

o u 
2 

and 0 
v 

estimates. The MLE estimate of 

in the MLE are larger than the other 

2 
o 

u 
is nearly twice as large as 

the other estimates and the mean level of efficiency is seven 

percentage points below that obtained by the other methods of 

estimation. The mean efficiency of the Indonesian weaving industry 

is about 67.7 percent,which is comparable to the 62.5 percent average 

6The introduction of time dummies into the model rather than 
error components simplifies the maximum likelihood approach, 
especially when the time series are short. 
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Table 2 

Average Cobb-Douglas Production Functions (OLS) and 

Stochastic Frontier Production Functions (MLE) for each 

Cross-Section* 

-

1972 1973 1975 

OLS MLE OLS MLE OLS MLE 
, 

Constant -2.0529 -2.051 -2.9462 -2.945 -4.000 -3.53 

I Capital 

(.9266) (8.4500) ( .6972) (5.473) (.7446) ( .7077) 

.1251 .1251 .2633 0.2633 .3661 .3779 

I (.1205) ( .1168) ( .0648) (0.0629) (.1001) ( .1028) 

Labor .8351 .8351 .7313 .7313 .6295 .6273 
(.1594) ( .1545) ( .1007) (.0976) ( .1399) (.1399) 

0' /0' ---- .0028 ---- .0022 1.2867 1.297 
u v (10.86) (8.8720) (----- ) (.9953) 

2 2 .9402 .5886 .9154 .9178 0' + 0' ---- ----
u v ( .1916) ( .1187) ( -----) ( .4245) 

E(eu) ---- .9602 --,---- .9718 .5986 .6111 

2 -
R .6414 .7815 .7899 

* The OLS consistent estimates of 0' /0', 0'2 + 0'2 are derived from the 
u v u v 

. second and third least squares estimated residuals ~oments as described in Aigner et a1 
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to distinguish the inefficient firms from the efficient firms, 

and to determine whether inefficient firms share some common 

set of characteristics. The traditional approach to this problem 

has been based on the analysis of covariance, which includes 

separate intercept terms for each firm in the estimation of a 

production function from pooled data. Another approach, which has 

a more sound theoretical justification, is based on the variance 

components model (see Amemiya (1976)) with firm characteristics 

included as extra regressors. 

The use of analysis of covariance techniques has a long 

history in econometric literature (Mundlak 1961; Hoch 1962). 

However, as shown by Maddala (1971), analysis of covariance estimates 

do not utilize any between group information. Nevertheless, the 

approach is appropriate if it is felt that firm inefficiency is 

correlated with labor and capital inputs. 

To investigate the sources of inefficiency, the separate firm 

intercepts obtained from the analysis of covariance estimates (with 

time dummies) are regressed on a set of firm characteristics. 

Three firm characteristics, age, size and ownership, were found 

b . 7 to e most ~mportant. 

7 
Oth&firm characteristics investigated included rural versus 

urban location, provincial location, value of new investment over 
the three years of observation, rate of growth of output over 
period of observation, presence of owner at production facility, 
and share of non-operative man-months of labor in total man-months 
of labor supplied. All these variables ~ere statistically insignificant 
in the analysis and are not reported. 
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exists in our sample when other firm characteristics are controlled. 

Investigation of the sources of inefficiency can be performed 

within the variance components model by adding firm characteristics 

thought to be correlated with inefficiency as extra regressors 

in the estimated production functions. Results of such an estimation 

are reported in Table 3, where firm size, age and ownership characteristics 

8 
are added as extra regressors. The coefficients of these firms 

characteristics in all three estimations are of the same sign and 

magnitude as those found in equation (18). A joint test comparing 

the MLE specification of Table 3 with that of Table 1 finds that 

the addition of the three variables is highly significant with a 

-2 log likelihood ratio of 18.7126 and the 
2 

X distribution with 

three degrees of freedom. In addition, the elasticities on both 

labor and capital become smaller and thus returns to scale 

fall. This is due to the inclusion of a measure of firm size which is 

correlated with efficiency in the regression. The inclusion of time interaction 

variables for labor and capital are also not significant in this 

specification. 

