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1. Introduction 

In Lee (1976), we have introduced a general class of econometric 

models involving dichotomous and censored dependent variables. Esti-

mation methods which are computationally simple and consistent are 

introduced. These consistent estimates are then used as initial 

estimates in maximum likelihood procedures. However when there are 

too many parameters involved, maximum likelihood methods are still 

complicated and one may prefer to use the consistent estimates as 

final ones. To make statistical inferences, distributions of those 

estimates are also required. In this paper we will derive the correct 

asymptotic variance matrix for our estimates and compare it empirically 

with some approximates used. We also investigate a principle proposed 

by Amemiya (1977a, 1977b). The Amemiya principle is a general principle 

to derive structural parameter estimates from estimated reduced form 

parameters. Amemiya proved in the Nelson-Olson model with one limited 

dependent and one continuous endogenous variables (Amemiya (1977a)) 

and in Heckman's model with a continuous and a dummy variable (Amemiya 

(1977b)) that his principle can lead to simple estimators which are 

more efficient than the estimators derived in Nelson-Olson (1977) and 

Heckman (1977). Since Amemiya has only demonstrated the efficiency 

lprepared for the NBER-NSF Conference on Decision Rules and 
Uncertainty, Carnegie-Mellon University, March 29-April 1, 1978. I 
would like to thank Jerry Hausman, James Heckman, G. S. Maddala, Randall 
Olsen and Richard Westin for their comments. Any errors are solely 
my own. 
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(2.3) 

The disturbances in (2.2) and (2.3) are also assumed to be jointly 

normal. Specifically, let 

(2.4) 

be the reduced form equation derived from (2.1), (2.2) and (2.3) where 

is normalized to be a standard normal variate. We assume 

2 
£li a

1 
a12 a

10 

N(O, 2 ) £2i a21 a2 a20 

£Oi a
01 

a02 1 

and are independently and identically distributed. For the system as 

a whole, equations (2.1), (2.2) and (2.3) form a simultaneous equations 

model with qualitative and censored dependent variables. Equations (2.2) 

and (2.3) are always identifiable. Equation (2.1) will be identified 

under the exclusion of exogenous variables condition which is similar 

to the usual rank condition (a detail can be found in Lee (1977». 

Consistent estimates of equation (2.2) and (2.3) can be derived 

from some two stage procedures which are originated by Amemiya (1974) 

and Lewis (1974) and are generalized by Heckman (1976) and Lee (1976). 

The reduced form equation (2.4) is estimated by the probit maximum 

likelihood procedure and equations (2.5) and (2.6) are then estimated 

by ordinary least squares based on observed subsamp1es of and 

separately. 
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(2.5) Wu XUfll - a lO 

HXiC) 
+ Tlli ~(X.e) 

~ 

<P(X.C) 
W2i X2ifl 2 + a20 

~ 

+ Tl2i = l-~(X.C) 
~ 

(2.6) 

where <p and ~ denote the standard normal density function and 

" distribution respectively, C is the probit estimate and 

<P(XiC) <P(XiC) Hx.C) 
Su 

~ 

TlU Su - a ( - " ), = EU + alO ~(XiC) 10 ~(X C) ~(XiC) 
(2.7) i 

" 

S + a ( 
HXiC) HXiC) 

" ), s2i 
<P(XiC) 

= = Tl2i £2i - a20 l-~(X.C) 2i 20 l-~(X C) l-Hx.C) ~ i ~ 

To estimate equation (2.1) , a probit maximum likelihood procedure 

is appUed to 

(2.4)' E . 
o~ 

* * as if £Oi were a standard normal variable, where 00' 01 are the 

identifiable parameters. 

The asymptotic covariance matrices of the estimates for equations 

(2.5) and (2.6) have been derived in Lee et al (1977) in detail. For 

2 
the sake of completeness, we mention these briefly. Consider equation 

(2.5) and without loss of generalization, assume that the first Nl 

observations corresponding to 

3 
sample size N. Evidently, 

I. = 1 
~ 

in the whole samples with 

2 
The asymptotic normality of the estimators is taken to be granted. 

This can be easily shown under standard assumptions such as the bounded­
ness of the exogenous variables and compactness of the parameter space. 

3 
A means that the two expressions have the same asymptotic dis-
= 

tribution. 
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a CL 

( 1 ) _ ( 1 ) l!. (~ ,~ )-1~ , 
Xl Xl Xl n1 0 10 0 10 

Xl is a matrix with the 

)~ 
1 

with ~i = ~(XiC) and ~i = ~(XiC), the standard normal density 

A 

function add distribution evaluated at XiC respectively. C is 

the probit estimator of C in (2.4) and hence 

2 
A l!. N ~i -1 
C - C ==[Li=l~ (1-~ )Xi'Xi ] 

i i 
(2.9) 

A 

X1 'Sl and C are asymptotically uncorre1ated. It follows from 

equations (2.7), (2.8) and (2.9) that 

(2.10) 

where V
1 

is a N1 x N1 diagonal matrix with the ith diagonal 

element 

A is a N x N diagonal matrix with the .th 
l. diagonal element 
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and 
x 

x = [ ~] 
XN 

Similarly, the asumptotic covariance matrix for the consistent estimates 

from (2.6) is 

(2.11) 

where 

~2 
var( ) 

°20 

¢N +1/ (l-~N +1) 
1 1 

~N/ (l-~N) 

and V2 is a (N-Nl ) x (N-Nl ) diagonal matrix with diagonal element 

Comparisons of these asymptotic covariance matrices with the 

approximations which regards the estimated regressors as if they 

were the exact ones are obvious. The approximations will always 

underestimate the true variances by a nonnegative definite matrix 

since the approximations used are 

However, it is evident from (3.3) and 

(3.4) that the relevant approximation will be quite close when 

and are much smaller than 2 
and 02 respectively. 

It is evident that the disturbances nli and n2i in (2.5) 

and (2.6) are both heteroscedastic and autocorrelated. To derive 

more efficient GLS estimates, both these features should be taken 

into account. 
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Now let us consider the two stage probit estimator for equation 

(2.4)'. The two stage probit estimates are derived as the values 

which maximize the following function, 

(2.17) .Q.nL 

" e' = (a. ' a. ' ) 2 l' 2 
and e1 be the two stage probit 

estimates. Following Amemiya (1977), 

(2.13) 

* * R1, X
ll

a.1 - X21a. 2 Xll °1 , -X21 01 

Let S p = 
* * ~, X1Na.1 - X2Na. 2 

X1No1 , -X2Nol 

It can be easily shown that 

a2.Q.nL 
S'AS (2.14) E(- ae ae d = 

1 1 

(2.15) 
a2.Q.nL ) -S' AP E(ae ae' = 

1 2 

and 

a.Q.nk = _IN ~i 
S 't (Ii-~i) (2.16) ae i=l ~i (l-~i) 1 

where Si is the i th row of S. Equation (2.13) can be rewritten as 

(2.17) 
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From equations (2.8) and (2.11) 

~ - - -1- A 

(2.18) a l - a l == Ll (Xl 'Xl) Xl'(~l+Dl(C-C» 

(2.19) 

where L1 and L2 are relevant identity matrices augmented with a 

zero column. It follows from (2.9), (2.10), (2.11), (2.18) and (2.19) 

that the asymptotic coveriance matrix for 02 is 

(2.20) v* = 
2 o 

A 

The asymptotic covariance of C-C 

from (2.9) which is 

A N 
82 - 82 and riel 

-D (X'AX)-lD' 
1 2 

V
2 

+ D (X'AX)-lD' 
2 2 

and follows 

(2.21) A = (X'AX)-~'AS 

With 

( 2.22) 

( 2.17)' (2.20) and (2.21) the asymptotic covariance for 

rs' AS 
V = (S'AS)-l[I - S'AP1LA A'] ~ I ] (S'AS)-l . 

V* -P'AS 
2 . . 

A 

8 
1 

is 









ratios and 
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4 
are not very small. 