COmparing the MLE specification of Table 1 and 3, note how 

the estimates of 
2 

cr 
v 

do not differ in the OLS and GLS cases and 

are only slightly smaller in the MLE case when the extra regressors 

are added. On the other hand, estimates of 
2 

cr 
u 

fall nearly 65 

percent in the case of estimation with OLS and GLS and 57 percent 

with the MLE procedure. These three firm characteristics thus 

SOther firm characteristics were also included but were 
not statistically significant, see footnote 7. 
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explain more than half the variance of the permanent component. 

In terms of the mean efficiency measure, they explain 34.7, 

35.0 and 27.6 percent of the inefficiency with the OLS, GLS and MLE 

methods respectively. 

In order to demonstrate the quantitative importance of the 

relationship between firm characteristics and inefficiency, the 

firms of our sample have been grouped into quintiles according to 

firm characteristics and the lower and upper quintiles compared. 

The results of this comparison are presented in Table 4. 

There it is seen that the youngest firms commenced production on 

average in the year 1971.55 while the mean first year of production 

for the ten oldest firms was 1942. The youngest of two firms of 

these vintages which were identical in every other respect would 

be expected to produce 254 percent of the output of the older firms 

based on the MLE estimates. If these representative firms had 

the mean characteristics of their quintiles, the youngest firm would 

produce 201 percent of the output of the older firm because the 

younger firms are smaller and have greater foreign participation. 

Similar efficiency differences hold for the quintiles grouped by 

size. In the case of ownership, a domestic firm is expected to 

produce 86 percent more output than an otherwise identical foreign 

firm. However, since foreign firms are typically newer and larger 

than domestic firms, this efficiency difference shrinks to 10 

percent when these other characteristics are taken into account. 

It is interesting to note that in two of three cases, the most 

efficient quintile of firms has a higher average capital-labor ratio 

than the less effieient quincile. Ownership is the exception, as 

:he :ess 0wued have a capital-labor ratio 
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Table 4 

Firm Characteristics and Efficiency 

Differences in a Sample of 50 

Indonesian Weaving Firms 

Mean Value of 

Group Characteristics 

Capital-
Labor 

Age Size Ratio 

1971.55 16.382 474.21 

1942.00 17.470 187.68 

1960.00 33.293 445.14 

1958.10 2.606 175.27 

1958.50 12.561 272.57 

1971. 25 26.468 501.64 

1964.20 15.903 276.89 

least efficient 
1955.30 quintile 8.342 147.165 

1959.52 13.673 362.62 

e 

A 

254% 

196/0 

186% 

-

A: Output of more efficient quintile relative to less efficient quintile due only 
to distinguishing characteristic. 

B: Output of more efficient quintile relative to less efficient quintile due to all 
characteristics. 

a) Includes three foreign owned firms 

b) Quintile has eleven firms. 

c) Efficiency as determined by analysis of covariance 

d) Total efficiency difference not just difference attributable to the three 
firm characteristics. 

e) Measured as total electricity consumption over three years divided by total 
real wage bill over three years. 

B 

I 

! 201% I 

169% 

I 110% I 

I 
I 

511%d I 
I 
I 

I 
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twice that of domestic firms. The non-monotonic relationship 

between capital-labor ratios and efficiency is further evidence by 

noting that both the ten most efficient and ten least efficient 

firms as determined by analysis of covariance have capital-

labor ratios below the mean. 

6. Conclusion 

In this paper, a variance components model for the estimation 

of stochastic frontier production functions from a time series 

of cross sections is introduced. Maximum likelihood methods are 

discussed and used to estimate the model for the Cobb-Douglas case 

using pooled data from individual firms in the Indonesian weaving 

industry. The maximum likelihood procedure, which begins with the 

OLS estimates, performs satisfactorily. Utilizing the DFP algorithm, 

convergence is achieved rapidly in every case. Mean efficiency for 

the Indonesian weaving industry is estimated at 67.7 percent. An 

investigation of the sources of inefficiency finds three firm 

characteristics, age, size and ownership, important. These characteristics 

explain more than half of the variance of the inefficiency component 

and 26.7 percent of mean inefficiency. With these firm characteristics 

controlled, there is no evidence of a correlation between efficiency 

and the use of capital and labor. 
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