In Table 3, the two stage probit estimates and their standard 

errors are presented. A comparison does reveal that the approximations 

underreport the errors. Even many of the coefficients remain highly 

significant, the coefficients of N.C., UR2 ' EDl , EDS and HLT are 

not significant at the O.OS level of significance. The evaluation 

of the correct asymptotic covariance matrices seems necessary to 

obtain reliable inferences for the two stage probit estimator. 

and 



Exogenous 
Variables 

Constant 

NE 

NC 

S 

URI 

UR
2 

ED1 

ED2 

ED3 

ED4 

ED5 

ME 

2 
ME 

RACE 

SEX 

IND1 

IND2 

IND3 

IND4 

U 

HLT 

-<1>/ ~i 
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TABLE 1 

The Union Wage Equation (W ) u 

Approximated 
Coefficients T-va1ues 

4.431 27.129 * 
-0.083 -3.369 * 
-0.007 -0.240 

-0.172 -5.422 * 
0.067 3.279 * 

-0.092 -3.667 * 
-0.108 -2.666 * 
-0.033 -1. 330 

0.052 2.600 * 
0.111 5.168 * 
0.139 4.112 * 
0.016 7.526 * 

-0.0002 -5.418 * 
0.095 6.367 * 
0.317 14.915 * 
0.223 4.034 * 
0.169 3.722 * 
0.034 1.477 

0.018 0.722 

0.662 6.168 * 
-0.055 -2.105 * 
-0.168 -1. 914 ~ 

Exact 
T-va1ues 

27.151 * 
-3.281 * 
-0.250 

-5.292 * 
3.175 * 

-3.580 * 
-2.584 * 
-1. 264 

2.476 * 
4.978 * 
3.927 * 
7.619 * 

-5.168 * 
6.090 * 

14.541 * 
3.878 * 
3.588 * 
1.405 

0.692 

6.147 * 
-2.037 * 
-1. 922 ~ 

* indicates significance under 0.05 level of significance; 4 under 
0.1 level of significance. 

1\2 
cr

1 
= 0.093 



Exogenous 
Variables 

Constant 

NE 

NC 

S 

UR1 

UR2 

ED1 

ED2 

ED3 

ED4 

ED5 

ME 

ME2 

RACE 

SEX 

IND1 

IND2 

IND3 

IND4 

HLT 

cp / (1- ~i) 

/\2 
Ci 2 = 0.120 
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TABLE 2 

The Nonunion Wage Equation (W ) 
n 

App roxima ted 
Coefficients T-va1ue 

4.754 71. 220 * 
-0.091 -2.975 * 
-0.074 -2.238 * 
-0.139 -4.427 * 
0.039 1.610 

-0.067 -2.933 * 
-0.049 -1.187 

-0.016 -0.526 

0.087 3.380 * 
0.157 5.979 * 
0.282 6.747 * 
0.012 5.468 * 

-0.0002 -4.788 * 
0.186 10.205 * 
0.267 13.501 * 
0.120 1. 915 A 

0.130 2.433 * 

0.053 1.474 

0.058 1.594 

-0.088 -2.961 * 
0.136 3.152 * 

Exact 
T-va1ues 

70.118 * 
-2.907 * 
-2.189 * 
-4.344 * 

1.585 

-2.876 * 
-1.167 

-0.530 
I 

3.296 * 
5.836 * 
6.589 * 
5.455 * 

-4.398 * 
10.000 * 
13.218 * 
1.866 Il 

2.372 * 
1.440 

1.547 

-2.904 * 
3.261 * 
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TABLE 3 

The Union Status Equation (The Structural Form) 

Exogenous Approxima ted Exact 
variables Coefficients Standard Error Standard Error 

Constant -0.654 0.145 * 0.309 * 
NE 0·.227 0.076 * 0.105 * 
NC 0.197 0.077 * 0.107 6 

S -0.296 0.077 * 0.1122 * 
URI 0.129 0.063 * 0.084 

UR2 
-0.174 0.067 * 0.089 tJ. 

ED1 -0.269 0.116 * 0.152 t:. 

ED2 -0.098 0.084 0.107 

ED3 0.079 0.072 0.092 

ED4 0.119 0.074 0.096 

ED5 0.258 0.119 * 0.156 t;. 

ME 0.0020 0.0022 0.0028 

RACE 0.166 0.054 * 0.072 * 
SEX 0.093 0.055 A 0.072 

WK.1 -0.372 0.115 * 0.115 * 

WK2 -0.017 0.073 0.073 

CCR 0.365 0.132 * 0.137 * 
HLT -0.185 0.087 * 0.112 A 

w -w 2.455 0.205 * 0.4011 * 
u n 
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4.1 Structural equation with probit structure 

The G
3 

- G2 equations have unobservable latent variables in 

the left-hand-side which belong to this category. In this case, the 

endogenous variable Y
i 

is an unobservable latent variable. The 

two stage estimates are derived from maximizing the function inL 

in (4.9) w.r.t. 01*' = (00*" 01*') which are the identifiable 

2 
parameters under the normalization cr = 1. 

v 

(4.9) inL 

where Ii is the observed dichotomous indicator of Yi , 
standard normal c.d.f. Let P = (XOll ,·.·,X01M], 02 = 

~ is the 

II *, II*' 
(1 '···'M)' 

* * *, * * 
S = [R xn 1 where °1 = [01l,···,01M1 and II = (III ' ••• , II M). Let 

~l 
~2 

0 1 0 
1-~1 • l-~ 

Al and A 1 
= = 

~N ~2 
0 1-cl> 0 N 

N 1-~ 
N 

where and are standard normal density and c.d. functions 

* * * evaluated at RioO + XiII 01 • Following Amemiya, the asymptotic 

distribution of this two stage estimates 01 can be derived from 

(4.10 ) 



-22-

where A = means both sides have the same asymptotic distributions 

and I - ~ is a Nxl vector consisting of Ii - ~i' The detailed 

expression for the asymptotic variance matrix is lengthy but can be 

derived in a straightforward manner. The two stage estimates can 

then be compared with Amemiya's GLS estimates. 

Proposition 1 For equation (4.3) with unobservable latent variable 

Yi and its dichotomous realization Ii' the two stage estimate 

81 derived from maximizing equation (4.9) is asymptotically less 

efficient than the GLS estimate 
~ A 
81 derived from Amemiya's principle. 

Proof: From (4.10), the asymptotic variance of 
~ 

8 
1 

is 

v~ = (S'AS)-l{S'AS + S'APV~ P'AS - S'A E'P'AS - S'APE2Al S}(S'AS)-1 
8

1 
82 1 2 

~ 

where E2 is the asymptotic covariance of (8
2 

- 8
2

) and (I -~ ). 

The asymptotic variance matrix of 

where Z = [Jl IT*] and Q~ in this probit structural equation is 

Q~ = 

with P = XPI • 

(X'AX)-l 

[I PI] 
-E A X(X'AX)-l 

2 1 

The two expressions v~ 
8 
1 

* I 

v~ PI 8 
2 

and follow since c is 

the probit maximum likelihood estimate of the reduced form equation and 
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4.2 Structural equations with Censored dependent variable 

The last G-G
3 

equations belong to this category. The variable 

Y is censored. 
i 

* When St and its complement set are 

* nonempty, there are switching systems. For the variable Y in St which 

is observed when YG
2
+t,i > 

(4.4) can be rewritten 

0, based on observed subsamples, equation 

(4.11) 

where E(~IIi) = 0, Ii is the dichotomous indicator of the under­

lying latent variable which activates the censoring and a is the 

reduced form parameters of that latent variable. The two stage esti­

* mator is to estimate a and II in the first stage from Probit 

maximum likelihood and similar equations in (4.16) and estimate 

01 = (°0 ', °1 ', A) in the second stage from 

(4.12) 

where 
4> (Xi &) 

A( 
~(Xi a) 

* For the variable Y in St'St' (4.12) should be modified to 

" 
"* 

4>(X.a) 
(4.12) , Y

i 
= RioO + (Xill )01 + ); ~ " + ni 

l-Hxia) 

4>(Xi~) 4>(xi a) ,,* * where ni 
= ~ - A( ) - X (ll - II )0 

i l-~(Xia) l-~(Xi a) 
i 1 
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5. Switching and Censored Simultaneous Equations Models with Sample 

Separation Information. 

Switching and censored simultaneous equations systems with sample 

separation are special cases of the general model introduced in section 

4. These models correspond to the cases in which G2 = 0, G3 = 1, 

Sl = {G2+1, ..• ,G} and the unobserved latent variable Yl will not 

appear explicitly in other equations. The system is a switching 

simultaneous equation model when 

* endogenous variables in Sl and 

* * Sl is nonempty, Sl; Sl' the 

* Sl\Sl form a complete simultaneous 

equation system in each regime and the endogenous variables in one 

regime will not appear in another one. The model discussed in section 

1 is a special case in which there is only one single equation in 

each regime. This switching simultaneous equation model differs 

from the models studied in Goldfeld and Quandt (1972, 1973, 1976) in 

that the sample separation information is available. 5 The censored 

simultaneous equation model introduced by Heckman (1974 , 1976) can 

* also be regarded as a special case in which either Sl is empty or 

* Sl = Sl· 

In this section, we would consider procedures such as two stage 

6 least squares and instrumental variables methods, and Amemiya's 

principle in the estimation of single structural equations in the 

5These two approaches have many different aspects in identification, 
estimation and empirical applications. In our model, the structural 
equations in each regime can be identified under the usual rank con­
ditions. This is not the case when the sample separation information 
is not available, see Goldfeld and Quandt (1973). More discussions 
on the value of sample separation can be found in Goldfeld and Quandt 
(1975), Kiefer (1978) and Lee (1977). 

6Instrumenta1 variables methods on the estimation of usual 
simultaneous equation models can be found in Theil (1971), Sargan 
(1958), Brundy and Jorgensen (1974) and Henry (1976), etc. 
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A 

Method 1: Let X be a matrix with (Xi' G(xia» as its rows. 

-Premu1tip1y (5.5) by X, 

(5.6) X'Y = X'HG + X'n 

This equation can then be estimated by GLS with X'X as the "covariance" 

matrix. The estimator is 

with asymptotic covariance matrix 

where V n is the covariance matrix of n and V n is a consistent 

estimate of V. Method 1 is similar to usual two stage least squares n 
procedures. Method 1 has been discussed in Heckman [1976] and Lee et 

a1 [1977]. 

Method 2: Equation (5.6) is estimated by GLS with covariance matrix 

X'V X. The estimator is 
n 

with asymptotic covariance matrix 

Method 2 differs from method 1 in that the correct asymptotic covari-

ance matrix of x'n is used. 

Method 3: Premu1tip1y equation (5.5) by i'v -1 , 
n 

(5. 7) 

GLS procedure is then applied to (5.7). The estimator is 
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with asymptotic covariance matrix V(0(3)) = [H'Vn-lX(X'Vn-lX)X'Vn-lH]-l. 

This method is similar to a two stage generalized least squares 

procedure. 

Method 4: Choose an instrumental variables matrix V -lX(X'X)-lX'H • 
n 

The following IV estimator can be derived, 

" The asymptotic covariance matrix of 8(4) is 

It is of interest to compare these various estimators. Since 

H = XZ + [0, V*, 0] with Z = [Jl , IT*, J 3 ] as in (4.6), it 

1 ~ -1 
plim - X'V H = 

Nl n 

can be 
1 ~ 1 ~ ~ 

easily shown that plim N X'H = plim N X'XZ, 
1 1 

where Nl is the number of sample observations in the relevant regime. 

It follows that 

plim Nl V(0(4))= plim Nl V(0(3)) = plim Nl[Z'X'Vn-lXZ]-l 

" and plim Nl V(0(1)) 

The estimators and are asymptotically equivalent. But 

" from the computational point of view, 

7 

0(4) is relatively simpler. 

Since it is obvious that 

7 A > B means that A - B is nonnegative definite. 
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A.2 

* * * and IT = (IT1 , ••• ,~ ). Denote the asymptotic 

variance matrix of A A * A * °2' = (IT1 ', ••• , \t ') by and the asymptotic 

A 

covariance of ° 2 
and v by E1 • From (4.5) it is obvious that 

A 

the variance matrix of 01 is 

The asymptotic variance matrix of 

To compare 

S = XZ, 

and Ve A , 
1 

* 

one note from (4.8) that 

01'31, 8 the Kronecker product. Since P = XP1 and 

= (Z'X'XZ)-lZ'X' {a2I + xp VA P 'X' - XP E - E 'p 'X'}XZ(Z'x,xz)-l 
v 1 02 1 1 1 1 1 

It follows Ve - Ve A is nonnegative definite and ~ is more efficient. 
1 1 

Q.E.D. 







and 

where 
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A.S 

2 
a tnL(Sl,S2) * * * 

E( ) = -z 'x 'AP 
as as' 1 2 

* X = 

* * = z 'X u 

[X 0] 
o t' 

* P 

t is Nxl vector with unity in all the components, 0 is the 

appropriate zero matrix or vector and u is a 2Nxl vector, 

1 1 
u' = [- --(1-1 ) +-

0v 1 0 2 
v 

(1 I ) 1 I + _1_ I v 2 
- 1 - 20 2 1 20 4 1 1 , •.• , 

v v 

It follows from Taylor series expansion, 

(A.2.2) 

where 

A A * * * * -1 * * S - S L [Z 'X 'AX Z] (Z 'X 'u 
III 

L = [I, 0] 
1 

is an identity matrix augmented with a column 

of zeroes. The detailed expression for is quite lengthy but 

can be derived in a straightforward manner as in Ameroiya (1977a). 

With consistent estimates 
A 

S 
2 

from the first stage and c 

from the Tobit maximum likelihood, one can compare the above two 

stage estimate with Amemiya's generalized least squares estimate 
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A.6 

Proposition A.2 For equation (4.3) with limited dependent variable 

Yi , the two stage estimate 0
1 

derived from maximizing equation 

(A. 2 .1) 

Proof: 

where 

is asymptotically less efficient than 

" From (A.2.2), the asymptotic variance of o 
1 

is 

v" o 
1 

* * * * -1 * * * * * -1 * * L (Z 'X 'AX Z) Z 'X 'AX {(X 'AX) + P v" P , 110 1 
2 

* * 1 * * * * * * -1 * * * -(X 'AX )- X 'EP - P E'X (X 'AX) } X 'AX Z 
1 1 

* * * * -1 (Z 'X 'AX Z) L' 
1 

P 
= [ 1] and E is the 

o 
asymptotic covariance matrix 

of u and (0 - 0 )' 
2 2 

To compare the asymptotic variance of 

one notes that c is a Tobit maximum likelihood estimate and hence 

A * * -1 * 
c - c = -L2 (X 'AX) X 'u 

where L2 is an appropriate identity matrix augmented with a zero 

column. 

It follows that the asymptotic variance of 

where 

* * -1 * 
- L (X 'AX) X 'EP , 2 1 



-44-

A.7 

To compare one has to evaluate * * * * -1 L (Z 'X 'AX Z ) 
1 

*, * -1 , and L2 (X AX) L 2' This can be done with the well-known formulae 

to find the inverse of a partitioned matrix. Let 

It is easy to check that the following equalities hold: 

(i) 

(11) 

(i11) 

(iv) 

(v) 

* * * * -1 " -1 ' , -1 Ll(Z 'X 'AX Z) = (Z X BXZ) [I -Z X A12R.(R.'A22 R.) ] 

* * -1 -1 -1 L2(X 'AX) = (X'BX) [I -Z'X'A12 R.(R.'A22 R.) ] 

* * -1 * '-1 -1 L
2

(X 'AX) X' = (X BX) [X' -Z'X'A12 R.(R.'A22 R.) R.'] 

-1 * * * * [I -Z'X'A R.(R.'A R.) ]Z 'X 'AX 'p = Z'X'BXP 12 22 1 1 

-1 * * [I -Z'X'A R.(R.'A R.) ]Z 'X ' 12 22 
* * -1 * = Z'X'BXL (X 'AX) X' 

2 

It follows from (i) - (v) 

v" e 
1 

= (Z'X'BXZ)-lZ'X'BXn X'BXZ(Z'X'BXZ)-l ; 

and hence Ve - Ve A is nonnegative definite. 
1 1 

Q.E.D. 
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